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PREFACE 


'A FIJtSTdraft of this b*>k wal published in 1921 as a mathematical sujpplo- 
ment to the French Editioif of Space, Time unit Gravitation. During 
the ensuing eighteen months I have pursued my intention of developing it 
into a more systematic and comprehensive treatis'e on the mathematical 
theory of RelaiiH ty. The matter*has been rewritten,*the sequence of the argti- 
lnent rearranged in many places,-and numerous additions made throughout; 
so that the work is now expanded to three time's its former size. It is hoped 
th^t, as now enlarged, it may meet the nctfds of those who wjsh to enter’fully 
into these problems of reconstruction of theoretical physics.' "» * 

The reader is expected to have a general acquaintance with tho less- 
technical djscuksioa. of tho theory given in Space, Tfliy and sanitation, 
although there "is not often occasion to make direct reference to it. But it is 
eminently desirable to have a general grasp of the revolution of thought 
associated with the theory of Relativity before approaching it along tho 
narrow lines of.stnct mathematical deduction. In thjh former work wc ex¬ 
plained how the older conceptions of physics had become untenable, and traced 
the gradual ascent to the ideas which must supplant them. Here dur task is 
to formulate‘matllematiculty this, new conception of the world and to follow 
out the consequences fcV the fullest cxteijt. • # 

• The present widespread interest pi the theory arose from tho verification 
of certain minute, deviations from Newtonian hiws. To thane who are still 
hesitating and reluctant to lfcave the .old faith, these deviations will remain 
the chief centre of interest; lint fbrfhose who have caught the spirit of tho 
new ideas Hie observational predictions form only a minor part of the subject. 
It is claimed # for the theory thirt it leads to an understanding of the world of 
physics clearer and more penetrating than, that pruviuusly attained, and it 
•has been my aim to develop the tfleory’in a form which throws most light 
on the origin and significance of ths great laws of physics. 

• It is hoped that difficulties whqch*are namely analytical have been mini¬ 
mised by giving rather fully the interrpediate #tep(i in all the proofs with 
abipidanf cross-references to the auxiliary formulae usgd. . J> 

•For those who doj^ot relVd the booU consecutively attention may be called 
to the > following point/in the notation. The summation convention (p.‘ 60) 
m used. Herman letters always denote the product of the corresponding 
English letter by V - ^(p.’lll). <ll is th^ symbol for " Hamiltonian differen¬ 
tiation ” introduced on p. J39.. An a^teris’k is prefixed t<> symbols generalised 
so as to be independent of or covan&nt with the gauge (p. 203). 
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A selected list of original papers on the subject is given in the Biblio¬ 
graphy at the end, and many of-these are sources (either directly or at 
second-hand) of the developments here set forth. iTo fit these into a con¬ 
tinuous ohSin of deduction has involved considerable modifications from their 
original form, so that it has not generally been found practicable to indicate 
the sources of the separate sections. A freqhent cause of deviation in treat¬ 
ment is the fact that in the view of most contemporary writers t{fe Pyincipli 
of Stationary Action vs the final governing law of the world; for reasons 
explained in the text ! am unwilling to accord it soexalted a position After 
the original papers of Einstein, and those of dc Sitfer from which I first 
acquired an interest in the theory, I am most indebted to Wejd's Raum, Zeit, 
Materiq, Weyljs influence will be especially traced in §§ 49, 56, 59, 61, 63, as 
well as in the sections referring to his own theory* • . ■' • 

I am unde»,great obligations’to the Officers and staff of the University 
Press*for their help iuni care in the intricate printing. 

r • A. S. E. 

» * • 

10 AiQutt 1922. v 




INTRODUCTION 


•The subject of this .mathematical treatise is not pure mathematics but 
physics. The vocabulary of the^ physicist comprises a number of words such 
*as length,'jangle, velocity/*force, work, potential, current, etc., which we < shall 
call briefly “physical quantities.” Some of these ternfs occur in pure mathe- 
matica also; in that subject they may have a generalised meaning which does 
not concern us here. The pure, mathematician deals with ideal quantities 
defined as having the properties which he deliberately assigns to them. But 
in an experimental science we have to discover properties not.to assigti them; 
and phjsrieal quantities are defined primarily according to the way in which 
we;recognise thpm when confronted by them in our observation of the^wprld 
around us. • * . ‘ • 

Consider, for example, ja length or distance between two points. It Is' 
a numerical quantity associated with'the two points; we all (know the 
procedure followed in practice in assigning this numerical quantity to two 
points in nature.. A definition of distance will be obtained by stating the 
exact procedure; y^at clearly must be # the primary definition if we ^.rc to 
make sure of taring the Vord in the sense familiar. everybody. The pure 
mathematician proceeds differently; he defines distance as an attribute of 
the two points whiclj obeys certain law’s—the axioms of the geometry which 
lte Jiappcns £o ha*Ve chpsen—■•and- he is not concerned with the question how 
this “distance” would exhibit itself in practical observation. So*far as his own 
isvestigations are concerned, he takqp care to use the wbrd sclf-consistently; 
but it does not neCessarily^denote the thing w*hich\he restO>f mankind are 
accustomed to recogiyse as tffe distance of the two points. # 

To find out any physical quantityjwe perform certairt practical operations 
followed by calculations^ the operations are called experiments or observations 
according as.the conditions are more or less closely under our control. The 
physical quantity so discoverer^ is primarily the resiflt ef the operations and 
» calculations; it is, so to sjlbuk, a manufactured article —manufactured by 
our operations. But the physicist is nc^t gene»a|ly content to believe that the 
Quantity he arrives at is something*whose nature is inseparable from the kind 
of operations which led to it; he has an idea that if he could become a god 
coqfempjating* the external world, he^would see his jnanufactured‘physical 
* quantity forming a di»tinct*feature of the picture. Bj^finding that he cun. 
j^lay x quit measuring-ri^ls in a line between two points, he has manufactured 
th6 quantity x which he (tails the distant between the points; but he believes 
that that distance x is something already existing In the picture of the world 
-^a^gulf which would be 4 apprehended By a # superior intelligence as existing 
in itself without reference to the notion of operations with measuring-nxls. 
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Yet he makes curious and apparently illogical discriminations. The parallax 
of a star is found by a well-known series of operations and calculations; the 
distance across the room is found by operations with % tape-measure. Both 
' parallax and distance are quantities manufactured by our operations; but 
for some reason we do not expect parallax- to Appear as a distinct element in 
the true picture of nature in the same way that distance does. Or again, 
instead of cutting short the astronomical, calculations when wo. reach the* 
parallax, we might go.on to take the cube of the result, and so obtain another 
manufactured quantity, .a “ cubic parallax.” For sonje obscure reason we 
expect to see distance appearing plainly as® gulf in the true wotld s picture ^ 
parallax does not appear directly, though it .can be exhibited as an angle |jy 
a comparatively simple construction.; and cubic parallax is not in the picture 
at all. The physicist vyould say that he finds a length, and manufactures a 
cubicqcaraliax; but. it ig only because he has inherited a preconceived theory 
of the world that he makes the;distinction. We shall vehture to challenge 
this distinction. • . . ’ 

Distance, parafox and cubic parallax hqve the sam% kind of potential 

existence even when the operations of measurement are not actually made*— 
if you will move sideways you will be able to determine the angular shift, if 
you will lay measuring-rods in a liru; to the object you twill be able to count 
their number. Any o\e *of the three is an indication to us of some existent 
condition or relation in the world outside us—a oondition not created by our 
operations. But there seems no reason to conclude that this \yorld-condition 
resembles distance any more closely thail it* resembles parallax or cubic 
parallax. Indeed any notion of V resemblance ” between physical quantities 
and the world-condition^ u overlying thcift seems to be inappropriate. If the 
length AB is double the. length CD, the parallaxoT B from* A is half the paral¬ 
lax of £ from 0 ; there is* undoubtedly, some wprld-relation which is different 
for AB and CD, but there is no reason' to regard the world-relation of AB as 
being better represented by double than, by half the Hvorld-relation of CD. 

The connection of manufactured physical quantities withethe existent 
world-condition can !>e ‘expressed by sayjng that the physical quantities are 
measure-numbers of the world-condition. Measure-numbers may be assigned u 
according to any code, the only requirenient being thatrthe same measure- 
number always indicates tlye sr.me world-condition and that different worlcf- 
coftditions receive different measure-numbers. Two or more physical quantities 
may thus be measures umbers of the same world-condition, hut in different 
• codes, e.g. parallax and distance; mass and energy \ stellar magnitude and lumi¬ 
nosity. The constant formulae connecting these pairs of physical quantities,. 
give the relation between thd respective codes. But in admitting that physical 
quantities can be used as measure-numbers of' world-conditions existing 
independently of oui* operations, we ‘do npt altefr thgir status as manufactured 
qqpntlties. The same series of operatihns will naturally manufacture the 
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same result when world-conditions are the same, and different results when 
they are different. (Differences of •world-conditions which do not influence 
the results of experiment and observation are ipso facto excluded frofn the 
domain of physical knowledge.) .The size to which a crystal grows may be a 
meaSure-number of the temperature of the mother-liquor; but it is none the 
less a manufactured size, and wet do not conclude that the true nature of size 
is caloric. • * # 

The study of physical quantities, although they are the results of our 
own operations (actual or potential), gives us some kind of knowledge of the 
yorld-coaQkions,. since the sam£ operations will give different results in 
different world-conditions. It seems that this indirect knowledge is §11 that 
we can ever attain^ and that it is only through its influences'on such opera¬ 
tions that we cap represent to 1 oprselves a “ condition of thg world.” Any 
attempt t<5 describe a condition of the world otherwise; is either mathematical 
symbolism or meaningless jargon. To grasp a condition of the world i\p 
completely as itC is in oim power to g^-aspdt, we milst fpivo in omr minds a 
, symbol which comprehends at* the same time its influenfib on the results of 
all possible kinds of operations. Or, what comes to the same thing, we must 
contemplate its measures according to all possible measure-codes—of course, 
without confusing «the different codes. .• It might well seem impossible to 
realise so comprehensive an outlook;'but we shall find fnat the mathematical 
calculus of tensors does represent and deal with world-conditions precisely in 
this way. A (ansoj expresses simultaneously the whole group of measure- 
numbers associated wkl^any world-condition; and machinery i%provided for 
keeping the various codes distinct. For this reason the, somewhat difficult 
teftsor calculus is not to be regarded’aft an evil necessity in thi^subject, which 
ought if possible to fie replaeqj by simpler analytical devices; our knowledge 
of conditions ip the external wprld, as incomes to us*throygh observation and 
experiment^ is precisely of the kind which can be expressed by a tensor and 
not othefwise. And, just as in prithtnetic we can deal freely with a billion 
objects without trying to visualise the enormous collection; so the tensor 
calculus enables us to d<5al with tli# world-cohdition in the totality of its 
•aspects without attempting tp picture it. 

Having regard to this distinction between physical quantities and world- 
conditions, we shall not define a phjhical quantityps though it wore a feature 
in the world-picture which, had to be sftught bat. *A physical quantity 'is 
defined, by the Airies of operations and calculations of which it is the result. 
'The tendency to this kiftr^of (fefinition had progressed far <?ven in pre-relativity 
•physics.. Force had become “ mass x acceleration,” and was no longer an in¬ 
visible $ge*ft in the world-picture, at least bo far as* ts definition was concerned. 
Mass is defined by experiments on'inertiaU properties, no longer as “quantity 
of .matter.” But for gome terms (he older •kind of definition (or lack of 
definition) has been obstinately adhered to; ahd for these the relativity 

1—2 
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theory most find new definitions. Jn most cases there is no great difficulty 
in framing them. We do not need to ask tie physicist what conception 
he attaches' to " length ”; we watch him measuring length, and frame our 
definition according to the operations he performs. There may sometimes be 
cases in which theory outruns experiment and requires us to decide between 
two definitions, either of which would be consistent with present experimental 
practice; but usually yve can foresee whick of them corresponds to the ideal 
which the experimentalist has set before himself. For example, until recently 
the practical man was'never confronted with problems of non-Euclidean space, 
and it might be suggested that he would* be uncertain how to‘construct a 
straight line when so confronted; but as a matter of fact he showed <«o 
hesitation, and' the eclipse observers measured without ambiguity the bending 
of light from the “straight line.” .The appropriate practical definition was so 
obViSus tjftit there was;-never any danger of different people meaning different 
. Jftci by this term. Our guiding rule will be that.a physical quantity must be 
defined by prescribing ‘ operations aryl calculations which .will lead to an 
unambiguous resist, and that due heed must be paid*\o existing practice;,* 
the hist clause should secure that everyone uses the term to denote the same 
quantity, however much disagreement there may be as' to the conception 
attached to it. * ** 

When defined in'HHis way, there win be no question as to whether the 
operations give us the real physical quantity Or whether some theoretical 
correction (not mentioned in the definition) is needed. The physical quantity 
is the measure-number of a world-condition in soiqje code; we cannot dissert 
that a code is right or wrong, or that a measure-number is real or unreal; 
what we require is that.'ihe’oode should'be the accepted code, and the measure- 
number tho number in current use. For example, what is the real difference 
of tinfe between tw,o evc'hts at distant places i The operation of determining 
time has been entrusted to astronomers, who (perhaps for mistaken reasons) 
have elaborated a regular procedure. If the (times of the two events are found 
in accordance with this procedure, the difference must be the'Veal difference 
of time; the phrase has no ot'her meaning, ftut there is a certain generalisa¬ 
tion to be noticed. In cataloguing the operations of the astronomers, so as to 
obtain a definition of time,*we remitrk that one condition is adhered to ,jn 
practice evidently from naecsftity and n8t from design —the observer and his t 
apparatus are placed <fn the* earth*find move with the earth. This condition 
is so accidental and •'parochial that-we are‘reluctant to insist on” it ill, oui; 

‘ definition of time; ^et it so happens that the motioif'*of the apparatus makes 
an important difference in the measurement, and without this restriction the* 
operations |ead to no definite result and cannot define, anything? *We adopt 
what seems to be the commonsensg solution of the difficulty. We decide that 
time is relative to an observer } that is' to say, we admit that an observer on 
another star, who carries out all the rest of the operations and calculations 
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as specified in our definition, is also measuring time—not our time, but a 
time relative to himself. Thd same relativity affects the great majority of 
elementary physical quantities*; the description of the operations is insuf¬ 
ficient to lead to a unique answer unless we arbitrarily prescribe a particular 
motion of the observer and his apparatus. 

In this a exampie we have had a typical illustration of ‘‘relativity,’’ the 
recognition*of which has Rad far-reaching results revolutionising the outlook 
of physics. Any operation of measurement involves a- comparison, between 
a measuring-applianc© and the thing measured. Both play an equal part in 
ihe comparison ^nd are theoretically, and indeed often practically, inter¬ 
changeable ; for example, the result of an observation with the meridian circle 
gives the right ascension pf the star or the error of the clock indifferently, 
and we can regard either the -cl^ck or'tjie star as the instrument or. the 
object of Ineasurement. Remembering that physical quantities are results of 
comparisons of this kind, it, is clear that they cannot be considered to belong 
solely to one partner in jjjie comparison. It is ’true*tha^ we standardise the 
measuring appliancfe" as far as possible (the method of 8t*Rdardisaflori being 
explained or implied in the definition of the physical quantity) so that in 
general the variability of the measurement can only indicate a variability of 
the object measured. To that extent there is no great practical harm in 
regarding the rtieasurement as belonging solely to Am second partner in 
the relation. But even so’nve have often puzzled ourselves needlessly over 
paradoxes, wljich disappear when we realise that the physical quantities are 
not* properties of ceafcinn external objects but are relations between these 
objects and something else. Moreover, we hfivo seen that the standardisation 
of the measuring-appliance is usual!)*Ieft incomplete as regards the specifica¬ 
tion of its motion ;* and rather than complete it in, a way which would be 
arbitrary and pernicious, we prefer to,‘recognise explicitly that bur physical 
quantities, belong not solely to the Ejects measured but have reference also 
to the particular frame of motion that we choose. 

The prirtfciple of relativity goes still further. Even if the measuring- 
appliances were standardised c.%mpjptely, the physical Quantities would still 
involve the properties of $ie constant standard. We have seen that the 
■^orld-condition or object which is ’surveyed ti«i only be apprehended in our 
knowledge as*the sum total of the meaeurpments in which it can he 
concerned; any intrinsic property of the object <nu#t appear as a uniformity 
Ofctew iti thele measures. \VPen one,partner in the eomparison is fixed and 
the other partner varfccj widely, whatever is common to*all the measurements, 
may be ascribed exclusively to the first partner and regarded as an intrinsic 
property^ it. # Let us apply this to the converge comparison; that is to say, 
keep the measuring-appliance constant or standardised, and vary as widely 
ae .possible the objects measured ^^or, in simpler terms, make a particular 

* The most Important exceptions are number (ol discrete entities), aetion, and entropy.. 
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kind of measurement in all parts, of the field. Intrinsic properties of the 
measuring-appliance should appear as uniformities or laws in these measures. 
We familiar with several such uniformities; but we have not generally 
recognised them as properties of the measuring-appliance. We have called 
them laws of nature I ' * . 

The development of physics is progressive, and as the theories of the, 
external world become crystallised, we often tend*to replace the’elementary 
physical quantities defined through operations of measurement by theoretical 
quantities believed to- have a more fundamental significance in the external 
world. Thas the vis viva mv\ which is immediately determinable by expert*, 
ment, becomes replaced Iby a generalised energy, virtually defined by having 
the property of conservation; and our problem becomes inverted—we have 
not U> discover the properties of a.thing wjpeh we have recognised in nature, 
but 4> discover*how to-.recognise in nature a thing whose properties we Have 
assigned. *l’his development seefns to be inevitable; but it has grave draw¬ 
backs especially whjn theories have to be reconstructed. Fuller knowledge 
may shofr that tft*re is nothing in nature .having precisely tlfe properties r 
assigned; or it may turn out that the thing having these properties has 
entirely lost its importance when the new theoretical standpoint is adopted*. 
Whei»we decide to throw the older*.theories into the nWi ting-pot and mftke 
a clean start, it is be^fc to relegate to the background terminology associated 
with special hypotheses of physics. Physical quarttities defined by operations 
of measurement are independent of theory, and form the •proper starting-point 
for any new theoretical development. l r * ' 

* Nftw that we have explained* how physical quantities are to be defined, 
the reader may be surprised .that we do*not proceed to give the definitions of 
the leading physical quantities. But to catalgsguo all the precautions and 
proviso*, in the operation*of determining oven 0,0 simplb a thing as length, is 
a task which we shirk. We might take-refuge in the^statement that the task 
though laborious is straightforward, and that the practical physicist knows 
the whole procedure without our writing it down for him. But ft is bettor to 
be more cautious. I* should bt puzzled «to sify off-Kand what is the series of 
operations and calculations involved in measuring a length of KF 1 * cm.; 
nevertheless I shall refer to subh a le*gtb when necessafy as .though it were 
a quantity of which the defipitfcn is obviofis. We cannot be forever examining 
oui foundations; we look particularly to those places where it is reported to 
us that they are insecure. J may bedaying myself open to the charge fast 

•I am doing the very-thing I criticise in the older physics—using terms that 

« •> 
• 

* Wo Bhall boo in § 59 that thii has happened in the case V>f energy. The deaWmed of a 
superseded theory continues to Embarrass us. because in this' ease the recognised terminology 
still has implicit reference to it. This, however, is only a slight drawback to set oft against the 
many advantages obtained from the classical generalisation of energy Us a step towards the rfiore 
complete theory. 
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have do definite observational meaning, and mingling with my physical 
quantities things which are not the results of any conceivable experimental 
operation. I would reply— * • 

By all means explore this criticism if you regard it as a promising field 
of inquiry. I here assume that you will probably find me a justification for 
,my 10~“ cm.; but you may find that there is an insurmountable ambiguity 
in defining it. In the latter event you may be on ^he track of something 
which will give a new insight into the fundamental'nature of tho world. 
Indeed it has been suspected that the perplexities’ of quantum phenomena 
•«oay arise from the tacit assumpfion that the notioqs of length and duration, 
acquired primarily from experiences in which the average effects pf largo 
number^ of qiiantj are iavolved, are applicable in the study of individual 
quanto. There may need to be tnych more excavation.before^e have brought 
to "light all thift is of value in this critical consideration of elperiitiohtal 
knowledge. Meanwhile I want to set before you the treasure which h^ 
already been unearthed in this field. • 
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CHAPTER I 

ELEMENTARY PRINCIPLES 

f 

1. Indetermlnatf neai of the space-time frame. 

It has'been explained in the early chapters of Space, Time and Gravitation 
that observers with different motions use different reckonings of qpace and 
time, and that no one of these reckonings is more fundamental than another?" 
Our preblem is to construct a method of description of the world in whiSh 
this indeterminateness of the space-time frame? of reference is .formally 
recognised. •. • » 

Prior te Einstein’s researches.no doubt was entertained that there existed 
e«“true even-flowing time” which was unique mid universal. The moving 
observer, ,jvho adopt* a time-reckoning/different fr<fm th# unique true time, 
must have been deluded into accepting a fictitious time with a fictitisus ■ 
space-reckoning mollified to correspond. The compensating behaviour of 
electromagnetic forces and of matter is so perfect that^ so far as present 
knowledge extends, th^re is no test which will distinguish tin; true time from 
the fictitious. But since there are many fictitious times and, according to 
this view, only one true time, some kind of distinction is implied although its 
nature is not indicated. . , * 

, Tljose who still insist on the existence of a unique * true time ” generally 
rely on the possibility that the resources of experiment are not yet exhausted 
and that someday a discriminating test may be, found. .But the off-chance 
that a ^future generation may discover a significance in our utterances is 
scarcely an excuse for making meaningless noiiles. 

Thus in the phrase true time, “ true'’is an epithet whose meaning has yet 
to be discovered. It is a blank label. We do iiot know what is to be written 
on the label, nor to which of the apparently indistinguishable time-reckonings 
it ought to be attached. There is Yio vfay of progress here. We return to , 
firmer ground, and note that ip the ma^s of experimental knowledge which 
has accumulated, the words lime and* space refer to one of the “fictitious*'’ 
times and spaces—priin^rilj that adopted by an observer travelling with the 
earth, or, with the sun—and our theory will (leal* directly with these space- 
time frames of reference, which are adffnittedly fictitious or, in the more usffal « 
phrase, relative to an observer with particular motion 

The observers are studying the same external events, notwithstanding* 
their different space-time *frames. The space-time frame is’therefore'some¬ 
thing overlaid by the observer on "the external world; the partitions repre¬ 
senting his space ancl time reckonings are imaginary Surfaces drawn in 'che 
wifrld like the lines pf latitude and longitude drawn on the earth. They do 



CH. 1 4. INDETKRMXNATENE8S OP THE SPACE-TIME FRAME 


9 


not follow the natural lines of structure of the world, any more than the 
meridians follow the lines a of geological structure of the earth. Such ajnesh- 
system is of great utility and convenience in describing phenomena, and We 
shall continue to employ it; but we must endeavour not to lose sight of its 
fictitious and arbitrary nature. • 

. It is evident from experience that a four-fold mesh-system must be used; 
and accordingly an event is located by four coordinate, generally taken as 
«, y, t, t. To understand the significance of this location, wo first consider 
the simple case of two dimensions. If we describe the "points of a plane figure 
by their rfecthngular coordinates x*y, the description <|f the figure is complete 
and*would enable anyone to construct it; but it is also more than conjplete, 
because it.spccifi’es ap arbitrary element, the orientation, which is irrelevant 
to the intrinsic properties of the»figure and ought to be cagt aside from 
a description of those properties. Alternatively we can-describe the^figtii* by 
stating the distances between the various pairs of points in it; this descrip- # 
tion is also complete^ and*it has the jnerit that it does, not prescribe the 
’orientation of coutai ri*any thing else irrelevant to the intidnsic properties of 
the figure. The drawback is that it is usually too cumbersome to use in 
practice for any but the simplest figures. 

Similarly our fo?? cooijlinates .r, y, z't may be expected to contaifi an 
arbitrary element, analogous to an orientation, which has nothing to do-with 
the properties of the configuration of events. A different set of values of 
x, y, z, t may btf ch#sdh in which this arbitrary element of the description is 
altered, but the confirmation of events remains unchanged.. It is this 
arbitrariness in coordinate specification which* appears as Jhe indeterminate¬ 
ness of the spacc-timg frame. The othSr method *f description J>y giving the 
distances between every pair *f events (or rather certain relations between 
pairs of events*which ate analogous to distance), containsyill that is rt^bvant 
to the configuration of events and noting that is irrelevant. By adopting 
this latter method we can stripmwajt the arbitrary part of the description, 
leaving only tflat which has an exact counterpart in the configuration of the 

external world. . * • • 

• * 

To put the contrast in another form, in our common outlook the idea of 
position or location seems to be fundamental. J'fom it we derive distance or 
.extension as a subsidiary notion, which covers*pa»t but not all of the con¬ 
ceptions which we associate* with location. Position is looked upon a as tKe 
physlfcal ’fact—a coincidence with what is vaguely*conceived of as an 
identifiable point of spucij—wHereas distance is looked upfin as an abstraction 
*01- ajconfjputational result calculable when the positions are known. The view 
which we are goiag to ado*pf reverses this. Extenqjon (distance, t interval) is 
now fundamental; and £he location of a tj object is a computational result 
summarising the physical fact that «it is at certain intei^als from the other 
objects in the world. Any idea contained in the concept location which is n«t 
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ejtpreaaible by reference to distances from other objects, must be dismissed 
from our minds. Our ultimate analysis ef space leads us not to a " here ” and 
a " there,"4>ut to an extension such as that which relates “ here ” and “ there. 
To put the conclusion rather crudely—space is not a lot of points close 
together; it is a lot of distances interlocked. , 

Accordingly our fundamental hypothesis is that— .. 

Everything connected with location which enters into observdtionhl know¬ 
ledge—everything we can know about the configuration of events—is contained 
in a relation of extension between pairs of events. 

This relation is called the interval, and its measure is denoted *by ds. - 
If # we have a system S consisting of events A, B, 0, D, and a system S' 
consisting of fivents A', If, C', D ’,then the fundamental hypothesis implies 
that the two systems will be exactly ali^e - observationally if, and only if, all 
pftiw of Corresponding intervals in the two systems are bqual, AB— , A'B' t 

% A(7-A'V. In that case if S and S' are material systems they will appear 

to us as precisely gimilhr bodies or mechanisms' sr if S and S' correspond to 
the same material body at different times,-if will appear that* the body has* 
not undergone any change detectable by observation. But the position, 
motion, or orientation of the body may be different; that is a change detect¬ 
able by observation, not of the system S, but of a .wide? System comprising S 
and surrounding ,bo<fies. 

Again let the systems S and S' be abstract Coordinate-frames of reference, 
the events being the corners of the meshes; if sill cortesponding intervals in 
the two systems are equal, we shall recognise that coordinate-framSs are 

of pfecisely the same kind—rectangular, polar, unaccelerated, rotating, etc. 

-» * * . « 

3. The fundamental quadratic form*. 

vCe have to keep side by side tjie two Inethods of describing the con- , 
figurations of events by coordinates anil by the mutual intervals,*r«spectively 
—the first for its conciseness, and the stfcond for its immediate absolute 
significance. It is therefore ljecpssary to eoipiect tfyc two modes of description 
by a formula which will enable us*to pitss readily from one to the other. The 
particular formula will depeqd on the .coordinates chosen as well as on the 
absolute properties of the region of £he world considered; but it appears that 
in all cases the formal^ is*includeij in the following general form— • 

The interval ds between twer neighbqurihg events with coordmates 
(#i, x.„ x„ x t ) and (#, *+ dx 1 ;x 3 + dx„ x s + dx„ dx t )jn any coordinate-sySertl 
is given by \ 

ds* = 4- <j„dx* +»g a dx? -b-g^dx* + 2g M d*,dx % + 2g^dx l d»i r . # *. 

+ 2g lt dx l dx t + ‘2g a dx t dx 3 +‘2 g^dx^dxl + 2g M dx,dtc t .(21), 

whqre the coefficients g n , etc? are filiations of ± u a£, x„ x t . That is t# Say, 
ds* is some quadratic function of the differences of coordinates. 
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This is, of course, not the most general case conceivable; for example, we 
might have a world in whiclf the interval depended on a general quartic 
function of the dx’a. But* as we shall presently see, the quadratic firm (2;1) is 
definitely indicated by observation as applying to the actual world. Moreover 
near the end of our task (§ 97) we shall find in the general theory of relation- 
structure a precis^ reason why* a quadratic function of the coordinate- 
differenees should have this paramount importance. 

Whilst the form of the right-hand side of (21) is that required by 
observation, the irtsertipn of da 1 on the left, rather than- some other function 
o£d«, is mftrely a convention. Th<* quantity da is a measure of the interval. 

It jp necessary to consider carefully how measure-numbers are to be affixed 
to the different’ intervals occurring in nature. We have sertn in the last 
section th*at equaljty of intervals yan bo tpsted obseryationall^; but so .far 
as we have ’yet gone, intervals are merely either equal/or unequal, und hheir 
differences have not’been further particularised. Just as wind-strength may^ _ 
be measured by *velocity, yr• by pressure, or by a nrtmbty on th<» Beaufort 

•scale, so the 4elatioi/bf extension between two events cWfid be expressed 

* • • • 

numerically according to many different plans. To conform to (2'1) a 
particular code of* measure-numbers must be adopted; the nature and 
advantages of this o«ke will be explained in the next section. * 

The pure georftetry associated with the general formula (2’1) was studied 
by Ricmann, and is generally called Jtionmnnian geometry. It includes 
Euclidean geoipetry a* a special case. 

* •; 

3. Measurement of intervals.. 

Consider the operation of proving by measurement* that a distance A li is 
equal to a distance GD. % We tiffte a configuration of events a 

# measuring-scalS, and lay it over*/l 7i, an£ observe that A sflid li coincide with 
two particular events 1 > ,»Q (scale-divisions) ol the configuration. We find 
that the same configuration* can*also be arranged so that G and 1) coincide 
with P and $ respectively. Farther we iqiply all possible tests to the 
jneasuring-scale to see if it ha* “chaifged * between the two measurements, 
and we are only satisfied th*at the .measures,are correct if no observable 
difference cart b» detected. According t * our fundamental axiom, the absence 
•of any observable difference betweeVi the l^wo configurations (the structure qf, 
the measuring-sfiale in its twt> ppsitions) signifies that the intervals are un¬ 
changed ; in particular tjjo interval between P and’Qis unchanged. It follows 
that the interval A to Ji ih equal to the interval G to I). We consider that the 
experime ntpP roves equality # of distance; but it is primarily a test of equality 
of internal. .'*.*• , * 

* " # 

* The logical point may b? nofioed that th#.measuring*soalg in two position* (neoessarily at 
different time*) represent* the same configuration of event*, not the same event*. » 
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In this experiment time is not involved; and we conclude that in space 
considered apart from time the test of. equality of distance is equality of 
interval. There is thus a one-to-one correspondence of distances and intervals. 
We may therefore adopt the same measure-number for the interval as is in 
general use for the distance, thus settling our plan of affixing measure- 
numbers to intervals. It follows that, when*time is not in’volved^the interval 
reduces to the distance. • * • • 

It is* for this reason that the quadratic form (21) is needed in order to 
agree with observation', for it is well known that in three dimensions the 
square of the distance t between two neighbouring points is •Biquadratic 
function of their infinitesimal coordinate-differences—a result depending 
ultimately on*the experimental law expressed by .Euclid i, 47. 

.When time is involved otherpppliancysare used for njeasuring intervals. 
If we have a naechatysm capable of cyclic motion, its cycles will meAsure 
^squal intervals provided the mechanism, its lawqof behaviour, and all relevant 
surrounding circurqstarflces, remain precisely similar For the phrase “precisely 
similar * means t%it no observable differences can be detektec^in £he mechanism,* 
or its behaviour; and that, as we have seen, requires that all corresponding 
intervals should be equal. In particular the interval between the events 
marking the beginning and end yf the cycle is unaltered. Thus a slock 
primarily measures equal intervals; it is only under more restricted conditions 
that it also measures the time-coordinate t. 

In general any repetition of an operation under similar conditions, but for 
a different .time, place, orientation and velocity {attendant circumstances 
whi<?h have a relative but nol an absolute significance*), tests equality of 
interval. . . * 

It is obvious from common experience.that intervals which can be 
measured with a e^ock Cannot be measured vuith a scAle, and vice versa. We 
have thus two varieties of intervals,twhich are provided for in .the formula * 
(2T), since <is a may be positive or negative .and the measure of the interval 
will accordingly be expressed by a real or an imaginary‘number. The 
abbreviated phrase “ imaginhry interval ” fhust rfot be allowed to mislead; 
there is nothing imaginary in the corresponding relation; it is merely that in 
our arbitrary code an imaginary number is assigned aS its measure-number. 
We might have adopted & different code, and have taken, for .example, the i 
aVitilogarithm of ds' 1 is thfi meadyre of the interval; in that case space- 
intervals would have*recoiyed code-numbers from 1 to oo , an'd timfc-inte^yalg 
numbers from 0 t(? 1. When we encounter J — l^n our investigations, we 
must remember that it has been introduced by our choice of meastire-pocte' 
and must yot think of i|, as occurring with somy mystieal significance in the 
external world. *. 

••They express relations to events which are«not concerned in the test, e.g. to the sun and 
Aare. 
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4. Rectangular coordi n a te* and time. 

Suppose that we hare a small region of the world throughout wh^ch the 
g’ s can be treated as constants*. In that case the right-hand side«of (2T}can 
be broken up into the sum of four squares, admitting imaginary coefficients 
if necessary. Thus .writing 

• •• “ ®i4u + + 

e r # 

y a = 6,x, + b 2 x t + b n x, + b,tv A ; etc., * 
so that • dy, = a,da:, + a^dx t -(- a,dx, + a t dx t etc., 

u^e can choose the constants a,, so that (21) becomes 


ds* = dy, s . + dy,* + dy, a + dy,' 


•(4-1). 


For, substituting foj the dy's and comparing coefficients with*(2l), we have 
only 10 equationslto be satisfied by the 16 constants. - Therojye thus many 
way? of making the^ reduction. Note, however, that the reduction tj> the*sifm 
of four squares of complete differentials is not in general possible for a larg^ 
region, where the g ’s haveetd be treate^l as functions, Yiot ®oystunt» 

*. Consider‘all the events foi; which y t has some specified*value. Tfiese will 
form a three-dimensional world. Since dy, is zero for every pair of these 
events, their mutual intervals are given by 

* ** • d& ** dyf + dyf + dyf .(4^). 

But this is exactly like familiar space in which the interval (which we have 
shown to be the same as the distance foV space without time) is given by 

. * 9 . ds a »= dx* + dy* + dz' 1 .(4'3), 

where x, y, z are rectangular coordinates. * • • 

• Hence a section of the world by const, will appear to us as spice, and 
y,, y»t V* w 'll appear'to us a^rectangular coordinates. # The codrciinate-frnmes 
y,, y a , y„, and x, y, z, are examples of the systems /4 and S' of § 1, for»which 
' the intervals between corresponding, fairs of mesh-corners are equal. The 
two systSms are therefoft) exactly alike observationally; and if one appears 
to us to be a octangular frame, in space, so also must the other. One proviso 
must be noted; the coordinates*y,, y 2 , y^ fur i«eal evdntS must be real, as in 
•familiar space, otherwise the Resemblance would be only formal. 

Granting this proviso, we have rcsJujed tho»g,eneral expression to 

d# a = dx 2 -kr*dy‘ + dz 11 -l* dyj .(4’4), 

where x, y, z will be recognised by us as rectangular coordinates ip space. 
wCUnfrly y* must involve the time, otherwise our locqtiod of events by the four 
coordinates would be liyeoraplete; but we must not too hastily identify it 

'“With thh time t. 

^ • 

* It will bo ahown in 8 86 4bat*it is always possible to transform the coordinates so that the 

first derivatives of the p’s vanish at a selected poifit. We shall suppose that this preliminary 
transformation has already^een* made, in ert^er that th*e constancy of the p’s may be a valid 
approximation through as large a region as possible round the selooted point. s 
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1 suppose that the following would be generally accepted as a satisfactory 
(pre-relativity) definition of equal timp<intertals:—if we have a mechanism 
capable of* cyclic motion, its cycles will measure equal durations of time 
cvnywhere and anywhen, provided the mechanism, its laws of behaviour, and 
all outside influences remain precisely similar. To this the relativist Would 
add the condition that the mechanism (as* a whole) muSt be at rest in the 
space-time frame considered, because it ia now kifown that a clock in motion 
goes slow in comparison with a fixed clock. The non-relativist does not dis¬ 
agree in fact, though he takes a slightly different view; he regards th£ proviso 
that the mechanism must be at rest as tfiready included in his-ebunciatiqp, 
because for him motion involves progress through the aether, which *(he 
considers) directly affects the behaviour of the.clock, and‘is one of those 
“outside influences” which have .to be kept •“ precisely siirplar." 

• Since‘then it is agreed that the mechanism as a whole is td be at'rest, 
and the moving parts return to'the same positions after a complete cycle, we 
shall have.for the fjwo events' marking the beginnipg and end of the cycle 
* • dx, dy, dz = 0.. 


Accordingly (4'4) gives for this case 


. da* = dy?. 

^ J m • i> 

We have seen in § 3 that the cycles'of (he mechariism in all cases correspond 
to equal intervals ds) hence they correspond to.equal values of dy t . But by 
the above definition of time they also correspond to equal lapses of time dt ; 
hence we must have dy t proportional to -dt, and wq expfess this proportion¬ 
ality* by writing • * 

' dy t — itdt .(4'5X 

where i— V-^S, and c'is a constant. It is, of aourse, possible that c may be 
an imaginary number, but provisionally we sffall suppose it real. Then (4'4) 
becomes * t 

ds 1 = da? + dy*' t + dz a — c*dt\ .•.(4'6). 

A further discussion is necessary before ft is permissible tq conclude that 
(4’6) is the most geueral possible form for dg" in tqnns of ordinary space and 
.time coordinates. If we had reduced (2*1) to the rather more general form . 


die? — da? + dy* + dz* i~\?dt* — gccedxdt — 2cf3dydt>- 2cydzdt .. .(4 7), 

• r • > 

this would have agreed vwth*(4'6) in tRa only two cases yet discussed, viz. 
(f) when dt — 0, and (2) wlteh dx, dy, dz — 0. To .show that this more general 
form is inadmissible we must examine pairs^of events which differ bo*Ip in 
time and place. * ' <t * 

In the preceding pre-relativity definition of t our chicks had to- remain 
stationary and were therefore of no use for comparing tirpe qt diffdhmt^places. 
What did the pre-relativity physicist mean by the difference of time dt 
between two events at different places?, I do not think that we can atyfach 
any meaning to his hazy conception ofVhat dt signified; but we know one 
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or two ways in which he was accustomed to determine it. One method which 
he used was that of transport ef chronometers. Let us examine then what 
happens when we move,a*block from [x u 0, 0) at the time f, to anqther*p]aoe 
(*,,-0, 0) at the time t,. 

We have seen that the clock* whether at rest or in motion, provided it 
remains a precisely*similar mechanism, records equal intervals ; hence the 
difference of'ihe clock-read ifigs at tjie beginning and end of the journey will 
be proportional to the integrated interval 9 . 




ds 


(4 81). 


If the transport is made in the direct line (dy = 
according Ijo (4'7.) , • 

• — ds 1 = c*d<* -f 3 cadxdt — dx* 


■ 0, ds = 0), we shall thave 




2a dx 
+ 'c dt 


_ x ; 

cAdt) j; 


Pence the difference af.the*clock-readinfcS (4'81 ) is proportiyifal to 


/>(>+v-3‘.<*«>• 


wherfl it = dxjdt, i.e tlTtf velocity of the clock. The integral will not in general 
reduce to t 2 — £,; so that the difference of time at the two places is not given 
correctly by the reading of the clock. Even when a = 0, the moving clock 
does not record ct>rrc*tt*time. • ^ 

N<?w introduce the cdhiition that the velocity u is very small, reutetnbeyng, 
that t 2 — t , will then become very largg. Neglecting v?]&, (4 82) becomes 


PI 1 + 


a dx 
c dt 


approximately 


= (<* - f,) -Wtf, - *,). 


The clock, if m»ved sufficiently slowly, will record the correct time-difference 
if, and only if, a = 0. Moving it i» otfyer directions, wc*mflst have, similarly, 
/9 = 0, 7 = 0. Thus (4'6) is thq’most general formula for the interval, when 
the time at different places is compared Jjy slow* transport of clocks from one 
place to another.* # • « # 

I do not know how far theyeader will b<? prepared t8 accept the condition* 
that it must be possible to correlate the Junes at differed places by moving 
a* clock from one to the otlfer with infinitesimal* velocity. The method 
qtqployed, in accurate work is to send an electromagnetic signal from one to 
the qther, and we shall see in § 11 that this leads Co the same formulae. We 
can scarcely consider that dither 6f theses methods of comparing time at 
different places is an eysenpal jjart of our* prynitive notion of time in the 
same way that measurement at one pldbe by a eye lib mechanism is; therefore^ 
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they axe best regarded as conventional. Let it be understood, however, that 
although the relativity theory has formulated the conventidn explicitly, the 
usage* of the word time-difference for the quantity fixed by this convention is 
in accordance with the long established practice in experimental physics and 
astronomy. • . 

Setting a «= 0 in (4*82), we see that the accurate formula for the clock¬ 
reading will be » * 7 

f* dt (1 - u’/c’)* 

= (i - u'/c')i\t, - o..«.: . .(4-95- 

c . .... 1 

for a uniform velocity u. Thus a clock traveling with finite velocity gives 
too small a reading—the clock.goes slojv compared wifh- the time-reckoning 
conventkmafly .adopted. * . 

_ To sum up the results of this section, if we choose coordinates such that 
the general quadratic "form reduces to 

i * • • ° , 

* ds* = dy, s + rfy a * +’dy 3 * + dy? ..(4‘1}5), 

then y,,y„ y 3 and y t d— 1 will represent ordinary rectangular coordinates and 
tithe. If we choose coordinates for which 

'ds 1 = dyS + dy.? + dy s * 4- dy t * + 2 ady,dy t + 2/3dy. i dy i + 2y dy,dy t .. .(4‘96), 

these coordinates also will agree with rectangular coordinates and time so far 
as the more primitive notions of time Hre Concerned ; *but the reckoning by 
Thi9 formula of differences of'time at different places will not agree with the 
reckoning adopted it\ physics and astronomy according to long established 
practice. For this reason it would only introduce confusion to admit these 
coordinates as a permissible space and time.system. 

We who regard all coordinate-fit.mes as equally fictitious structures have* 
no special interest in ruling out the. more general form (496).‘ It is not a 
question of ascribing greater significance to one frame than, to another, but 
of discovering wfticR frame corresponds «to the. space and time reckoning 
generally accepted and used in standard work?* such as the Nautical Almanac. 

As far as § 14 our work,will be subject to the condition that we are dealing 
with a region of the woyld.in which the g's are constant, or approximately 
constant. A region having this property is called flat. The theory of this 
case is called the “special ” theory pf relativity; it was discussed by Einstein 
in 1905—some ten years before the general theorj. But it becomes much 
simpler when regarded as a special case of the general theory, bepause it_ is 
no longer necessary to defend the conditions for its validity as being essential 
properties of space-time. For a given region these conditions may* hold, or 
they may not. The special theory applies only if,they hold; other cases must 
,be referred to the general theory. 
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4, 5 

6. The Xaorent* tranvfbrmation. 

Make the following transformation of coordinates • 

x = ft(x — utf), y = y', z^z 1 , t**/3 (tf— ux’/c') .(51), 

& <a (1 — u’/c 3 ) " *> 
where u is any real Constant not greater than c. 

We have-by (51) * • # 

dr* - c 3 d< 3 = fi 1 ((da;' — udtfy — c a {(it' — udx'/<?)*} 

• * • 

= 0* j^i “*) dx'* - ( C * - tt*)d*'*J 

• = dx‘ - <?dt'\ 

Hence from (4'6). . .* 

ds % = d* 3 4- dy 3 + dd — c'Mt' s = da.''* 4- dy' 3 4- dz* 1 — c 3 d<'- 3 ».... k .(5'2^. 

The accented and unaccented coordinates, give the*eame formula for the 
interval, so that the interval^ between corresponding .pairs of mesh-corners* 
will be equal, j^nd thejrgfore*in all observable respects they *^111 be alike. We 
nhftll* recognise a/,* y', z as rectangular coordinates in space, and i as the 
associated time. Wy have thus arrived at another possible way of reckoning 
space and time—another fictitious space-time frame, equivalent in allots 
properties to the original one. For convenience we say that the first reckoning 
is that of an observer S and the second that of an observer S', both observers 
being at rest in their respective spaces*. * 

The constant u i! easily interpreted. Since S is at rest in his own space, 
his location is given by x*— const. By (5T) this becomes, in S”h coordinates* 
x‘—fit' = const.; that is to say, S is travelling in the ^'-direction with velocity u. 
Accordingly the constant a is interpreted as the velocity of S reiittive to S'. 

It does not follow ijnmedhftely that .the velocity,of S' relative lo#S' is 
u\ but this chn be proved by algebraical solution of the'equations (5 - l) to 
determine y , z, t'. ,,7 e*find . 

x'f= S (*' + >d), y' = y, z — z, t' = f3 (t 4- ux/ c 3 ) .(5H), 

showing that an interchange of S and m^refy reverses t.fic sign of v. 

• The essential property of fhe foregoing transformation is that it leaves 
the formula for ds 1 unaltered (5 2), s (f tl^it the’eyordinate-systmns which it 
connects are alike in their properties. aLooking at tlva matter more generally, 
we have already noted that the reduction to the sum <5f four squares can be* 
made yi m»ny ways, so that we dan have • « 

ds 1 = dy, 3 4- dyj 1 i dy,*4- dy 4 3 = dy,' 3 4- dy./ 2 4- dy/ 3 dy/ 2 .(5‘4). • 

*•* T^iis ig partly a matter of nomenclature. A. sentient obser^r can forco himself to “recollect 
that he is gloving ” antl.sn gdopt a sjjace in which he's not at res^; but he does not so readily 
adopt the time which properly corresponds; unless lieJuseB the space time frame in which he is 
at rest, he is likely to adopt a hybrid space-time which l^pds to inconsistencies. There is no 
ambiguity if the “observer’’ is regarded as merely an involuntary measuring apparatus, which’ by 
the principles of § 4 naturally partitions a space and time with respect to \jhieh it is at rest. 
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The determination of the necessary connection between any two sets of 
coordinates satisfying this equation is fc pro*blem of pure mathematics; we 
can 1 use freely the conceptions of four-dimensional geometry and imaginary 
rotations to find this connection, whether the conceptions have any physical 
significance or not. We see from (5 4)'th&t ds is the distance between two 
points in four-dimensional Euclidean spaed, the coordinates (y u ^/ 3 , y„y 4 ) and 
(y/, y 3 ', y,', y 4 ') being rectangular systems (real or imaginary) in that space. 
Accordingly these Coordinates are related by the general transformations from 
one set of rectangulaV axes to another in four dimensions, viz. translations 
and rotations. Translation, or change of origin, need not do tain'us; nor need 
a rotation of the space-axes (y,, y„ y s ) leaving time unaffected. The interesting 
case is a rotation in which y 4 is involved, typified by 

. s , ' • y, = <jy cos 6 - y 4 ' sin 6, f/ t = y,' sin d + y/cos 0. 

Writing a = ic tan 8, so that /3 = cos 0, this leads to th'e Lorentz transforma¬ 
tion (51,). „ 

Thus, aparSt'rom obvious trivial changes of axes, the Lorentz transforma¬ 
tions are the only ones which leave the form' (4'6) unaltered. ° 

Historically this transformation was first obtained for the particular case 
of electromagnetic equations. Its more general character was pointed out by 
Einstein in 1905. 


6. The velocity of light. 

» *' , * 

Consider a point moving along the x-axis whose velocity measured by <S" 

1 

. . , • dx 


is V, so that 


dt' 


.(61). 


Then by (5T) its velocity measured by S is 


v ~ 


dx _ fi (dx' — udt'\ 
dt f3(dt' — ucLvjc*) 


’ = ." • „ by (61).(6 2). 

1 - uv/c* - J v v ' 

In non-relativity kinematics we should have taken it as axiomatic that 

. V = V — u. 

If two points move relatively to S' with equal velocities in opposite 
directions + v and — v\ their velocities relative to S are 

v' — u , v + u 

—— and 

1 — uv /c*« 1 + uv /c* 

As we should expect, these speeds are usually unequal; but there is an ex¬ 
ceptional case wHen v' — g. ’The speeds relative to S are then also equel.both 
0 in fact being equal to c. 
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Again it follows from (5*2) that when 

<jy+($} ,+ (£)'' 


ds = 0, and hence 




dyV 

dt) 




Thus when the resultant velocity relativo to S' is c, th# velocity relative to 

S is also c, whatever the direction. We see that the velocity c has a unique 

• • • 

and very remarkable property, 

•sAccordihg to the older views of absolute time this result appears incredible. 
Moreover we have not yet shown that the formulae have practical ^significance, 
since c. might be. imaginary.* But experiment has revealed a real velocity 
with this remarkable property, viz. 299,860 km. per sec.' We shall call this 
the fundamental velocity. , • 

By good fortune there is air entity—‘light—which travels with the funda¬ 
mental velocity.^ It woqld be* a" mistake fyx suppose that the%x*stend? qj such 
alj entity is responsible for the prominence accorded to the fundamental velocity 
c in our scheme; but it is helpful in rendering it more directly accessible to 
experiment. The Michelson-Morley experiment detected no difference in tjto 
velocity of light in two directions at right angles. Six months later the earth’s 
orbital motion had altered th.e observer’s velocity by GO km. per sec., corre¬ 
sponding to the change from S 1 to S, and there was still no difference. Hence 
the velocity of ligjht bus* the distipetiye property of the fundamental velocity. 

Strictly speaking the k l\lichelson-Morloy experiment did not proto diret^ly , 
that^the velocity of light was constant.in all directions, but«that the average 
to-and-fro velocity was constant in all directions. The i&cperimer.a compared 
the times of a journey “ there-aWd-back.” ^If v (6) is tluT velocity of ligld. in 
the direction 6, the experimental Result i^ • 

* . . 1.1 


v(0) 
1 


+ 


V (6\ 7r) 


—- «t= const. = G 


■m) 


, . . constr =*6” 

v (6) v {0 + rr) 

for all values of 6. The«constancy has bee ^established to about 1 part in 10 1 ". 
ft is exceedingly unlikely that therfrst equaUon # could hold unless 

v(0\= v (0 + 7r) = const.; ' * 

aqfl >t hi faiTly obvious that the.existenee 5f the secwyl equation excludes the 
possibility altogether. However, on account of the great importance of the 
icfeutifjcatfon of the fundamental velocity with the yclocity of light, we give 
a formal proof. • 

Let a ray travelling with velocity v traverse a distance R in a direction 
0, serthat * * •/ * * . * * 
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Let the relative velocity of S and S' be small so that u’/c* is neglected. Then 

^ « dt' *= dt + udx/c 2 , dx' **dx + udt, dy' =* dy. 

Writing SR, SO, Sv for the change in R,.d,v when a transformation is made 
to S' ’s system, we obtain ' . • 

S ( R/v) =■ dt' -dt-uR cos Ole 2 , 

• 8 (R cos 0) = dx- dx - uR/v, 

8 (R sin 6) = dy - dy — 0. 

Whence the values of SR, SO, S (l/v) are.found as follows : 

( 8R= uR cosS/v, 

80'= — usin 0/v, . 

: «g)-«cosV[i-i). 

Here 8 (1/y) refers to a comparison of velocities in the directions 0 in S’ s , 
system hnd O'* id <S''’s system. ’ Writing A (1/w)' for comparison when the 
direction is 0 in both systems • ■ . 




u u . „ u siVi 0 d ; 1 > 

= COS 0 — - 2 COS 0 + 




V 


Ilrnce 


/ 1 1 

\v\0) V ( 0'+ 7 r) 


= - COS d + |'« sin 3 0 ( 1 © ) . • ■ 

c‘ * - yd \r J sun’ d/ . 

) " WnH ^ 3d {sin*d (tJ0>, ~ »»((9 + tt))} - 


or 


1 a — a i • 

T/i\ — 77 t -v = ,, . (sin 3 0. log tan Ad — cos 6). 

v(0) v(0 + w) C u 6 2 7 


By/6'3) the left-hand side is independent of 0, and equal to the constant 
O' — C. We obtain on integration * ■ 

1 1 C — O’ ' 

.= — - (sin*"# . log tan Ad — cos d), 

r ! (d) r’(d+ 7r) « s 2 . 7 

1 1 _ 

G’ 

It is clearly impossible that the difference of l/v in opposite directions should 
be a function of 0 of this form ; becau'se the origin of 0 is merely the direction 
of relative motion of S and S', which may be changed at will in ditferent 
experiments, and has nothing to do with the ( propagation of light relative to 
S. Hence O' — C= 0, and v (0) = v (d + 7r). Accordingly by (6'3) v (d) is inde¬ 
pendent of d; and similarly v' (d) is independent of d. Thus the‘velocity■‘of 
light is uniform in al) directions for both observers and is therefore- to be 
identified with the fundamental .velocity. , 

, When this pfoof is compared with*the statement commonly (and cosrectly) 
made that the equality of the forward and backward velocity of light cannot 
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be deduced from experiment, regard must be paid to the context The use 
of the Micheison-Morley e/perihient'to fill a particular gap in a generally 
k deductive argument miflst not be confused with its use (e.g. in Space, Time 
and Gravitation) as the basis of a pure induction from experiment. Here we 
‘ have not even ufeed the fact' that ft is a second-order experiment. We have 
deduced the Lorentz transformation from the fundamental hypothesis of § 1, 
and have Already introduced a conventional system of time-reckoning explained 
in § 4. The present argument shows that the convention that time is defined 
by the slow transport of*chronometers is equivalent td the convention that 
the»forward velocity of light is equal to the backward .velocity. The proof of 
this equivalence is mainly deductive except for one hiatus—the connection 
of the propagation of # light jmd the fundamental velocity—and lor that step 
appeal is made to thle Michelson-Mmdey experiment. 

Tl*e law of composition of velocities (6’2) is well illustrated by J’izeah’s' 
experiment on the propagation of light *dong a moving stream of water. Let , 
the observer S' travel with frhd stream o£ water, and let*.S' be affixed ebserver. 
The i^ater is arrest refatively tu S' and the velocity of the fight relative to 
him will thus be the ordinary velocity of propagation in still water, viz. 
if = c//a, where /x is the refractive index. The velocity of the stream being w, 

— w i.4 the velocity of*.? relative to S'; hence by (0'2) the velocity v of tfie 
light relative to S is 

v 4- n< _ c//x 4- w 
* wv'jc 3 1 i w/fic 

— cjfx 4- w (1 — 1 l/jf) approximately, 


neglecting the square of wjc. * . . 

Accordingly the velocity of’^Jie light is not increased by the full velocity 
of the stream in.which if is propagated, but by the fraction/I — 1 /p*) w. 4?or 
fvater this is > about 0'44 w. The effect.ohn be measured by dividing a beam 
of light into two parts whiefi are se^t in Opposite directions round a circulating 
stream of wateft The factor (1 — 1 //x 2 ) is known as Fresnel’s convection- 
coefficient; it was confirmed experimentally. by Flzeau in 1^51. 

If the velocity of light in.vacuo were a constant c differing from the 
fundamental v.elocity f, the foregoing*caiculatidn. would give for Fresnel's 

convection-coefficient . • • 

• ■ 


* 1 .- 


<f a 1 / 
c s ' p 1 * 


Thus Fizeau’s experiment provides independent evidence tha\ the fundamental 
vtlbcity is*at k;ast approximately the same as the velocity of light. In the most 
recent repetitions okthis experiment made by Zeeman *.the agreement between 
theory and observation is such that d cannot differ from c by more than 1 part 
in 5UO * * •* * • 


AmiUrdam Proceeding », vol. xvnt, pp. 398 and 1240. # 
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7. Timelike and epacelike intervale. 

We make a slight change of notation, the quantity hitherto denoted by 
ds* "being in all subsequent formulae replaced by — ds 3 , so that (4'6) becomes * 

di? = <?dV-da?-.dtf-dz' .(7-1). . 

There is no particular advantage in this change of signit is rpade in order 
to conform to the cqstomary notation. • 5 

The formula may give either positive or negative values of ds % , so that the 
interval between real events may be a real or an imaginary number. We call 
real intervals timelike^ and imaginary intervals spacclike.. r ** .. 


from (7 - i) 




. \ =c 2 -^ ..•..(7-2), 

,, where v is the velocity of a point describing the track along which the interval 
lies. The interval is'thus real-or imaginary according as- t> £ is less than or 
greater than c. ’Assuming that a material particle cannot travel faster thah 
light, the intervals along its track must be timelike. We ourselves are limited 
by material bodies and therefore can only have direct experience of timelike 
intervals. Wc arc immediately atfare of the passage *of time without the use 
of our external senses; but we have to infer from our sense perceptions the 
existence of spacelike intervals outside us. 

From any event x, y, z, t, intervals radiate in all directions to other events ; 
and the real and imaginary intervals are separated! b'y the cone 

0 = c'Ult* — d.v 2 — dif — dz*, . 

which is called the null-cone. Since light travels with velocity c, the track of 
any».'ight : pulse proceeding from the event dies on the null-cone. When the 
y s are not constants and the fundamental quadratic form is not reducible td 
(7‘1), there is still a null-surface, giveii by tfs = 0 in (2'1), which separates the 
timelike and spacelike intervals. There can be little doubt Chat in this case 
also the light-tracks lie on the hull-surface, fcut the! property is perhaps scarcely 
self-evident, and we shall have to justify it in.more detail later. 

The formula (6'2) for fchv; composition of velocities in the,same straight 
line may be written , <• * 

'tanh -1 u/c = tfvnh -1 w'/c — tanh -1 u/c .(7 3). 

The quantity tanh~‘ v/c-htta been called by Robb tlje rapidity corresponding 
to the velocity v. I'hus (7 3) shows that relative rapidities in the same direction 
compound according to the simple addition-law. Since tan hr 1 1 = oo, the 
velocity of light corresponds to infinite rapidity. We-ca'nnot reach infinite 
rapidity by adding any finite number of finite rapidities; therefore we cannot 
reach the velocity of light by compounding any finite number of relative 
'velocities less than that of light. 
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There is an essential discontinuity between speeds greater than and less 
than that of light which is illustrated by the following example. If two points 
move in the same direofcion with velocities . * , 

v, *= c + e, «a“c— e 

respectively, their relative velocity is by (6'2) 

• • • v, —jj.j _ 2e _ 2c 1 

1 - v, t),/c s _ - e s )/c’ = € ' * 

which tends to infinity as e is made infinitely small! If the fundamental 
velocity is.exactly 300)000 km. pey sec., and two points move in the same 
defection with speeds of 300,001 and 290,999 km. psr'sec., the speed of one 
relative to the other is 180,000,000,000 km. per sec. The barrier at 300,000 km. 
per sec. is not to be «rossed*by approaching it. A particle which is aiming to 
reaclj a s peed of 3(10,001 km. per sefi. might naturally hope to attain ds object 
by continually increasing its speed ; but when, it has reached 299,99^ km. per 
sec., and takes stock of the position, it^ees its goal very much farther off than • • 
# when it started. * •. * • * , 

* A particle of matter is a structure whose linear extension is timeliko. We 
might perhaps imagine an analogous structure ranged along a spacelike truck. 
That would be an attempt to picture a ^particle travelling with a veloyity 
greater than thutpf light; but since the structure would differ fundamentally 
from matter as known to us, .there seems no reason to think that it would be 
recognised by us as a particle of matter, even if its existence were possible. 
For i$ suitably'chosBn ybperwr.u spacelike track can lie wholly in an instan¬ 
taneous space. The structure would exist along a line in space at otic moiqymt,; 
at preceding and succeeding moments it would be non-existent. Such instan¬ 
taneous intrusions must profoundly modify the c’mtinbity of evolution from 
past to future. In default of ally evidence of the existence of these Bpacelike 
• particles we shall assume that tficy aro.’mpossible structures. 

8. Immediate consciousnf ss at time. 

Our minds’are immediately aware of a “Hight of time” without the inter¬ 
vention of external senses* Presiftnabiy therc’are more or less cyclic processes 
occurring in the brain, which*play the part of a material clock, whose indica¬ 
tes the mind gm re.Vd. The rough nfeaeures ofdiration made by the internal 
, time-sense are of little use for scientific purposes, «nd physics is accustomed 
to base time-reckoning on more precise external mechanisms. It is, howeveV, 
do'ir&ble \o examine the relation of this •more primitive* notion of time to the 
scheme developed in pfifysics. * • 

*• Itfuch confusion has arisen from a failure to realise that time as currently 
used is physics and astrofiptny deviates "Widely from the time recognised by 
the primitive* time-sense! In fapt the tinuf of which we are immediately con¬ 
scious is not in general physical time, but the. more fundamental quantity 
which we have called interval (confined, however, to timelike intervals). • 
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Our time-sense is not concerned with events outside our brains; it relates 
only to the linear chain of events along our own track through the world. We 
mayje'am from another observer similar information as to the time-succession 
of events along his track. Further we have inanimate observers—clocks— 
from which we may obtain similar information as to their local time-successions. 
The combination of these linear successions along different tracks into a com¬ 
plete ordering of the events in relation £o one Another is a problem that 
requires pareful analysis, and is not correctly solved by the haphazard intuitions 
of pre-relativity physics. Recognising that both clocks and time-sense beasure 
(Is between pairs of events along their sespective tracks, we sefe. that t{ie 
problem reduces to that which we have already been studying, viz. to pass 
from tf description in terms of intervals between pqirs of events to a description 
in terms of coordinates. ' • 

• . • r * 

. Jhe external events which we see appear to fall into our own iocal 
time-suc<*‘ssion; but'in reality it is not the ( events themselves, but the 
Vense-impressions to which they indirectly give .rise, which take place in the 
time-succession our consciousness. The popular outbdk does hot trouble to» 
discriminate between the external events themselves and the events constituted 
by their light-impressions on our brains; and hence events throughout the. 
universe are crudely located in our private time-sequence. Through this con¬ 
fusion the idea has arisen that the instants of which we are conscious extend 
so as to include external events, and are world-wide ; and the enduring universe 
is supposed to consist of a succession of instantaneous states. This crude view 
was disproved in 1675 by Romer’s celebrated discussion of the eclipses of 
Jupiter’s satellites; and we are',no longer permitted to locate external events 
in the instant of our visual perception of them. The whole foundation of the 
idea of world-wide instants was destroyed 250 ybars ago,'and it seems strange 
that fr should still survive in current physics^ But, as# so often happens, the 
theory was patched up although its Original raison d’etre had vanished. Ob- * 
sessed with the idea that the external e>. , ent.yhud to' be put somehow into the 
instants of our private consciousness, the physicist succeedet! in removing 
the pressing difficulties by placing thenyiot ki the iustant of visual perception 
but in a suitable preceding instant. Physics borrowed the idea of world-wide' 
instants from the rejected theory, am^cosstructed mathematical continuations 
of the instants in the consciousness of the observer, making in this way time- 
partitions throughout the four-dimensional world, We need have no quarrel 
with tbs very useful construction winch gives physical time. ‘We only inijj^t 
that its artificial nature Should be recognised, And tbit the original demand 
for’a world-wide time arose through a mistake. We should probably have* 
had to invent universal time-partitions in any cast in order to ob'cain p. com¬ 
plete mesh-System; but it might have saved confusion if we had arrived at it 
as a deliberate invention instead of'an inherited mjscojiception. If it is fqgnd 
that physical time has properties which Vould ordinarily be regarded as con- 



8-10 


THE “8 + 1 DIMENSION A.L ” WORLD 


25 


traiy to common sense, no surprise need be felt; this highly technical construct 
of physics is not to be confounded with the time of common sense. It is im¬ 
portant for us to discover the exact properties of physical times but those 
properties were put into it by the astronomers who invented it. 

9. The <r 3 +.1 dimensional ” world. 

• The constant c* in (7 - p is positive according to experiments made in 
regions *of the world accessible to’us. The 3 minus signs with l plus sign 
particularise the work! in a way which we could scarcely have predicted from 
first principles. H. Weyl expresses this specialisation by saying that the world 
i»3 + 1 dimensional. Some entertainment may be derived by considering the 
properties of a 2 + 2 or a 4 + 0 dimensional world. A more serious question 
is, Can the world change it^type ? Is it possible that in making the reduction 
of (2 - l) to the stumor difference o'f squares for some region remise in space or 
time, we might havq 4 minus signs ? I think not; because if the regjon exists 
it must be separated from our 3+1 •dimensional region by some boundary.# . 

On one side of the boundary'we have ,. • • • 

• •* * • # • 

• • • ds 1 = —‘dx* - dy* — dt * + c*dt*, 

and on the other side 

• ds* = — da? — dy* — dz* — c.j‘dt % . 

The'transition can only occur through a boundary where 

ds 1 =. — dx a — dy* — dz 1 + Odt*, 

so that the fundamental velocity is zero. ‘ Nothing can move at the boundary, 
and flo influence ran yass from one side to another. The supposed region 
beyond is thus not ir. any spatio-temporal relation to our own universe—which 
is a somewhat pedantic way of saying yhal it does not exis’t. 

This barrier is m<Tre formidable thitn that which stops the passage of light 
round the world in de#Sitter’s spherical. space-time {Space, Time and Qravi- 
• tation, p. 160).* The latter stoppage was relative to the space and time of a 
distant observer; but evt^ythingpvent on normally with respect to the space 
and time of an,observer at the region itself. But here we art; contemplating 
a barrier which does not recede af it is approached. • • 

• The passage to a 2 + 2 diniunsional world would occur through a transition 

region where . • . 

• . * •• dts 1 = — dx‘ — (^i/ 1 0 dz 1 j- ’(fdt 1 . 

'Space here reduces to two dimensions, btg. there .Soon not appear to be any 
barrier. ^'he conditions on tfie fiir side, vjhere time becomes two-dimensional, 
dfelj' imagination. # •. . 

*. 10. * The FitzGerald contraction. 

We. shaft now cpnsidef^ some of the* consequences deducible from the 

Lorentz transformation. • • 

• • 

► The first equation of (biS) may by,written . . 

, • • 
x/p — x + ut, 
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which shows that S, besides makjng the allowance ut for the motion of his 
origin, jlivides by /9 all lengths in the ^-direction measured by S'. On the 
other* hand ‘the equation y‘ — y shows that S accepts lS”a measures in direc¬ 
tions transverse to their relative motion. Let S' take his standard metre 
(at rest relative to him, and therefore moving relative to S) and point it first 
in the transverse direction y' and then in the longitudinal direction x. For 
S’ ifcs length is 1 mefcre in each position,‘since if is his standard; fcTr S the 
length isT metre in the transverse position and 1//3 metres in the longitudinal 
position. Thus S finds'that a moving rod contracts when turned from the 
transverse to the longitudinal position. * . **• 

Thp question remains, How does the length of this moving rod compare 
with the length of a similarly constituted rod at rest relative to S ? The 
answer is that the transverse dimensions are the same whilst the longitudinal 
difnSnsiorfs are contracted. We can prove this by a redudtio ad absur&um. 
J'Vir suppose that a rod moving transversely were longer than a similar rod at 
rest. Taka two similar* transverse rods A and rl'.at rest relatively to S and 
S' respectively. r fhen S must regard A' as .the longeV, sjnce'it is moving/ 
relatively to him ; and S' must regard A .as the longer, since it is moving 
relatively to him. But this is impossible since, according to the equation • 
y — y\ S and S' agree as to transverse measures. , * * 

We see that the Lorentz transformation (5 - l) requires that (x, y, z, t ) and 
( x',y',z',t') should be measured with .standards df identical material constitu¬ 
tion, but moving respectively with S and S'. This was really .implicit in our 
deduction of the transformation, because the property of the two systems 
is that they give fhe same formula (5’2) for the interval; and the test of 
complete similarity of the standards is*equality of all corresponding intervals 
occurring in them. • . 

The fourth equation‘of (5T) is • ' 

< = & (£'"—* nx'/c*). t • , 

Consider a clock recording the time which accordingly is ^t rest in S" s 
system (x = const.).* Then feu any time-laps^ by this clock, we have 

8t = {3St', 

since =0. That is to say, ’S doe#no*t accept the time as recorded by this 
moving clock, but multiplies*its readings by yS, as though the clock were, 
going sjow. This agrees wfth the result already found in (4'9^. 

It may seem strafige that we shAuld be ablf to deduce the contraction* of 
a material rod and the retardation of a material, clock from the general 
geometry of space and time. But it must be remembered that the codtraqtiofi* 
and retardation do not iqiply any absolute^ change" in tha rad and clock. The 
“configuration of events” constituting the four-dimensional structure which 
we gall a rod is uifaltered ^ all that happens is that the observer’s space*and 
thee partitions cross it in a different direction. 
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Further we make no prediction as to .what would happen to the rod set 
in motion in an actual .experiment. There may or may not be an absolute 
change of the configuration according to the circumstances by which it»is set 
in motion. Our results apply to the case in which the rod after being set in 
motion is (according to all experimental tests) found to be similar to the rod 
in its original state of rest*. 

WBen a number of pfienomefta are connected together it becomes some¬ 
what arbitrary to decide which is to be regarded as the explanation of the 
others. To many it* will seem easier to regard the strange property of 
•the fundamental* velocity as explained by these differences of behaviour of 

* the observers’ clocks and scales.- They would say that the observer^ arrive 
at the same vjdue of the.velocity of light because they omit’the corrections 
which would allow for the different behaviour of their measuring-appliances. 
That is the relative point of view, in which the relative quantitfes, length, 
time, etc., are taken as fundamental.« From the absolute point of view, which _ 
has regard to intervals oniy; the standards of the two* observers are equal and 

*» bejjavc similarly.; trfe so-called explanations of the invariifhce of t,h<? velocity 
of light only lead us away from the root of the matter. 

* Moreover the recognition of the FitzGerald contraction does not enable 
us *to avoid paradoV* Frtyn (5‘3) we foifnd that »S'"s longitudinal measuring- 
rods were contracted relatively to those of S. From (51) we can show similarly 
that >S”s rods are contracted relatively to those of S'. There is complete 
reciprocity botfWei* S "and S'. This paradox is discussed more fully in Space, 

Time and Gravitation* (*. 55. 

1 • 

• 11. Simultaneity at different pl&ces. * 

• • 

It will be seen from the fourth equation of (5‘1), vjy.. 

. * i = (i ( fuxjc-), • . • 

that evepts at different places whicl>;ftc simultaneous for S' are not in general 
simultaneous for S. In f; vet, if At' — 6, 

dt = — jSudx jc‘ ^ . 4 .. k .(It 1). 

. It is of some interest to axamine*in detail how this difference of reckoning 
of simultaneity arises. It h*as been, explained in § 4 that by convention the 
thne at twd pkvees is compared by ^ransportinp’a clock from one to the other 

* with infinitesimal velocity. Our fhrmulae are basedpn this convention; and, 
of course, (ll'J) will only Re krue if thr* convention is ivdhered to. .The fact 

•(Rat infinitesimal velocity relative to S' is ntft .the* same as infinitesimal 
velocity relative to S, leaves room for the discrepancy of reckoning of simul¬ 
taneity to*crecp in. Consider two points A an<i 11 at rest relative to S', and 
distant x' apart? Take, a elock at A and .move it gently to B by giving it an 

• • 

. • It may be impossible p> change the motion of a roj) without causing a rise of temperature. 

Our conclusions will then not apply until tbe/temperature has fallen again, i.e. until the tempera¬ 
ture-teat shows that the rod is precisely similar to the rod before the change of motion. * 
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infinitesimal velocity du for a time x'/du'. Owing to the motion, the clock 
will by (Jf 9) be retarded in the ratio (1 — du' , /c i ) ^; t this continues fora time 
_ x'/du' and thfe total loss is thus 

(1-(1- du'*/c•)*} x'/du' 

which tends to zero when du' is infinitely small. S' may accordingly accept 
the result of the comparison without applying anji correction for'the {notion' 
of the clock. * 

Now consider S’ s view of this experiment. For him the clock had already 
a velocity u, and accordingly the time indicated by the clock is only f 1 — « a /c 2 )- 
of the true time for S. By differentiation, an additional velocity du * causes 
a supplementary loss 

(1 - w a /c a ) ” * udu/c a clock seconds .t.V.(1T2) 

per, tjue sQconil. Owing to the FitzGerald contraction of the length AB, the 
distance to*be travelled'is x/fi, and the journey will occupy a time 

4 t ^ > x/Bdu true seconds ,.. 4 ,.:.(11'3). 

Multiplying (ll'2^cxnd (113), the total'*loss d.ue to the j'olirney is" ( 

ux /d 1 clock seconds, 

or f3ux’/c 2 true seconds for S .(11 '4). 


Thus, whilst S' accepts the unconnected result of thc*comparison, S has' to 
apply a correction /3 «j//c 2 for the disturbance of the chronometer through 
transport. This is precisely the difference of their*reckonings of simultaneity 
given by (11 1). . . , ’ * ' ’ 

In practioe an accurate comparison of time at different places is made, 
not by transporting, chronometer, but by electromagnetic signals—usually 
wireless time-signals for* places on the earth, anjl light-signals for places in 
the solar system or stellar universe. Take two efecks at A and B, respectively. 
Let a Signal leave A at Mock-time t,,*feach B at time tj} by the clock at B, 
and be reflected to reach A again at tithe t 2 . The olyierver S’, who iji at rest 
relatively to the clocks, will conclude tfiat the instant at B was simul¬ 
taneous with the instpnj J (t, + 4) at A, because he assumes that the forward 
velocity of light is equal to the backward vefocijy. *But for S the two clocks 
are moving with velocity u ; therefore he calculates that the outward journey 
will occupy a time xjic — «) and’the hetneward journey a time x/{c'+ u). Now 

'x (c + u ) * fpx . . 

- * - ~ (c +,«), 


X * 

c — u 


x. ' 

c + u 


c- — 

x(c — u) 
d* - iz a : 


c 

fpx 
: c 2 


(c- u\ * 


Thus the instant t# of arrh^l at B must be takenyis fPxujd 1 latey than the 
half-way instant $ (<, -(- Q. .This correction applied by S, but not by S’, agrees 
with (11'4) when we remember that owing to the FitzGerald contraction 

x'/s. * r 

# Note that du will not be equal to du\ 


X 
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Thus the same difference in the reckoning of simultaneity by 8 and S' 
appears whether we use the method of transport of clocks or of light-signals. 
In either case a convention is introduced ns to the reckoning of time-differences 
at different places; this convention takes in the two methods the alternative ' 
forms— • • 

. (1) A .clock moved with infinitesimal velocity from one place to another 

continhes to read the correct tim# at its new station, w 

(2|. The forward velocity of light along any line is equal to the" backward 
velocity *. 

'Neither statement is by itself a statement of observable fact, nor does it 
refer to any intrinsic property of clocks or of light; it is simply an announce¬ 
ment of the rule, by whWh we propose .to extend fictitious time-partitions 
through the wor^i. But the mutiihl agreement of the'two statuments is a'fact 
which could be tested by observation, though owing to the'obvious practical 
difficulties it hips not been jJossible tb verify it .directly. We have here given- 
a theoretical proof pf fchfc agreement* depending on the* tisith of tj)e fundn- 

• man till axiom of § 1. * 

The two alternative forms of the convention are closely connected. In 
general, in any system of time-reckoning, a change <lu in the velocity* of a 
clock involves ip change uf rate proportional to da, but there is a certain 
turning-point for which the change of rate is proportional to du*. In adopting 
a time-reckoning such that this stationary point corresponds to his own 
motion, the observer jsjmposyig a symmetry on space and time with respect 
to himself, which may be compared with the symmetry imposed in assyming 
a.constant velocity of light in all •directions. Analytically we imposed the 
same general synmtfctry by adopting•(4(3) instead of*(4'7) as the form fords*, 
making our space-time reckoning symmetrical with respect to .the interval 

, and therefore*with respect to Sll observational criteria. * 

• *. * 

13. Momentum and maha. 

Besides possessing extension in space iyid.t.itne, ympter possesses inertia. 

# We shall show in due course.that intrti a* like extension, in exprennible in terms 
of the interval relation ; but that is^a development belonging to a later stage 
of our.theory* Meanwhile we give nft elemerftary treatment based on the 

•• empirical laws of conservation of* momentum and eyergy rather than on any 
deep-seated theory of the ifature of inertia. , 

t'or the discussior^ of space and time we have mSde use of certain ideal 
apparatus which can only be imperfectly realised in practice—rigid scales and 

A • • 

.* The chief case in which require for practical purposes an accurate convention as to the 
reckoning of time at places .distant from the earth, is in calculating the elements and mean 
places of planetB and comets. In tlieSt? computations the velocity of light in any direction is taken 
to Be 300,000 km. per sec.,1tn tfissumption wjnch rests fin* tlje convention (2). All experimental 
methods of measuring the velocity of light determine only an average to-and-fro velocity. u 
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perfect cyclic mechanisms or clocks, which always remain similar configura¬ 
tions from the absolute point of view. Similarly for the discussion of inertia 
we require some ideal material object, say a perfectly elastic billiard ball, whose 
condition as regards inertial properties remains constant from an absolute 
point of view. The difficulty that actual billiard balls are not perfectly elastic 
must be surmounted in the same way as the difficulty that actual scales are 
not rigid. To the ide^l billiard ball we can affix constant number; called 
the invariant mass*, which will denote its absolute inertial properties; and 
this number is supposed to remain unaltered throughput the vicissithdes of 
its history, or, if temporarily disturbed dufing a collision, ip restored at th ( e 
times ^hen we have to examine the state of.the body. , 

With the customary definition of momentum, the components 

»%• '*%• *»•••.. < 12 '> 

t, 

.^annot satisfy a general law of conservation of momentum unless the mass M 
is allowed to vary with t*he velocity. But with the slightly modified definition 

4 • i . . i- *■ 


dx 


dy 


m 


dz 


(12 2 1 ; 


ds ’ ds ’ ds 

the Jaw of conservation can be satisfied simultaneously in all space-time 
systems, in being an invariant number. This was shown in t Space, Time and 
Gravitation, p. 142. 

Comparing (12T) and (12'2), we have 

. . • ."--a ..•'. 

We call m tho invariant mass, and M the relative mass, or simply the massy 
The term'" “ invariant ” signifies unchanged for any transformation of 
coordinates, and, in particular, the same for ajl observers; constancy during 
the life-history of the body is an additional property of m attributed to our 
ideal billiard balls, but not assumed to be true for mfitter in general.' 

Choosing units of length and time so that the velocity of Jight is unity, 
we have by (7 - 2) ‘ * . • , . 

ds 


dt 


= (1-«•)*. 


Hence by (123) 

, ‘ ir=Mi(l->)-i .(12-4). • 

The mass increases with the velocity by the same factor as that which gives 
the FitzGerald contraction and when v = 0, M‘— m. »The invariant mass Ts* 
thus equal to the mass at rest. * ( 

It is natural to extend (122) by adding a fourth component, thus 
'dx dy dz ’ dt 


m 


ds’ 


w ts’ 


m 

V 


ds - 


Ml 


ds 


.(12-5). 


Or proper-matt. 
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By (12 3) the fourth component ia equal to M. Thus the momenta and mass 
(relative mass) form together* a symmetrical expression, the momenta being 
space-components, and tKe mass the time-component. We shall see lalejr that 
the expression (125) constitutes a vector, and the laws of conservation of 
momentum and mass assert the conservation of this vector. 

The following is an analytical proof of the law of variation of mass with 
velocity directly from the principle of conservation of ^mass and momentum. 
Let Mi, M t ' be the mass of a body as measured by iS .and S' respectively, 
v,' Bfeing its velocity in the a-direction. Writing . 

•#=(1 A' =V -Vi’'/c'y 4, £ = (1 -«*/c a r 4 , 


we'ean easily verify from (62) that • 

. . .* /3, Vl = >9/3/(v/— m) .!.(12-6). 

Let a number.of such particles *be moving in a straight line subject to’the 
conservation of mass and momentum as measured by A", viz. • 

• IMi and 23/,%,' are conserve*!. 

• Since B and*u are c«4fttants it fallows that • * 

• • ^ • 

'BMiB (>'i — ») is conserved. 

. Therefore by (12'6) 

. •• UMi'BiVi/Bi is,conserved .(12‘7f). 

But since momerftum must also be conserved for the observer S 

‘Sil/jit is conserved .(12 - 72). 


The results (li?7l)*niM (1272) will agree if 

• •: m,/b, = m;ib;, - „ . 

arid it is easy to see that there can. be no other general solution. Hence for 
different values of rf* M y is proportional to Bu or * 

» M = m(\ -y/c 2 )" 4 , # ‘ 

• where m is a constant for the body. • * 

. It requires a greatei*impulse to produce a given change of velocity Sv in 
the original direction of motion\han to produce an equal change Sw at right 
angles to it. For this momenta ip the two directions arc initially 

* Snv (1 — v'/c 1 ) “ 4 , 0 , 

aqd after a elgyige Sv, Sw, they becofae* * « 

*• m(v + Sv) [1 — {(t> + Sv)* 4- (Sw) 2 }/® 11 } - ^, m mSw [1 *- + Sv)' + (Sui^j/c 51 ] ~ 4. 

Hence t^ the first order in Sv, §u> the changes of momentum are • 

** mfl — v'ft*) ” 5 Sv, m (1 - v*/'c‘Y~ 4 6w # 


or • MB 1 Sv, MSw, 

where. B is the J'jJzGeriiljl factor for velocity v. The coefficient MB' was 
formerly called the longitudinal mass, A/‘being the transverse mass', but the 
longitudinal mass is of no particul^y importance in the»general theory, and 
the term is dropping out of use. • 
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13 . Energy. 

Wljen the units are such that c = 1, we hate c 
M=m(l-v 3 )-* 

= m + jmv a approximately ...(131), 

if the speed is small compared with the velocity of light. ’The second term is 
the kinetic energy, so that the change of. mass i* the same as the change of 
energy, when the velocity alters. This suggests the identification of mass with 
energy. It may be recalled that in mechanics the total eftergy of a system 
is left vague to the extent of an arbitrary additive constant, since only changes 
of energy are defined. In identifying energy with mass we fix the additive 
constant m for each body, and in ■ may be'regarded as the internal energy of 
constitution of the body. ' . * _• 

. JThe cipproximation used in (13'1) does not invalidate the argument. 
Consider two ideal billiard balls colliding. The conservation of mass (relative 
*mass) states that • ' . t 

• *« Sot (1 — is unaltered. ■' 

• I • 

The conservation of energy states that 

< Sot (1 -t \v‘) is unaltered. 

But if both statements were exactly true we should have two equations 
determining unique values of the speeds of the two balls; so that these speeds 
could not be altered by the collision. The two laws are not independent, but 
one is an approximation to the other. The fisst is tlje,accurate law since it is 
independent of the space-time frame of reference. Accordingly the expression 
for the kinetic energy in elementary mechanics is only an approximation 
in which terfns in v\ etc. are neglected'. . <’ 

%Y.i ren the units of length and time are not restricted by the condition 
c— 1, the relation between the mass U and the energy E is 

M = Ejc 1 ...*..(13-2). » 

Thus the energy corresponding to a gram is 9.10 M ergs. *This does not 
affect the identity of mass ahd'energy. —thf.t both* are measures of the same 
world-condition. A world-condition can be examined by different kinds of 
experimental tests, and the .units gnr.in'and erg are associated with different 
tests of the mass-energy .condition. Bitt when once the measure has beep 
ntade it is of no consequence to lis which of the experimental methods was 
chosen, and grams or. ergs can be uued indiscriminately as tffe unit of cnqfij 
In fact, measures made by energy-tests and by mass-tCsts are convertible like 
measures made with a yard-rule and a metre-rule. • 

The principle of conservation of mass has th'us beep rye merged .in the 
principle of conservation of energy" Bat there is another independent pheno¬ 
menon which perhaps corresponds more nearly to the original idea of Lavoisier 
when he enunciated the law of conservation of matter. I refer to the per- 
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manenoe of invariant mass attributed to our ideal billiard ball# but not 
supposed to be a general property of matter. The conservation of 19 is an 
accidental property like rigidity; the conservation of Af is an invariable law 
of nature. 

When radiant heat falls on a billiard ball so that its temperature rises, 
the increased energy of motion of the molecules causes an increase of mass M. 
The invariant mass m also Increases since it is equal to % M for a body at rest. 
There is no violation of the conservation of M , because the radiant'heat has 
mass M which it transfers to the ball; but we shall show later that the 
electromagnetic waves have no idVariant mass, an<j the addition to m is 
created out of nothing. Thus invariant mass is not conserved in generaj. 

To some extent we can avoid this failure by taking the micVoscopic point 
of view. The billi4r3 ball can be analysed into a very .large number of con¬ 
stituents—electrofls and protons—each of which is bo.lieved-to preserve *the 
same invariant mass for life., But thy invariant mass of the billiard ball is # 
not exactly equal to the «um of the invariant masses ofritj constituents*. 
•The permanence and*ftermanent.similarity of all electron^seems to be the 
modern equivalent of Lavoisier's “conservation of matter. ’ It is still uncertain 
•whether itcxpresses a universal law of nature;-and we are willing to con¬ 
template the poasibflity that occasionally a positive and negative electron 
may coalesce and‘annul one another.' In that case the mass M would pass 
into the electromagnetic waves generated by the catastrophe, whereas the 
invariant mass. m v^ndd disappear altogether. Again if ever wo are able to 
synthesise helium out !>£ hydrogen,' 0 8 per cent, of the invariant mass will 
be annihilated, whilst the corresponding proportion of relative mass wifi be 
liberated as radiant energy. J • . 

It will thus be seei^that ;!lthough in the special problems considered the 
quantity m is usually supposed *0 be pyhnunent, its Conservation be lories to 
*an altogether different order of ideas from the universal conservation of M. 

14. Density and temperature. 

Consider a volume of spa^e elolnftited in some invariant way, e.g. the 
content of a material box. The counting of a^ number of discrete particles 
continually mtfrin (i.*o. moving with) tlft box is* an absolute operation; let 
•the absolute number be N. The volume Y of the* bqx will depend on the 
space-reckoning^ being decreased in the ratio /3 for an observer moving 
relativelythe box and particles, owing to the FrtzGer&ld contraction of one 
of the dimensions of tlm box. Accordingly the particle-density a = N/V 
satisfies * . 

• . — *. . v . 

• • # 

* This U because the invariant mass of each electron is its relative mass referred to axes 
moviifg with it; the invariant mass of the billiitjd ball is the relative mass referred to axes at rest 
in the billiard ball as a whole. . 
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where a is the particle-density for an observer in relative motion, and «r the 
particje-densifcy for an observer at rest relative to the particles. 

. It follows that the mass-density p obeys the equation 

P=pP .( 14 - 2 ), 


since the mass of each particle is increased for the moving observer in the 
ratio /8. • ’ ■ 

Quantities referred to the space-time system of an observer moving with 
the body considered are often distinguished by the prefix proper- (German, 
Eigen-), e.g. proper-length, proper-voluiqp, proper-dehsity, proper-mass = in¬ 
variant mass. • * 

The transformation of temperature for 'a moving observer does not often 
concern us. In general the word obviously mdhns proper-temperature, and 
th’e motion of the observer does*not entef into consideration. In thermometry 
and in the theory of gases it is essential to take a standard with respect to 
• which the matter is pt rest on the average, since the indication of a ther¬ 
mometer* moving*rapidly through a. fluid is of r no practical,, interest. But 
thermodynamical temperature is defined by • 

dS = dM/T .(14 3), 

whore dS is the change of entropy for a change of energy dM. The tempera¬ 
ture T defined by this equation will depend on the observer’s frame of 
reference. Entropy is clearly meant to be an invariant, since it depends on 
the probability of the statistical state of the system compared with other 
states whiqh might exist. Hence T mu&t be altered^ by motion in the same 
wnjr as dM, that is to say ’ 

T'=/3T .(14-4). 

But it would be useless to apply such a transformation to the adiabatic gas- 
equation 

r^-.jcpy-', 

w t 

for, in that case, T is evidently intended to dignify the proper-temperature and 
p the proper-density,. * 

In general it is unprofitable to apply °the Lorentz transformation to the 
constitutive equations of a material medium afid to coefficients occurring in 
them (permeability, specific inductive capacity, elasticity, velocity of sound). 
Such equations naturally take a simpler, and more significant form for axes 
moving with the matter. ‘ The transformation to moving axes introduces great 
complications withoQt any evident Advantages, and is of little intef-est^exr^ot 
as an analytical exercise. 

IS. Ghsneral transformations of coordinates. 

« v c * 

We obtain a transformation'of coordinates by taking nfcw coordinates 
x^ K Xt, x,', x 4 which are any.four functions of the,old-coordinates x u x„e„.x t . • 
•Conversely, x u x. lt x„ x t are functions' of x,', x s ', x,, x 4 '. It is assumed that 
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multiple values are excluded, at least in the region considered, no that values 
of («,, x,, x,, * 4 ) and (4%', x,', x,',«,') correspond one to one. • 

If a?j ™_/i (x ,, ■ x,, a) 4 ); (x 1, x a , x, , x 4 ); etc., 

<ir, = —7 <ix,' + |^r dx,'‘ + dx,' + dx,' ; etc. (151), 

or‘it may.be written simply,* • , 


.(15-2). 


.. dx , d*,' + g, dx; + fj dx; + || dx;; etc. 

Substituting from (15'2) in ( 2 - l) we sec that dtp will be a homogeneous 
quadratic function of the differentials of the new coordinates; and the view 
coefficients g n ', gj, et<v coul<i4>e written down in terms of the old, if desired. 

For an example consider the usual transformation to axes revolving with^ 
constant angular vefocity to, viz. • ' • 


x = x, cos tox, — x„ sin 0 X 4 


.(lf?3). 


.• 1 .y = x, sin < 0 X 4 -Pax* cos <ox 4 

* * 2 = X„' 1 

t — X 4 ' I 

Hence. • • 

dx = dx/ cos of./ , — dx,' sin cox 4 + to (— x, sin <ux 4 x„ cos cox,) dx 4 , 
dy — dx,' sin tox,’ 4 - dx/ cofc 10 X 4 ’ 4 - to (x, cos cox 4 — x a sin <ox 4 ) dx ,, 
dz = dx/, •* • . . 

dt = dx,'. * .* • * 

Takifig units of sjiace and time so that r * 1, we have fi>r our original fixed 
cooidinates by f 7 T) *„ • 

ds 2 = — d«“ — dy 1 ~f dz 3 4- dt 2 . • , • 

hence, substituting the valges found aboVe, 

ds 2 = - ^x, ' 2 - dx./’ - dx/’ + [ 1 — to 2 (x/* + x/’)l dx/’ 

• 2a txjdx^ dx, -*■ 2 tox/ dx/*dx 4 '.(15 - 4). 

* Remembering that all observational differences of coordinate-systems must 
arise mo the int^iwal, this formula must cbmpriseetfesything which distinguishes 
the rotating system from a fixed syst^ifl of coordinate*. 

In the transformation (15'3^ we have pay! no attention to any contraction 
of standards bf length or retardation %>f clocks, due *0 motion with the 
rotating axes. The formulae *tf transformation are thoste of elementary 
kinematics; so that x/, x/, x,', x 4 ' are quite strictly the coordinates used in 
the ordinary tfieory of r otat,i 1 a x e s. .But it tnay be suggested that elementary 
kinematics is u<JW seen to be - rathpr crude, apd that it would be worth while 
to touch up the formulae 4(15*3) so as tj^ take acoount of th«®e small changes 
of the standards. A little consideration shows that the suggestion is im- • 

a—* 
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practicable. It was shown in §.4 that if a*', ccf, x 4 ' represent rectangular 
coordinates and time as partitioned by direct readings of scales and clocks, then 

• • ds >- - dx'*- dxi*- dx,* + .(15-46), 

so that coordinates which give any other formula for the interval cannot 
represent the immediate indications of scales and clocks. As shown at the ‘ 
end of § 5, the only transformations which give (15 45) are JLorentz trans¬ 
formations. If we wish to make a transformation of a more general kind, such 
as that of (15 3), we must necessarily abandon the association of the qoordinate- 
system with uncorrected scale and clock readings.* It is useless to try to 
“ improve ” the transformation to rotating axes, because the sifpposed»im- 
provement could only lead us back to a coordinate-system similar to the fixed 
axes with w"hich we started. *. » •• 

• The inappropriateness of rotating axfes to scale and clock measurements 
"can be ^regarded from a physical point of view. We cannot keep a scale or 
clock at rest in the t rotating systenr unless we constrain it, i.e. subject it to 
molegulhr boiabftrdment—an “ outside influence * whose effect # on the measure¬ 
ments must no? be ignored. • . , .* 

In the x, y, z, t system of coordinates the scale and. clock are the natural 
equipment for exploration. In other systems they will, if unconstrained, con¬ 
tinue to measure ds ; but the reading of ds is no longer related in a‘simple 
way to the differences of coordinates which we wish to determine; it depends 
on the more complicated calculations involved in (21). The scale and clock 
to some extent lose their pre-eminence, and since fh«y afa rather elaborate 
appliances it may be better. to refer to some simpler means of exploration. 
We consider then two simpler test r objects—the moving particle and the 
light-pulse. * * . *' 

In ordinary redtangular coordinates and time x, y, z, t an undisturbed 
particle moves nvith"uniform velocity, s<f that its track-is given by the 
equations ‘ * , , 

x = a + bt, y = c +Jdt, z = e+ft .(15'i7), 

i.e. the equation^ of a straight line in four dimensions. By tubstituting from 
(15 - 3) we could find the equations otithe t track In rotating coordinates; or by 
substituting from (15 2) we could obtain tli<e differential equations for ahy 
desired coordinates. But tHere is another way of proceeding.. JThe differential 
equations of the track may* be writtefi . 

. ' * d?x d‘y d*z dH 

• . . a?* a?* d?” cS * =0 .. 

•which on integration, having regard to the condition (7-1), give equations (15'5). 
The equations (15 6) t are comprised in the single statement ' , 


J ‘is is stationary ..~..'..(15-7) 


for all arbitrary "small variations of t^e track which vanish at the initial and 
final limits—a well-known property of the straight line. 
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In arriving at (15 - 7) we use freely the geometry of the w, y, t, t system 
given by (71); but the final result does not allude to coordinates at alj, and 
must be unaltered whatever system of coordinates we are using. (To obtain 
explicit equations for the track in any desired system of coordinates, we 
• substitute in (15*7) .the appropriate' expression (2*1) for ds and apply the 
calculus of variations. The actual analysis will bo given in § 28. 

The thick of a light-puls^, beingf a straight line in fiyur dimensions, will 
also satisfy (1.V7); but the light-pulse has the special velocity c which gives 
the additional condition obtained in § 7, viz * m 

. *’* • dl = 0 ...(15*8). 

Here'again there is no reference to any coordinates in the final result. • 

We-have thus obtained ^nations (15*7) and (15*8) for the ljehaviour of 
the moving particle* and light-pufsd which must hold'good whatever tht 
coordinate-system chqsen. The indications of our two -new tfest-bojies are 
, connected with the interval, jifst as in*§ 3 the indications of the scale and 
clock were connected wjth the' interval. v It should be noticed* howolej that 
whereas the use of the older test-bodies depends only on tTie truth of the 
fundamental axiom, t]io use of the new test-bodies depends on the truth of the 
eTnpirical laws of motion and of light-propagation. In a deductive theory thjs 
appeaf to empirical Jaws is a-blemish which we must seek to remove later. 

16. Fields of force. : 

Suppose that an observer has chosen a definite system of space-coordinates 
and of time-reckoning (af, £ a , cr, at a*) anti that the geometry of these is given by 

ds* — g n dx^ -f g H d.rf + ’Ig^dx,dx t + ...^.(16*1 ).* * 

Let him be under the mistaken impiessfon that the geometry is , 

dxj =■< — — dxf — dx? + ds, 1 ....*..( 16 * 2 ), 

jhat being the geometry with width he inmost familiar in pure mathemaRcs. 
We use distinguish his mistaken*vhlue of the interval. Since intervals 

can be compared by experimental methods, he ought soon to discover that his 
ds 0 cannot be reconciled with observational results, and sq rqalise his mistake. 
Qut the mind does not so readily*get 7*'l df an obsession. It is more likely 
that our observer will continue’in his (>piuion, and attribute the discrepancy 
of th# observations to somo influence whiehts preseitt and affects the behaviour 
of* his test-bodies. He will, so to speak, introduce* a % supernatural agency 
which he can btyme for the Consequences-of his mistake. Let us exajnine 
what name he would appjy to this agency. • . * 

Of the four test-bodiea considered the moving particle* is in general the 
most sensitive to small changes of geometry, and it yould be by this test that 
the observer would first discover discrepancies. The path laid down for it by 
our observer is • • 

f ds 0 is stationary, 
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i.e. a straight line in the coordinates (a?,, x t , x t , x t ). The particle, of course, 
pays po heed to this, and moves in the different track 

J da is stationary. 

Although apparently undisturbed it deviates from “uniforrrf motion in a 
straight line.” The name given to any agency ^vhich causes deviation from 
uniform motion in a straight line is force according to the Newtonian definition 
of force.’ Hence the agency invoked through our observer’s mistake is-described 
as a “ field of force.” ’ % ' 

The field of force is not always introduced by inadvertence as in the fore¬ 
going illustration. It is sometimes introduced deliberately by the matBema- 
tician, e.g. when he introduces the centrifugal "force. .These would be little 
advantage and many disadvantages in banishing the phrase “field of force” 
from ouf vocabulary.* We shall therefore regularise thg procedure which our 
> observer has adopted. i We.call (16'2)*the abstract geometry of the system of 
coord yidtes (xt, x„ x t ) ; it may bu chosen arbitrarily by thq.observer. The 

natural geometry is (16’1). • < * 

A field of force represents the discrepancy between the natural geometry of 
axoordinate-system and the abstract geometry arbitrarily ascribed to it. 

A field of force thus arises from an attitude of mind. *If we do not take 
our coordinate-system to be something different from that which it really is, 
there is no field of force. If we do not regard our j-ojjatirjg axes as though 
they were non-rotating, there is no centrifugal force.* , 

' ••Coordinates for which the’patural geometry is 

c 

a , dt? = — d: r, 2 — 1 dx/ — dx, + dxf 

are called Galilean dbordinates. They are the*same as those we have hitherto 
calfed ordinary rectangular coordinates and* time (the velocity of light being 
unity). Since this geometry is familiar to us, and, enters largely (nto current 
conceptions of space, time and mechanics, we usually choose Galilean geometry 
when we have to /isqribe an abstract geometry. Or we may use slight modifi¬ 
cations of it, e.g. substitute polar “for tectafigijlar coordinates. 

It has been shown in § 4 that when the g'$ are constants, coordinates can 
be chosen so that Galileamgeometfy is actually the natural geometry. There 
is then no need to introduce a field of'force in order to enjoy our accustomed 
‘outlook; and if we deliberately choose non-Galilean coordinates and attribute 
to them abstract Galilqan geometry, we recognise the artificial charkctan. of 
the field of force Introduced to compensate the discrepancy. But in the more 
general case it is not possible to make the reduction of § 4 accurately thsough- 
out the region explored by our'experiments;, and noJGalilean coordinates 
exist. In that case it has been usual to select some system* (prefeiably an 
approximation to 1 a Galilean system) a^d ascribe'to >it the abstract geometry 
•of the Galilean system. The field of force so introduced is called “ Gravitation.” 
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It should be noticed that the rectangular coordinates and time in current 
use can scarcely be regarded as,a close approximation to the Galilean system, 
since the powerful force of terrestrial gravitation is needed to compensate 
the error. 

The naming of coordinates (e.g. time) usually follows the abstract geometry 
attributed to.the system. In general the natural geometry is of some compli¬ 
cated kibd for which no detailed nomenclature is recogpised. Thus when we 
call a coordinate t the “ time,’’ we may either mean that it fulfils the 
observational conditions discussed in § 4, or we may mean that any departure 
fnpn thoseMonditigns will be oscribbd to the interference of a field of foroe. 
In the latter case “time” is an.arbitrary name, useful because it fixes a 
consequential nomenclature *>f velocity, acceleration, etc. 

To take a special ‘example, an observer at, a station on the earth has foupd 
a particular set of toordinates x Xt x„ x t best suited to his poods. *He calls 
them x, y, z, t in the’belief thgt they lye actually rectangular coordifiates and * 
time, and his terminology—straight line, circle, density, fmifyrm veloqjty, etc. 
follows from ffiis identification. . Hut, as'shown in § 4, this •omenclatftre can 
only*agree with the measures made by clocks and scales provided (16 - 2) is 
satisfied ; and if (10*2) is sivtisfied, the tracks of undisturbed particles must be 
straight lines. Experiment immediately shows that this is not tho case; the 
tracks of undisturbed particles are parabolas. But instead of accepting the 
verdict of experiment and admitting that x u x, t x„ x t are not what he sup¬ 
posed they werp< ou* observer introduces a field of force to explain why his 
test is not fulfilled. A* tfbrtain *par£ of this field of force might, have been 
avoiiled if he had taken originally a different Jet of coordinates (not rotnftin^ 
with the earth) ; and in so far as the'field of force aVises on this account it is 
generally recognised t^iut it is^a.mathematical fiction—Ahe centrifugal force. 
But there is a.residuum which.cannot be got rid of by .any choice of co¬ 
ordinates; J,here exists uo extensive. oBordinate-system having the simple 
pfoperties"which were ascribed x'y, z, t. The intrinsic nature of space- 
time near the dftrth is not of the kind which admits coordinates with Galilean 
geometry. This irreducible field »f %ce jsorfktilutes the* field of terrestrial 
gravitation. The statement tJ’at space-time round the earth is “ curved 
thaj is to say ^ t hat it*is not of the kind >§hich adjnits Galilean coordinates— 
.if not an'hypothesis; it is an equivalent expression/if the observed fact that 
’an irreducible field of force, is present, .having regard to the Newtonian 
dgflnitioirtof fo/ce. It is this ft&t of observation. whic(j demands the* intro¬ 
duction of non-Galilean’space-We and non-Euclidean spape into the theory. 

. • 

<7. Ttte Principle of Equivalence. • 

In § 15 we* have stated the laws of motion of undisturbed material particles 
and of light-pulses in a farm independent of .the coordinates chosen. Since 
a great deal will depend upon the'truth of these laws it is desirable to 
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consider what justification there is for believing them to be both accurate 
and universal. Three courses are open: « 

(а) It will be shown in Chapters IV and VI that these laws follow 
rigorously from a more fundamental discussion of the nature of matter and 
of electromagnetic fields; that is to say, the‘hypotheses underlying them may 
be pushed a stage further back. 

(б) The track of p moving particle or light-fmlse under specified initial 

conditions is unique, and it does not seem to be possible to specify any 
unique tracks in terms*of intervals only other than those given by equations 
(15-7) and (15 8). , * , 

(c) We may arrive at these laws by induction from experiment. . 

If we relysolely on experimental evidence we cannot claim exactness for 
the laws. It goes without saying that tljero always remains a possibility of 
small amendments of .the laws too slight to affect any observational tesfe yet 
tried. Belief in the perfect accuracy o£(15'7) syid (158)'can only be justified 
on tho theoretical groilnds (a) or ( b ). But the wuye important consideration 
is the hniversalify, rather than the Accuracy, of the fekperimental laws,; we 1 
have to guard against a spurious generalisation extended to conditions 
intrinsically dissimilar from those for which the laws have been established, 
obsfcrvationally. * « ® . 

We derived (15'7) from tho equations (15‘5) which desfcribe the observed 
behaviour of a particle moving under no field of force. We assume that the 
result holds in all circumstances. The risky point in the generalisation is not 
in introducing a field of force, because 'that may lj>e* due to an attitude of 
hairtU of which the particle hap no cognizance. The risk is in passing from 
regions of the world .where Galilean 'coordinates (x, y x z, t ) are possible to 
intrinsically dissimilar regions where no suejj coordinates exist—from flat 
spaet-times to space-time which is not flat. 

The Principle of Equivalence assort g the legitimacy of this generalisation. ' 
It is essentially an hypothesis to be 'tested by experiment as opportunity 
offers. Moreover it is to be regarded as a suggestion, rather* than a dogma 
admittihg of no exceptions. ‘It'is ljkely that some of the phenomena will be 
determined by comparatively simple equation's in which the components of 
curvature of the world do pot appq^r; such equations'will be.,the same,,for 
a curved region as for a, flat region. 4t is to these that the Principle of. 
Equivalence applies. Pt ism plausible suggestion that the undisturbed motion 
of a particle and the propagation of light are governed by law.*f of this specify 
simple type; and accordingly (15'7) and (15'8)'will apply in all circumstances. 
But there are more complex phenomena governed by equations in which the 
curvatures of the world ard involved; terms containing these curvatures.will 
vanish in the equations summarising experiments made in a fiat region, and 
would have to be-.reinstated .in passing to the general equations. Clearly 
t&ere must be some phenomena of this kind which discriminate between 



17,18* *HE !*RINC1FLE OF EQUIVALENCE ' 41 

«,•* 

a flat -world and a curved world; otherwise we could have no knowledge of 
world-curvature. For these the Principle of Equivalence breaks down., 

The Principle of Equivalence thus asserts that some of the chief differential 
equations of physics are the same for a curved region of the world as for an 
osculating flat region*. There ’can be no infallible rule for generalising 
experiments,laws; but the Principle of Equivalence offers a suggestion for 
trial, wHich may be expected to succeed sometimes, and fail sometimes. 

The Principle of Equivalence has played a great part as a guide in the 
original building up of the generalised relativity theory; but now that we 
hivve readied the .new view of tin? nature of the wprld it has become less 
necessary. Our present exposition is in the main deductive. We start with 
a general theory of world-structure and work down to the’experimental 
consequences, so that our progress.is from .the general to the special laws, 
instead of vice versa. . • • ■ 


18. Retrospect. ^ < 

• # The investigation bf the external world in physics is a cf test for structure 
rather than substance. A structure can best be represented as a complex of 
.relations and relata"; and in conformity with this we endeavour to reduce the 
phenomena to their* Expressions in terms of the relations which we call 
intervals and the relata which we call events. 

If two bodies are of identical structure as regards the complex of interval 
relations, they yeill l*e Exactly similar as regards observational properties'^, if 
our fundamental hypothesis is’true. By this we show that experimental 
measurements of lengths and duration are equivalent to measurements of the 
interval relation. * . m 

To the events we assign four identification-numbers or coordinates 
according to a.plan which is arbitrary .Within wide dimitg. The conniption 
* between on; physical measurements of interval and the system of identifieation- 
nfimbers fs expressed by the geiveral quadratic form (2T). In the particular 
case when thettfe identification-numbers can bo so assigned that the product 
terms in the quadratic foPm disappear leaving only the four squares, tho 
’coordinates have the metrical*properties belonging to rectangular coordinates 
ami time, a nil ju re accordingly so identified. If.any such system exists an 
.infinite number of others exist cprfhected with it by the Lorentz trans¬ 
formation, so that there is no unique space-time? frame. The relations of 
tjjgse wHffferent space-time reckonings hive been.considered in detail. It is 
• *• , 

* The jorrect equations for* a curved world will necessarily include as a special caao those 
already obtain^ for a flat world. The practical point on wlpch we seek the guidance of the 
Prinoipl%of Equivalences whethA; the equations alteady obtained for a flat world will aervo as 
they stand or wilhrequire generalisation. * 

t At present this is limited to extensional properties (in both spaef and time). It will be 
shown later that all mechanical properties are’tlso included.’ Electromagnetic properties require 
separate consideration. e 



42 


RETROSPECT 


OBC. I IS 


shown that there mast be a particular speed which has the remarkable 
property that its value is the same for all these systems; and by appeal to 
the Michelsnn-Morley experiment or to Ffzeau’s experiment it is found that 
this is a distinctive property of the speed of light. 

But it is not possible throughout the world to choose coordinates fulfilling 
the current definitions of rectangular coordinates and time. In sijch cases wp 
usually relax the definitions, and attribute* the failure of fulfilment tb a field 
of force pervading the region. We have now no definite guide in selecting 
what coordinates to take as rectangular coordinates and time; for whatever 
tho discrepancy, it can always be ascribed to a suitable field of force. TJhe 
field qf force will vary according to the system of coordinates selected; but in 
the general cdSe it is not possible to get rid of it altogether (in a large region) 
by. any choice of coordinates. This irreducible field of* fprce is ascribed to 
gratitatibn. It .should- be noticed that the gravitational influence of a missive 
body is not properly expressed by a definite field of force", but by the property 
of irreducability < of«fchefield of force. Wc shall findJater that'the irredueibility 
of the Ifield of ftfbce is equivalent to what i/i geometrical nomenclature iy 
called a curvature of the continuum of space-time. 

For the fuller study of these problems we require a special mathematical 
calculus which will now be developed ab initio. * * • 
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10.. Contra,variant and covariant vectors. 

• • 

We consider the transformation from one system of coordinates x x , as», *s, x, 
to another system x,\ x,', x,\ x,'. * 

The differentials ( dx,, dx,, dx„ dx,) lire transformed according 'to the 
equations (15'?), win. • 

• • • / • • 

• ,• , dx, , dx x , d.r,' , dx,' , • . . 

• dx, dx, dx, dx, • 


which may be written shortly 


•4 a r ' 

■(&; = 1 dx., 

a- 1 C*l\i 


four equations being obtained by taking //. = 1, 2, 3, 4, successively. 

Any set of font* 1 Quantities transforrfled according to this law is called 
a contravarumt vector. Thus if ( A\ A 1 , A n . A*) becomes (A 1 , A' 1 , AA'*) in 
the new coordinate-system, where 


.(191). 


.* • * ,, A dxj . 

. • . 1' * ~ A*. 

• a : j eir a 

• • • 

then (A 1 , A", A 3 , A*), denoted briefly as A 1 ^ is a contravariant vector. The 

upper position of th* suffix (>vhich is^of course, not rih exponent) is reserved 
to indicate contravariant vectors. * 

If <f> is an Invariant functiort of pisj^ion, i.e. if it "lias affixed value at each 
goint independent of th(*eourdinate-%ystem employed, the four quantities 

# fd <f> def) d 4> d<t>\ 

. via '1 dx, ’ dx a ’ •dx,) • • 

• • • 

* are transformed according tulhe equations 

• d<f> dx, d<f> d.r., rij) • dx, d$> • dx, d<f> 

.. dx, dx,' dx, dx,'.d%, dx,' dx * dx,'dx, ’ 


which .iflpy be *vritten shortly . 

— « •. a. 


d<f> £ dx. d<f> 
dx ^ , 1 1 dXp dx. 


Any set, of four.jjuantitftjp transformed according to this law is called a 
covariant vedtor. Thus if A. is a covariant vector, its transformation law is 


. : .< i9!2 >* 
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• • • , , H'*? * 

We have thus two varieties of vectors which we distinguish by the ojpper 
or !ower t position of the suffix. The first illustration of a confcravariant vector, 

. dx ¥ , forms rrfther an awkward exception to the rule that a lower suffix in¬ 
dicates covariance and an upper suffix contravariance. There is no other 
• exception likely to mislead the reader, so' that it is not difficult to keep in 
mind this peculiarity of dsc *; but we shall sometimes find it convenient to, 
indicate its contravariance explicitly by writing * * 

dxp = (dxY . . . (193). 

A vector may either be a single set pf four quantities associated with 
a special point in space-*time, or it may be a set of four functions varying 
continuously wjth position. Thus we can have an “isolated vector" of a 
“vector-field.” . • 

* c , * 

For aq illustration of a covariftnt vectof we considered Ch e gradient of an 
invariant, d<f>/dx M '; but a covariant vector is not necessarily the gradient of an 
•invariant. , . * * 

The^e&der Wiy* probably be already familiar with £he tern? vector, but 
the distinction of covariant and contra variant vectors will be new to him.*’ 

I his is because in the elementary analysis only rectangular coordinates are 
contemplated, and for transformations from one rectangular system to another ' 
the laws (19i) and (19 2) are equivalent to one another. From the geometrical 
[Mint of view, the contravariant vector is the vector with which everyone is 
familiar; this is because a displacement, or directed distance between two 
points, is regarded as representing (da*, dx,, c(x 3 )* wJiijVas We have seen, is 
central variant. The covariant vector is a new conception which does not so 
easily lend itself to 'graphical illustration-. 

20. The mathematical notion of a vector. 

The formal definitiohs in the preceding* section do not *help much to 
an understanding oi what the notion ‘o ( f a vector really is. We sh^ll try to 
explain this more fully, taking first the mathematical notion of a vector (witli 
which we are most cjirqctly concerned) and leaving the more difficult physical 
notion to follow. « • • * 

We have a sot of four numbers (A,.A a . A,,'A.) which we associate with ' 
some point (x u x, t x a , x t ) and 1 with a (Jertain system of coordinate®. We make 
a change of the coordipaCe-system, and* we ask, What will these numbers.. 
become,in the new coordinates? The question is meaningless; they do not 
automatically “ become ” anything. On less we ipterfere with them the/stay 
as they were. But'the mathematician may say “.When I am using the 
coordinates a*, x iy x a , x 4 , I want to talk about the numbers A tl t A tl A,, A t ; 
and when I p,m using x, , , x % , x.' ( l find that at> Ihe corresponding stags of 

my work I shall want to talk about four different numbers A/' A t ', A,', A,'. 

* The customary resolution of a displacement into components in oblique directions assumes 
this. 
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So for brevity I propose to call both sets of numbers by the same symbol ft." 
We reply “That will be all right, provided that you tell us just what jiumbers 
will be denoted by for each of the coordinate-systems you intend to use., 
Unless you do this we shall not know what you are talking about” 

Accordingly the mathematician’ begins by giving us a list of the numbers 
.that & wilj ( signify in the different coordinate-systems. We here denote these 
numbdi-s by letters. wifi mean** • 


X, Y, Z for certain rectangular coordinates x, y, z, 

... R, 0, <f> for certain t»lar coordinates r, 0, <b, 

• * ... . • 

• A, M, N for certain.ellipsoidal coordinates p, v. 

“ But,” says the nujthem%tfcian, “ I shall .never finish at this rate. There are 
an infinite number of coordinat’e-^ystems which I want to use. 1 see that. 

I must alter my plan. I will give you a general rule, to find the pew values 
of when you pass from one coordinate-system.to another; so that it is onl}>. 
necessary for,me to ^ive )%nl one set o/ values and you cati find alMlje others 
.for^yourselves.” . • 

In mentioning a rule the mathematician gives up his arbitrary power of 
making 21 mean anything according to his fancy at the moment. Ho bjnds 
hinfself down to some kind of regularity. Indeed we might have suspected 
that our orderly-minded friend would have some principle in his assignment 
of different meanings to 21. But even so, cnn we make any guess at the rule 
he is likely toSxloJft lydess we^have some idea of the problem he is working 
at in which occurs ? 4 think we can ; it ia.not necessary to know anything 
about the nature of his problem, whether it delates to tho world of physics or 
to something purely conceptual; it vs sufficient that? we know a, little about 
the nature of a mathematiciiA.. 

What kind of rule could h<? adopt Let us exaiftine the quantities"*which 
can entqpinto it. Thor# are first ttyd two sets of numbers to be connected, 
say, X, Y, Z and ti, M, <t>. Noth’mg has been said as to these being analytical 
functions of afiy kind ; so far as we know they are isolated,numbers. Therefore 
there can be no question of iptr?>ductng their derivatives. They are regarded 
as located at some point of sfpace ( x , y, z) and (r, 6, <£), otherwise the question 
of»coordinat«s^X)uld'scarcely arise, l’hty are changed because the coordinate- 
.system has changed at this point, anil thaj change fa (jcfined by quantities like 
or *. . 

—, and*so on. The integral coordinates themselves, x, y, z,‘r, 6, <f>, 

cannot be involved; because they express relations to a distant origin, whereas 
Nve.are'cor^perned only with changes at the spo^ where (A, Y, Z) is located. 
ThUs»the rule must invoWe only the fiymbers Y, Z, R, 0,.<b combined 
with the mutual derivatives of x, y, z, r, Q, (f>. 


* For convenience I take a three-dimensional illustration. 
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One each rale would be 
R = 


+ ^ r+pz 

aw dy as 

sJAx+fr.+fz 

ox dy oz 




.fx+f-Y+fz 

ox dy oz 


( 201 ). 


Applying the same rulp to the transformation from (r, 0; <fs) to (\ f fi, v) 
we have „ 


a 3X D 3X „ 3X 

A =fr R+ M e+ di* .;.( 20 ' 2 > 

whence, substituting for R, 0, <P from (20T) and collecting terms, 

a = +B d ~ a- dx - r 4 . ( dx dr . 3x 30 ox a<^\ 
wr dO dx d(f> dx) \dr dy dO dy dd> dy) 


< /OX 3r 3X dO 3X d<j>\ „• , 
* \drdz+dddz* 'd4> 


:pX + ~Y+ dX Z 

ox By dz 


.(20-3), 


which is the same formula as we should have obtained 6y applying the “rule 

to the direct transformation from (x, y, z) to (X, ji, p). The'rule is thus self- 

consistent. But this is a happy accident, pertaining to this particular rule, 

and depending on the formula * 

' •* <*• «» 

" • 3X _ BXeBr 3X dd 3X 3 <f> ' 

dai. dr r dx~* dO 3 r, 3 ^> dx ’ 

and amid the apparently infinite choice' of formulae it wftl not be easy to find 
others which have this self-consistency. *' 

The above rule is that already gicen for the contravarianl vector (19T). • 
The rule for the covariant vector is also' self-ponsistdht. There do hot appeay 
to be any other self-consistent rules for the'transformation of a set of three 
numbers (or four numbers for .four coordinates) *. , 

We see then that unless the mathematician disregards the need for self- , 
consistency in his rule, he myst inevitably make his quantity either a 
contra variant or a covariant\ector. 'Thf choice between thesWls entirely*at 
his discretion. He might obtain a wider choice by disregarding the property*" 
of self-consistency—by selecting a particular, coordinate-system, x, j/, z, and 
insisting that values in other coordinate-system.'', must always be obtained Ity 

Except that we may in addition multiply by any power of the Jacobian of the trunsforma. 
tion. This is self-consistent becauA , , r • 


3V r, $, <f> ) 3 (x, y, z) , * 

v r) \r, »,</>)' d (fi, fx t r) “ <T(X, m, «■)' 

Sets of numbers transformed with this additional qrultiplication' are degenerate cases of tensor's 
of^ilgher rank considered later. See §§ 48, 48. 
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applying the role immetjiately to X, Y, Z, smd not permitting intermediate 
transformations. In practice j^e does not do this, perhaps because ^>e can 
never make up his mind that any particular coordinates are deseAning of this 
special distinction. 

We see now that a mathematical vector is a common name for on infinite 
number of sets of quantities, each set being associated with one of an infinite 
number* of systems of coofdinates. The arbitrariness»in the association is 
removed by postulating that some method is followed, and that no one 
system *of coordinates.is singled out for special distinction. In technical 
language *fche transformations musff form a Group. The quantity ( R , 0, <3>) 
is in, no sense the same quantity as.(X, F, Z) ; they have a common name and 
a certain analytical connection, but the idea of anything like identity is 
entirely excluded frofn the mathematical notjon of a vector. 

• * * * • 

21. The physical notion of a vector. ■» 

The components of a fojcq (A r , Y, 2), ( X ', Y',Z'), etc. iy different systems 
pf Cartesian coordinates, rectangular of> oblique, form a con*ravuriaut*Vector. 
Thiff is evident because in elementary mechanics a force is resolved into 
components according to the parallelogram law just as a displacement is 
resolyed, and we hav* seen that is a eontravariant vector. So far as Che 
mathematical notion of the vector is concerned, the quantities (X, Y, Z) and 
(A", Y‘, Z') are not to he regarded as in any way identical; hut in physics 
we conceive thnj, bqf.h. quantities express some kind of condition or relation 
of th<i world, and this Conditionfis the; same whether expressed by (X, F, Z) 
or by (X\ Y', Z'). The physical vector is this Vaguely conceived entity, which J 
is independent of the coordinate-system, and is at Che,back of our measure¬ 
ments of force. ” * * , 

A world-condition cannot aypear directly in a mathematical 'equation; 
only the measure of the world-conditiotr can appear. Any number or set of 
numbers ^ffiich can serve*to speeify dniquely a condition of the world may 
be called a m%asure of it. In using the phrase “condition of the world” 
I intend to be as non-committal «s po^sibje; 'whatever“in'the external world 
determines the values of thq,“physical quantities which we observe, will be 
included in the phrase. . 

The »imple§t case is when the condition of the vyorld under consideration 
can be indicated by a single measure-number. Take two such conditions 
under|yjag respectively the wavelength A and period 2’„of a light-wave. We 
have the equation »• *• , 

, • A. = 3.10 10 2'.(211).' 

This’ec^uatioft holds only for.one particular plan of Assigning measure-numbers 
(the C.O.S. system). But it may be written'in the rnbre general form 

*~cT .».(21-2), 

where c is a velocity having the value 3.10 10 in the c.o.s. system. This 
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comprises any number of particular equations of the form (21-1). For each 
measupe-plan, or system of units, c has a different numerical value. The 
. method of determining the necessary change of c when a new measure-plan 
is adopted, is well known; we assign to it the dimensions length time, and 
by a simple rule we kuow how it must b'e changed when the units of \ and T 
are changed. For any general equation the total dimensions of every term 
ought to be the same. • ' • 

The'tensor calculus extends this principle of dimensions to changes of 
measure-code much more general than mere changes of" units. Inhere are 
conditions of the world jvhich cannot be specified by a single measute-numlpr; 
some require 4, some 16, some 64, etc., measure-numbers. Their variety is 
such that th«!y cannot be arranged in a single sarial order. ' Consider then an 
equation between the measure-numbers pf two condition^ of the world which 
feQuire‘4 measure-numbers. The equation, if it is of the necessary general type, 
must hofd for every possible measure.-code; this will b<? the case if, when we 
transform the, msasure-code, both sides of the equation dre transformed in 
the same way, Pe. if we have to perform, tjie same Series of mathematical 
operations on both sides. 

, We can hore make use of the mathematical vector of § 20. Let our equa¬ 
tion in some measure-code be * * ' 

A„A a , A„ A 4 = B t , B. it B„ B t .(21-3). 

Now let us change the code so that the left-hand ‘sit'.e becomes any four 
, numbers A/, Af Af A/. We identify this" with t'he transformation of a co¬ 
variant vector by associating with the chpngo of measure-code the corresponding 
transformation of coordinates from x' K to xf as in (19’g). But since (2Mi) is 
to hold in all measttre-codes, the transformation of the right-hand side must 
involve the same.set of operations; mid tho change from B tl B»,Ji a , B t to Bf 
B,\ B 4 will also be the transformation of a povariant vector associated* 
with the same transformation of coordinates from to xf. * '■ 

We thus arrive g,t the result that in an equation which is independent 
of the measure-plan both sides" must b\: covariant or both contravariant 
vectors. We shall extend this later to conditions expressed by 16, 64, 
measure-numbers; the general ruk is' that both sides of th^equation jnust 
have the same elements* of covariancb and contra variance. Covariance apd 
contrpvariance are a kind of generalised dimension, showing how the measure 
of one condition of vhe _world is changed when the measure of aiT&ther con¬ 
dition is changed. The ordinary theory of chaqge of units is merely an 
elementary case of this. ( • 

Coordinates are th^ identification-numbers of the points of space'-time. 
There is no fundamental distinction between measure-numbers” and identifica¬ 
tion-numbers, so 'chat we may regard the change^f coordinates as part «of the 
^general change applied to all measure-numbers. The change of coordinates 
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no longer leads the way, as it did in § 20; it is placed on the same level with 
the other changes of measure. 

When we applied a change of measure-code to (21 3) we ass<Sciated*with 
it a change of coordinates; but it is to be noted that the change of coordinates 
was then ambiguous, since the two' sides of the equation might have been 
taken as both contravariant instead of both covariant; and further the change 
did not *refer explicitly to coordinates in the world—it. was a mere entry in 
the mathematician’s note-book in order that he might have the satisfaction 
of callidg and £„ yectors consistently with his definition. Now if the 
measure-pktn of a.condition A^ is dhanged the measures of other conditions 
and felations associated with it will be changed. Among these is a certain 
relation of two events whicly we may call the aspect * of one from the other; 
and this relation requires four measure-map bo rs to specify it. Somewhat 
arbitrarily we decide to make the aspect a contravariant v.eefor, find the 
measure-numbers assigned to jt are denoted by (d.rp. That settles the- am¬ 
biguity once for all. For obscure psychological reasons* the* input lugs singled 
out this trans’tfendent.-d relation of aspect for graphical representation, So t hat, 
iC is conceived by us as a displacement or difference of location in a frame of 
j pace-time. 'Its measure-numbers (d.rf- are represented graphically as coordi¬ 
nate-differences (/x M ,tn»l so for each measure-code of aspect we get a corre¬ 
sponding coordinate-frame of location. • This “real” coordinate-frame can now 
replace the abstract frame in the mathematician’s note-book, because as we 
have seen in (1 i>' 1 ),tbe actual transformation of coordinates resulting in a 
change of is the saute,'!is the transformation associated with thy change of 
djp according to the law of a contravariant veiA-or. * ' 

I do not think it is too extravagant 1,o claim that'thw method o£thc tensor 
calculus, which presents all physical equations in a form independent of the 
choice of measure-code, is the only possible means of studying the condiHons 
*of the world which are at the basis of, j/ysical phenomena, ’i'he physicist is 
accustomed to insist (sometimes quite unnecessarily} that all equations should 
be stated in a •form independent of the units employed. Whether this is 
desirable depends on the purpose *>f tl*e fgrmTilae. Hut wTiatever additional 
hisight into underlying causes.Is gained by stating equations in a form inde¬ 
pendent of units, must be gained to i» fa$ greaSey degree by stating them in 
a form altogether independent of the* measure* coiU;. An equation of this 
general form is called a tensor^ equation. * 

Wlgyjwfche plfysicist is attacking the everyday problems of his subject, he 
may use any form of tHb uquiftions -—any specialised measure-plan—which 
will shorten the labour of calculation; for in these problems he is concerned 
with ‘the outward significance rather than the inward significance of his 

* The relation" of aipect (or In its graphical conception thtplacement ) with four measure- 
numbers seems to be derived from the relation of interval jvith one mcantire-number, by taking 
account not only of the mutual interval betweeiVthe two events but also of their intervale from 
all surrounding events. 
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formulae. But once in a while he turns to consider their inward significance 
—to consider that relation of things in th^ world-structure which is the 
origin of his formulae. The only intelligible idea we can form of such a 
structural relation is that it exists between the world-conditions themselves 
and not between the measure-numbers of a-particular code. A law of nature 
resolves itself into a constant relation, or even an identity, of the two world- 
conditions to which the different classes of observed quantities forming the 
two sides of the equation are traceable. Such a constant relation independent 
of measure-code is only to be expressed by a tensor equation. 

It may be remarked that if we take & force ( X , F, Z) and transform it to 
polar coordinates, whether as a covariant or a contravariant vector, in neither 
case do we obtain the quantities called polar, components in elementary 
mechanics. The lattpr are not in our vipw the true pohir components; they 
ar» merely rec.tangular components in three new directions, viz. radial and 
trausversfc. In general the elementary definitions of physical quantities do 
not contemplate ptheY than rectangular components, and -they may need to 
be sujfplemented before we can decide* whether the physical vector is covarianf- 
or contravariant. Thus if we define force as “ mass x acceleration,’’ the force 
turns out to be contravariant; but if we define it by “work = force x displace¬ 
ment,” the force is covariant. With the latter definition, however, we„have 
to abandon the method of resolution into oblique components adopted in 
elementary mechanics. 

In what follows it is generally sufficient to confine attention to the mathe¬ 
matical notion of a vector. Some idea - of the physical notion will probably 
givb greater insight, but is not. necessary for the formal proofs. 


22. The summ&tion convention. 

We shall adopt the convention that whenever a literal suffix appears twice 
in a term that term is to be summed for values of the suffiS I, 2, 3, 4. For 
example, (21) will be written ’ ' „ <- •. 

ds- = g^daydx, (y.M = g^) ..(22-1). 

Here, since fi and v each appear t\vicq the summation 

ti, 

2 2 

. ' llVl 

is indicated ; and the result 'Written out in full gives (211. 

Again, in the equation - 

1 ' , , 3.C a . 

" = ar M - 

the summation on the right is with respect to a only (/x appearing only once). 
The equation is equivalent to (19/2). . . . 

The convention is not merely an abbreviation but an immense aid to the 
analysis, giving it 'an impetus which is pearly always in a profitable direction. 
Summations occur in our investigations without waiting for our tardy approval. 
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A useful rule may be noted— 

Any literal suffix appearing^ twice in a term is a dummy suffix, which may 
be changed freely to any other letter not already appropriated in that term. 
Two or more dummy suffixes can be interchanged*. For example 

. d'*x. 'dxg d 2 Zf, ?x. / . .. 

9a0 ayar/ " 9m * ar/ar/ <V. <22 ‘ 2) 

by interchanging the dummy suffixes a and ft, remembering that <//k — f/.#■ 
For {i further illustration we shall prove that 


, ' = ^> = 0 
3.r« d.r, dx, ’ 


?x ¥ dx a 


The left-hand side written m full is 
•e.iV 3.r/ i ti.i-p ftr./ 



(223). 


+ 


+ 


3.'V 3.r/ 


3.r„ 3,r/ _ • . . 

3*V 3av ^ ?./■/ 3.r v -h 3a’/ 3.;-,. ^ 3„r/ 3.r k ’ * 

• • 

which by the usual theory gives the change dx ¥ conseqhent or^ a change dx ¥ . 
Hut x ¥ and JV*hre coowlinat.es of tlje sanflj system, so that thfir variations are 
independent; hence dx ¥ is zero unless x„ and x ¥ are the same coordinate, in 
which case, of course, dx M =dx ¥ . Thus the theorem is proved. 

The multiplier , acts as a substitution-operator. That is to say if 

A (p) is any expression involving tin 1 suffix p 
• • * 3 .i'u 3 . i ' ' 


3 xj <h\ 


A(p) = A(r) .(22-4). 


For on the left the summation with, respect* to p gives lour terms corre¬ 
sponding to the valueg 1, 2, 3, 4 of p. J)ne of these vahies will agree with v. 
Denote the other three values by ar, r, p. Then by (22‘3/the result is 
, • 1 . A (r) + 0 . A (<r) + (tj. A (r) + 0 . A (p) * 

.* = A(r> 

• • 

The multiplier accordingly has the*effeet of substituting v for p in the multi¬ 
plicand. . . . • • 

23. Tensors. •* 

The two laws of transformation given In § lO^rtre now written- 

• *) 

Contravariant vectors 
Covariant vectors * 


,, * dx ¥ • 

A * = A a .... 

• 

.(231.1). ’ 


• ® 


A* A* •••• 

ClTp 

• 

.(2312). • 


\\% can denote by A hy a quantity with 4(i coin}*ments obtained by giving 
p and v the values from l*to 4 independently. Similarly A yya has 64 com- 

* * * 

* At first we shall call attentiorf to such changes when we "employ them ; but the reader Will 

be expected gradually to become familiar with the device as a common process of manipulation. * 
• * * 4—2 
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ponents. By a generalisation of the foregoing transformation laws 

we classify 

quantities of this kind as 

follows— ( 


• • 

Contra variant tensors 

A'*’ I*’ A* . 

OX* o&p 

.(23-21). 

Co variant tensors 

A , tea dx'e A 

ar/ar/ * . 

.(23-22). 

• 

• 

Mixfed tensors 

«■ 

dx. rxj 0 

* dx/dx0 ° .:. 

a 

.(23-23). 


The above are called tens'ors of the seaond rank. \Ve have similar laws for 
tensors of higher rank.4. E.g. 

• ait C'^’a dilfi dXy dx r , 5 ■ /;).),.). 

= vy. (233) - 

•Ilf may* be worth while to remind the reader that (23'3) typifies 256 distinct 
equations each with a sum of 256 terms on tlje right-hand side. 

It iij easily sbowh that these transformation laws fulfil the condition of ' 
self-cftnsisteney'explained in § 20, find it, is for this•>reason 'that quantities 
governed by them are selected for special nomenclature. 

If a tensor vanishes, i.e. if all its components vanish, in one system of 
coordinates, it will continue to vanish when any other-system of coordinates 
is substituted. This is clear from the linearity of the above transformation 
laws. 


Evidently the sum of two tensors of the same ccviydani, or contravariant 
character js a tensor. Hence a law expressed by fcjid vanishing of the.,sum of 
a humber of tensors, or by tlip equality of two tensors of the same kind, will 
be independent of the Coordinate-system used. 

The product of two tensors such as and Bl is a tensor of the character 
indicated by This is proved’Jiy showing that the transformation law of 

the product is the same as (23’3). ‘ > , 

The general term tensor includes vectors (tensors of the first rank) find 
invariants or scalars* (tensors of zero rank). * 

A tensor of the second or higher lank'heed not be expressible as a product 
of two tensors of lower rank. 

A simple example of an expression of the second rank is .afforded by the 
stresses in a solid or viSeoils fluid. The component of stress denoted by p ry 
is the traction in the y-direction across an interface perpendicular to the 
.r-direct-ion. Each Component is thus associated with two directions?" 

4 ' £ 

24. Inner multiplication and contraction. The quotient law. 

If we multiply by B* we <>btain sixteen quantities A^B 1 'A l B 1 t A* a B l ,... 
constituting a mixed tensor. Suppose that we' wish to cdhsider the four 

• * Scalar is a synonym for invariant. X generally nse' the latter word as the mhre -self- 
* explanatory. 
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“diagonal” terms -A,S', A,J5*, A,B*, A t B*; we naturally try to abbreviate 
these by writing them A h B». IJut by the summation convention A „ /> .stands 
for the sum of the four quantities. The convention is right. We have no use 
for them individually since they do not form a vector; but the sum is of great 
importance. 

. is .galled the inner product of the two vectors, in contrast to the 

ordinary or outer product A*B“. • 

In rectangular coordinates the inner product coincides with thfc scalar- 
product defined in the well-known elementary theory of vectors ; but the outer 
product is'Viot the so-called vector-product of the elementary theory. 

Dy a similar process we can form from any .mixed tensor A a “con¬ 
tracted*” tensor: which is two ranks lower since a has now become a 

dumqiy suffix. To .prove that A^J ft a tensot, we set r = a in (23 :1),. 


A' 


pro 

• 1 


( 3.r„' . { 

c<.r M ' d.r„' ?s a ' d.r t “ Sy ' 


* . a ,■ ?*■„' 

The substitution operator 

d.r„ (h- s 


changes S to y in yl* 3y by (22'4). Hence 


• • 


/<r _ $ I y 

•“"'~?.r~' a rj fty ' 


Comparing with the transformation law (23'22) we see that is a covariant 
tensor of the seeoiui rank. Of course, the dummy suffixes y and a are equi¬ 
valent * •* * " 

Similarly, setting v = n in (2.T23), 


d.r a 

f .' V ' i’.i'h 




that is to say A* is unaltered by a transformation of coordinates. Hence it 
is.an invariant. . * 


By the sair^ method we can show that A M /!*, A**, A^B* are invariants. 
In general when an upper»and lo*ver ^tiffpc <#re*the saflie'the corresponding 
invariant and contravariant qplditios cancel out. If all suffixes cancel out in 
this way, the expression must be invariiyit. T'he identified suffixes must be 
of opposite characters; the expression A is not «i tensor, and no interest 
is attached to it. . * 

Wa*we that the suffixes keepti tally of what we havepdled the generalised 
dimensions of the term? in our equations. After cancelling out any suffixes 
which appear in both upper and lower positions, the remaining suffixes must 
appear in tfie same position in each town of ad equation. When that is 
satisfied each term will undergo the same set of operations when a transforma¬ 
tion .of coordinates is ina(|e, and the equation will continue to hold in all 

*• * 

* German, verjiingt. 
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systems of coordinates. This may be compared with the well-known condition 
that each term must have the same physical dimensions, so that it undergoes 
multiplication by the same factor when a change of units is made and the 
equation continues to hold in all systems of units. 

Just as we can infer the physical dimensions of some novel entity entering 
into a physical equation, so we can infer the contravariant and covariant 
dimensions of an expression whose character Was hitherto unknown. For 
example,-if the equation is 

A(,mv)B„=C„ . . ..(24-1), 

* • * 
where the nature of A^fiv) is not known initially, we se6 that A(fiv) must 

be a tensor of the character ■/!', so as to gi've 

A* B = C 

which makes the covariant dimensions on both sides consistent. 

The equation (24T) may be written symbolically 

«. ' A (/,n’)^= t>»/ B, a , 

4 I 

and the conclusion is that not only the product but also the (symbolic) 
quotient of two tensors is a tensor. Of course, the operation here indicated 
is liot that of ordinary division. ■ * " 

This quotient law is a useful aid- in detecting the tensor-character of 
expressions. It is not claimed that the general argument here given amounts 
to a strict mathematical proof. In most cases we call eupply the proof re¬ 
quired by one or more applications of the foHowingT-igorous theorem—" 

* *A quantity which on inner multiplication by any covariant (alternatively, 
by any eontravariant)„vector always gives a tensor, is itself a tensor. 

For suppose that A (/»>) B" 

« , o 

is always a covariant vector for anj' choice of the contravariant vector B". 

Then by (23T2) ' ; * • 

, , lA'(nv) B’} = g [A (a/3)B* } ..’.(24 2). 


But by (2.'!T1) applied to the reverse transformation from accented to un¬ 
accented coordinates . e “ 


J3'> = B". 

. OX» 


Hence, substituting for B* in (24*2), 


''(fW-ls-’H-''' ■ ' ; 

Since B'" is arbitrary the quantity in the bracket must vanish! This shows 
that A (yv) is a covariant tepsor obeying the transformation law (23'22). • 

• We shall cite this theorem as the “ rigorous quotient theorem.” 
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36. The fundamental tensor*. 

It is convenient to write (2jM) as . 

ds 3 = g„, (dxY ( dx)” * * 

in order to show explicitly the conjtravariant character of d.r M ■= (dxy. Since 
ds % is independent'of the coordinate-system it is an invariant or tensor 
<5f zero .rank,* The equation shows that g^ (dxy multiplied by an arbitrarily 
chosen contravariant vector (dxy always gives a tensor of zero raqk; hence 
(Jrridxyt- is a vector. Again, we see that g^„ multiplied by an arbitrary con¬ 
travariant. rector (dxy' always givqs a vector; hence g„. is a tensor. This 
dcflible application of the rigorous quotient theorem shows that </ M „ is a 
tensor; and it is .evidently covariant as the notation has anticipated. 

Let g stand‘for .the determinant 


H n 

ih i 

<Jn 

</u 


Ha , 

<Ja 

• 

!h* 

■ <hx 

g-. a 

if a 

Hu 


• Ha 

if *3 

Hu 


Lot g** be defined as the minor of g„ v in this determinant, divided by g*. 
* Consider tbit inner product g**g'"’. Wo see that. g and v select: two nnvs 
in the determinant; we have to take each element in turn from the g row, 
multiply by the minor of the corresponding element of the v row, add 
together, and divide; the result by g. This is equivalent to substituting the 
g row for the rfmv dividing the resulting determinant by g If g is not 
the same as v this give* a determinant wit^t two rows identical, and the 
result is 0. If g is the same as v we reproduce the determinant, g divided by 
itself, and the result is 1. We write . • « 


<y = g ty” ) 

* =0 i igj*v \ ..*.(251), 

. •• • =; *• Tf/* = i>) 

Thus g* ha* the same property of a substitution-operator that we found 
.for in (22 4). For exayiplef, * 

0./V OXy • 

g- /l" = A\+() + 0 + 0 .(25-2). 

Note* that g v v has not the same* meaning «as with /x =* v, because a 
summation is implied. Evidently • ' 

—*• * ^ = l + l + f+l=4.......». (2?> 3). 

The equation (25 2) 'sfoows that multiplied by any aontravariant vector 
always gtves # a vector. Hence g^ is a tensor. It is a very exceptional tensor 
since its components are thu same in all chjjrdirente-systems. 

* The notation anticipates tire result proved later.that ry |iv is a contravariant tousor. 

• t Hote that </“ will act as a sshstitution-operator on (fmj expression Und is not restricted to 
operating on tensors. • 
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Again since g^,g'" r is a tensor we can infer that g'" r is a tensor. This is 
proved^ rigorously by remarking that is a covariant vector, arbitrary 

on aacount r>f the free choice of A*. Multiplying this vector by g n we have 

so that the product is always a vector. Hence the rigorous quotient theorem 
applies. , » 

The tensor character of g s” may also be demonstrated by a method which 
shows more clearly the, reason for its definition as the minor of g^ v divided by 
g. Since A” is a covariaiit vector, we van denote it by /i M . Thus 

gnA 1 +g ll A*+g a A : '+ g lt A* ^ B t ; etc. 

Solving these four linear equations for A', A 2 , A', A 4 by the.usual method of 
determinants, the result is 

, A 1 = g u B, +g' ,, R i +g u H 3 +g lt B t ; vtc, 

so that • As = *g* v B„. 

Whence by the Kgoious quotient theorem g** is a tensor. 

We have thus defined three fundamental tensors 

* 9**> 9l> 9*" t , 

of covariant, mixed, and contravariant, characters respectively. 


26. Associated tensors. 

^ II ' ; 

We now define the operation of raising nr lowering a suffix. Raising the 
• suffix of a vector is defined by'the equation 

A* =s/'“'A,, 


and lowering by the'equation 

f A^yg^Ar 

For a more general tensor such as A ^, the operation of raising g is defined 
in the same way, viz. , 

' ' ' 'K-rK, ..(2(H). 

and for lowering 

■;K*'-9 r A t .. .(26‘2). 

These definitions ive consistent, since? if we raise a suffix and then lower 
it we reproduce the original tensor.. Thus if in (2(>'l) we m.'iltiplyjiy ij h „ in 
order to lower the suHix on the left, wo have , • , 

v t yS * 

• s — 9„^afiv 

-A*. t by(25-2), 

which is the rule expressed by (26'2). 
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It will be noticed that the raising of a suffix v by means of rf* is accom¬ 
panied by the substitution of pi or v. The whole operation is closely njtin to 
the plain substitution of ft for v by means of g\ Thus * • 

multiplication by g*" gives substitution with raising, 
multiplication by gives plain substitution, 

• multiplication by q^ gives substitution with lowering. 

In the case of non-symmetrical tensors it may be necessary to distinguish 
the placo from which the raised suffix has been brought, e.g. to distinguish 
between A/. and A*^. * , • 

•It is easily seen*that this rule of association between tensors with suffixes 
in different positions is fulfilled in "the case of g u “, g v ^, g^ v \ in fact the defini¬ 
tion of r/* in (25*1) i,s;i special case of (2(H). 

Fyr rectangular.'coordinates the raising or lowering of a suffix leaves th\j 
components unaltered in three-dimensional space*; anti it merely#reverses 
the signs of some of the components for Galilean •coordinates in four- 
(Jimensional «paco-tiii}e. Since the •tdementary dofiniti< 0 is of physical 
quantities refer to rectangular itxes and time, we can generally use any one 
of the associated tensors to represent a physical entity without infringing 
pre-relativity definitioiiifc This hauls to a somewhat, enlarged view of a tensar 
as having in itself no particular covariant or eontravariant character, Init 
having components of various degrees of covariance; or contravariance repre¬ 
sented by the whole^tyjttem of associated tensors. That is to say, the raising 
or lowering of suffixes will not he regarded as altering the individuality of 
the tensor; and reference to a tensor A hr may (if the context permits)»be • 
taken to include the associated tensors" A 1 and A 1 "’. • 

It is useful to notice that dummy suffixes have a certain freedom of move¬ 


ment between the tensor-factors yf an expression. Thus t • 

A* 11? = A •* 11.X^ 11 « = A^ll\ .(263). 


Tim suffix may be raised in one Verm provided it is lowered in the other. 
The proof follovfis easily from (2(H) and (2(5 2).^ # t 

In the elementary vector theofy t\\S> vectors are said to be perpendicular 
if their scalar-product vanished; and the square, of the length of the visitor is 
its (scalar-product into itself. Corresponding definitions are adojited in the 
Uinsor calculus. . * # * • 

-The vectors A M and /( M arc said to lx perpendicular if 

m *' * „ .. ‘ A til 11 = 0 .r.(2(5-4). 

If l is t the length of A/(or A 11 ) * 

; "* . Z* = A H At .•.(26 5). 

• • _ * p 

A vector is self-perpendicular if its length vanishes. * 

"* fir da’ 2 = <lx t * 4- dx/ + dx 3 ~, $,• *=</*’’= ;,* that all thr&j tensors are merely substitutfon- 

operators. • 
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The interval is the length of the corresponding displacement dx h because 
, ds* = (dxY. (d^Y 

* * =(dx),(dx) v 

by (262). A displacement is thus self-perpendicular when it is along a 
light-track, ds= 0. 

If a vector receives an infinitesimal increment dA^ perpendicular to 
itself, its length is unaltered to the first order; for by (26'5) 


{l + dly = (A» + dA ll )(A* + dA*) 

— 'A^A 11 + A^dAp + A^dA 11 to the first order 
* = l‘ + 2A l >dA'‘ by (2 6-3), 


and A^dA 11 ± 0 by the condition" of perpendicularity (26'4). 

. In the elementary vector theory, the scalar-product of two vectors is 
t*<fual to the product of their lengths multiplied by the cosine of the’angle 
between them. Accordingly in the general theory the'angle 6 between two 


vectors / 1 M and IK is defined by 


cos 0 = 


V(A 


A*B* 

, A a )(iipip) 


.(26 6).- 


Clearly the angle so defined is an invariant, and agrees with the usual 
definition when the coordinates sire rectangular. In determining the'angle 
between two intersecting lines it makes no difference whether the world is 
curved or Hat, since only the initial directions are concerned and these in any 
case lie in the tangent plane. The angle 0 (if it is j;'eal ) has thus the usual 
# geometrical meaning even in pon-Euelidean space. * It must not, however, be 
inferred that ordinary angles'are invariant for the Loren tz transformation; 
naturally cn angle in three dimensions is invariant o-ily for transformations 
in three dimensions'and the angle which is invariant for Lorents transforma¬ 
tions is a four-dimensilmal angle. ^ ’ 

From a tensor of even rank we'c,\n construct an invariant'by bringing 
half the suffixes to the upper and half to the lower position and contracting. 
Thus from A M ^ 7 ,w<.; form /i" and contract, obtaining A = A^,. This in¬ 
variant will be called the spur*.' Another invariant is the square of thg 
length AAs-' , ‘ rr . There may also be intermediate invariants such as 

/ - 
Si pva+ip • t » < 

27. Christofifel’s 3-index symbols. 

We introduce twt> expressions (not tensors) ( of great importance tTTftmghout 
our subsequent work, namely 



, dffre y.V Mf 

tlXf. 33 


* Originally the German word Spur. 


(27-2). 
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We have [p. v , <r] = O*. X] .(27’3), 

[p v t = 9*s [t* v < Xj .(27'4). 


The result (27'3) is obvious from the definitions. To prove (27“f), multiply 
(27-3) b y g, a ) then 

9** [pv, ""I = 9°«9° > ' 0*5 X] 

• . ’• . x] 

.... = !>*'. «]. 

which is,equivalent; to (27'4). 

Comparing with (26T) and (26'2) we see that fhe passage from the 
“square” fo the “cfxrly” symbol, and vice versa, is the.same process as raising 
and towering a suffix. It might be, convenient to use a notation in which 
this was made evident, e.g. • 

. IV, „ = [pv, 0-1, IV =V", <r], ' . 

but wc shall adhere to the more usual notation. • * 

From (27T) it .is found that * • 

* Ve, <r] * [ae.Vj = ^ . *'■ .(2T r>). 

There are 40 different 3-index symbols of each kind. It may here be 
explained that the <j Pv jire components of a generalised potential, and the 
3-index symbols components of a generalise!I farce ill the gravitational 
theory (see §55). 


38. £qu&tfon/of«a ( geodeplc.' 

We shall now determine the equations of as.geodesic or path biftween tjvo . 
points for which ', * . ' 

* f r ■ • ■ * * 

ds is stationary. . 

This absolute ti*ick is of fundamental 'jnportance in dynamics, but at the 
moment wo are concerned*with it,only as an aid in the development of the 
tensor calculus * 

Keeping the beginning jmd end of the pa^h.fixed, *ve»give every inter¬ 
mediate point an arbitrary intiititesimaf displacement hx, so as to deform the 
path. Since 

* • (IS 2 = (Jnyd.Xp.dXy, , # 

2dsS (ds) = dxpdxyht/p^ + V*<5 (dx,) +■ gpydx,t>(dxp) 

= dxpdqiy -f g^dx^d (hx,) + (jpyctxyd (ixf) . . .(28T). 


The sj,atii?nary condition is 


, '• jSXds) = 6 *.*..(28-2), 


* C?ur ultimate goal is equatiofi (29-3). An*#ltemative pifoof (which does not introduee*the 
calculus of variatious) is given in $ 31. * 
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which becomes by (281) 

or, changing dummy suffixes in the last .two terms, 

Applying the usual method of partial integration, and rejecting the inte¬ 
grated part since &r, vanishes at both limits, 


1 [[dx^dxr 9<7*„ d f dx t 


dx„\ 


2 J [ds ds dx„ ds V 7 *' ds + 9 °" ds ) 


Sx„ds = 0. 


This must hold for all values of the arbit.fary displacements 8x r at all 
pbints, hence the coefficient in the integrand must vanish at all points on the 
path. T^i US 

1 dxp dx v dc/py < 1 dffn* di r M 1 dcj av dx y 1 d 2 i r M 1 . d 2 x y _ 

,2 Tfs ds ?>; ~ 2 ~df ds “ 2 ds 'ds ~ 2 ds‘ ~ 5 9 ” ~ ~ 


Now* 


d<Jno _ dg*o dxj, j dg. r _ 7)g at , dx^ 
ds dx y ds ds ds 


ds 2 


Also in the last two terms we replace the dummy sufnfes g and v by e.- The 
equation then becomes 

1 dxy dx y /dg,iy _ dgju _ dg„ 

2 ds ds V dx, dxy ds 

, We can get rid of the factor g t<r by multiplying through by g™ so as to 
form the substitution operator°p“. Thus 


1*7-<A 
P-'V / 


d*x, _ 

' 9 "df ^°- 


.(28,3). 


1 dj y d.r , 


y /. t » fig?, ,dg VtT _ 

s 9 \ 9 Xy dXp , 9x ff / 


2 ds, ds 




.(28-4), 


or, by (27'2) 


d J a , J- dXfi dXy , y 

+ \gv, i > — = 0" 


.(28-5), 


ds* 1 ds.'. ds 

For a = 1, 2, 3„ 4, this giye^ the four equations determining a geodesic. 

39. Covariant derivative of a vector.'. 

The derivative of an invariant is a covariant vector (§10), but, the 
derivative of a vector 4; not a tensoi*. We proceed to find certain tensers 
which are used in this calculus in .place of the ordinary derivatives of vectors. 

Since dx h is contravariant and ds invariant, a “ velocity ” dTpf^ls is a 
cpntravariant vector. Hence if A M is any covariant vector the inner product 

dx ... 1 <, 

v Ay is invariant. «■ * 

, ds - 

* These simple fivmulao are noteworthy as illustrating the great value of the summation 
convention. The law of total differentiation for Mur coordinates becomes formally the same as for 
one coordinate. 
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A <*** 
A *ds 


s ■ 

) is invariant.(291). 


28 , iff - 

The rate of change of this expression per unit interval along any assigned 
curve must also be independent of the coordinate-system, i.e. 

d 

ds ' 

This assumes that we keep to the same absolute curve however the coordinate- 
system is varied. The result (29‘1) is therefore only of practical use if it is 
applied*to a curve which is*defined independently of the coordinate-system. 
We sha^l accordingly apply it to a geodesic. Performing the differentiation, 

• ■* dAjidx, dp, + a dftjt j s invariant along a-geodesic 
• dj„ ds its ds* * 

From (28-5) we have that along a geodesic . 

* dlr* . dir, ' , , dr, dr. 

Hence (29'2) gives * ' 


.(29-2). 


ds, du¬ 
ds 


( v* “ A ° “0' s * nvar ’ ant - ' 


The result is now general since the curvature (which distinguishes the 
geodesic) has been eliminated by using the equations (28 5) and only tj^ie 
gradient of the curve Uv Ids and dr y Ids) has been left in the expression. 

Since drjds and drjds are contravariant vectors, their co-factor is a 
covariant tensor of the second rank. We therefore write 

..-««), . 

and the tensor A „„ is called the cuvuruuit derivative of 

By raising a sufbx we obtain two hssociuted tensora A* 1 ? and A," which 
must be distinguished since the .two suffixes are not symmetrical. -The^irst 
of these is the *most imjjortnnt, and % iii*to be understood when the tensor 

is*written simply as A„ without distinction of original position. 


Since * 
we have by (29'8) 


A, — [),, A ", 

* » • / 
d ** 

A„ = d - (<Ja,A') -.l«r S , a] (;/.,A') 




UJ y * Oj |i^ 

0A' 


[<r v, «] A' ‘ by (27 4) 


+ by (27-5). , 

# CXy 

Hence multfplying through by </■”, and^ reineftibering that g* r <J a , is a 
substitution-operator, we have * 


* Sd.<* 


v, p\ 2« 


.(29'4). 
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This is called the covariant derivative of A*. The considerable differences 
between the formulae (29 3) and (29 4) should be carefully noted. 

The teftsors A/ and A 11 ", obtained from *(29-3) and (29'4) by raising the 
second suffix, are called the contravariant derivatives of A* and A*. We shall 
not have much occasion to refer to contravariant derivatives. 


30. Covariant derivative of a tensor. t • 

• V 

The.covariant derivatives of tensors of the second rank are formed as 
follows— , 

o ’ 

AZ = ™ - + [cur, A ar + [acr, p] A^ .(301\ 


A . 

~ dx. 

dA 


o} A\ 4- {da^ v\ ....«•.(302), 


A hya = - ( - {/Ur, a) A av - (ptr, 


.(30-3). 


And the geiifrak rule for covariant differentiation with respect to x a is 
illustrated by tlfc example 


if _ 


A*,,, - {Acr, aj Aa^y - \pa, a) Aj,,, - {pa ■, a) A£ bo + {a<r, p } Aa„„ 

.(30-4). 


The above formulae are primarily definitions; but we have to prove that 
the quantities on the right are actually tensors. This is done by an obvious 
generalisation of the method of the preceding section. 1 Tlias if in place of 
(291) we use >r 

rf.'„ dr A 


d. 

ds 


we obtain 


(a^-.^- 'y;) LS invariant along a geodesic, 


0A dXf dj dx y . 
d.v, ds ds ds ‘ ' 


d.i'„ d\'' y . d-v y d.-Xy 

’ ds is » + ds ds- ■ 


Then substituting for the second derivatives from (285) the expression 
reduces to 

1 . d.i’u eke,, dx„ ... , 

A y ye - is invariant, 

ds ds ds 

showing that A^ a is a tensor 

The formulae (SOT) find .(30 - 2) are obtained by raising the suffixes p and 
p, the details of the wbrk being tne same as in deducing (29'4) from (29 - 3). 
Consider the expression ^ 

(Jy By ya ' 

1 

the cr denoting covariant differentiation. By (29*3) this is equal .to 

/dlL ( 1 r» \ sy , Ji ( { fy ^ « 

"M dx,- {va ' a]Ca )- 


\dx, ~ “1 B ‘) C " + B > 

a - 


g~ «) (B.C,) - {va, a) (5 M C«). 
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But comparing with (303) we see that this is the covariant derivative of the 
tensor of the second rank (B^C,). Hence 


(B»CX = B„C, + B»C., 


.(30-!>). 


Thus in covariant differentiation pf -a product the distributive rule used in 
ordinary differentiation holds good. 

Applying O30'3) to the fundamental tensor, we have , 

1*** = - fM<r, a] g„ - {va, a) 


dj' 0 


[fUT, e] - [i'cr, p] 


, .. =0.. by (27-5). 

H^nce the covarjtint derivatives of the fun’damental tensors vanish,iden^i- 
cally, and the fundamental tensors can be treated as constants in #ovariant 
differentiation. It js thus immaterial whether a suttix is.raised before or after 
t^c differentiation, as opr definitions ha\*y already postulated# * • 

•If*/ is an invariant, IA „ fs a eovariant vector; hence its eovariant 
derivative is • 

. = v■ (f A h ) - \/.iv } a] TA a 

1-'V 

. 3/ , . 

— r, t "4" •-1\^ v 

^ • * 

But by the rule for diffcTefltintingf a product (30 f>) 

s 

(7A,,)„ = [yjin + TApr, 


that 


/,= 


3 .r„ 


Hence the covariant derivative of an invariant is the same as its ordinary 
derivative. • 

It is, of course, impossible to reserve the notation A exclusively for the 
covariant derivative of A and therioncjuduig Suffix doe# nftt denote differen¬ 
tiation unless expressly stated.. In case of doubt we may indicate the covariant 
and contravariant derivatives by ( A ^)^<uid (A^Y, 

r ]*lir utility of the covariant derivatiup arises latjgclj^from the fact that, when 
trie g„, are constants, the 3-index symbols viAiish and tlft; covariant derivative, 
reduces^) the ordinary derivative. Nuw<ni general our physical equations 
have been stated for th» case %f Galilean coordinates in which the g^ are 
constants ^ ajd we may in*(ialilean equations replace the ordinary derivative 
by the covariant derivative without, altering anything. This is a necessary 
step in reducing such equa^ons to the general tensoi’ form which holds true 
for. al^ coordinate-systems. . 

As an illustration suppose we wish to find the general equation of pro-. 
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pagation of a potential with the velocity of light. In Galilean coordinates the 
equation is of the well-known form 


.(30-6). 


U9 ~- dl* da? dtf dz*~ 

The Galilean values of <7'**' are g** — 1, g n = g n = g* u = — 1, and the other 
components vanish. Hence (30'6) can be written < ■ 

°.•;..< 30 ' 65 >- 

The potential <f> being an invariant, its ordinary derivative is a covanant 
vector (f)^ = 0</>/'S.r M ; and since the coordinates are Galilean we may, insert 
the covariarlt derivative <£ M „ instead of dffrjdxy*. Hence the equation becomes 

\ = 0 .!.»..(30-7). 

Up to tk’s point Galilean coordinates are essential; but now, by examining the 
covariant dimensions of (30'7), we notice that thcUeft-hand side is an invariant, 1 
and therefore its value is unchanged by any transformation 1 of coordinates. 
Hence (30 7) holds for all coordinate-systems, if it holds for any. Using (29’3) 
we can write it more fully 

0 ” \dxju, ~ ^ 


Mr, a 




.(3t)-8). 


This formula may be used for transforming Laplace’s equation into curvilinear 
coordinates, etc. • , 

It must be remembered that a transformation of coordinates does not alter 
the kind of space. Thus if we knovy by experiment that a potential 0 is 
propagated according to the law (31)6) in Galilean coordinates, it follows 
rigorously that it is propagated according to the law (30‘8) in any system of 
coordinates in flat space-time; buj it does' not follow rigorously that it will 
be propagated according to (30'8) when an irreducible gravitational field is 
present which alters the kind of space-time. It is, however, a plausible 
suggestion that (30 8) may be the general law of propagation'of <p in any kind 
of space-time; that is the suggestion t, hich the principle of equivalence makes. 
Like all generalisations which are only tested experimentally in a particular 
case, it must be received with cauti on. 

The operator □ wiK frequently be’ referred to. In general coordinates.'t 
‘is to be taken as defined by 

CD = g a ^ ..,.r^30’9). 

Or we may write it in the form 

4 \ x 

i.e. we perform a covariant and contravariant differentiation and contract 
them. 
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Summary of Rules,for Covariant Differentiation. * 

1. To obtain the covariant derivative of any tensor Ay with respect to 
x € , we take first the ordinary derivative 

? A . 

* * dx. . 

and for gach covariant suffix A.;;;, we add a term 

-\n*,a}A ■ 

and for each contravariant suffix A"*', we add a tern* 

• ' ’ * 

• + Sorer,/ij . * 

2. ^ The covariaot derivative of'if product'is formed by covariant (Jiffereh- 
tiation of each factory in turn, by the same rule as in ordinary 'differentiation. 

d. The fundamental tensor <j„ v or <f x behaves as though jt w«4e a constant 
ip covariant differentiation. •, # ' # 

4. The covariant derivative ot an invariant is its ordinary derivative. 

• 5. In taking second, third or higher derivatives, the order of differentiation 

is not*interchangeable*. 

31. Alternative discussion of the covariant derivative. 


By (2322) 

Hence differentiating 


, . fir, dxp 


fix ‘ dx' H' 


<’!! 

dx 


V- = j ^ dx i , _ { dx. cx„ dxy d(j a „ .... ... 

* [dxy dx/ dxj dx/ dx/ dx/ j dx/ dx/, dx/ /)x y "' ' s' 


Here wtvhave used 


\* 

df/.£_dg.g dx y 
dx/ dx y dx/ ’ 


• • • • • 

and further we have interchanged the cfuirfmy suffixes a and /9 in the second 


term in the bracket. Similarly 


d*X^ it) 


!_ OX.ft dXy dfffiy 


.1 ^ —ci, , tr- 'f p -i/pY /Ol.iov 

dx/ ‘ » \dx/dxj dx/ dx/f)x/ dx r i j dx/ dxf dx/ dx „ 

3 . 9 'cA 


= Sto> 


d*x„ 


dx 


x $ • d‘x a d1k 8 ) dx„ dxg Qx ? 3,7 « t ... ‘ 

r,' • dx'dx.d dx./i 7)ir. ' 7) t ' 7‘ r. ' 7] r . 1 ' 


:/dxfj[dx/ • dx/dx/ dx/j dx/dx/dx/ f dx ff 


Add (*STl^)<yid (3113) and subtract (3111), we obtain by (271) 

* *r 1' / 3’*r« 3x« dx„ dx « Sxf r , • _ 

Im*'. ] - g.$ Zx ^ x , dx y + d!t y dx j dx 7 [«£, 7 ].( 31 - 2 ). 


* This is inserted here for completeness; it is discussed later. 





66 ALTEBNATIVK DISCUSSION OF THB OOVABIANT DBBIVATIVB OH. n 


dx. 


Multiply through by g* . * , we. have by (27 3) 
ox* 


ydX. 


o’x. 




dxfi dx, 


i^ v ’ P\ ^ af dx/dx,''^ dx/ dx/ 




d’x* dx, dxfi 


* V (23-21) 


cfix. ‘ dx, dxp ( R 
dx/dx,' dx/ dx,' e 


.(31-3), 


a formula which determines the second derivative d-x/dx/dxj in terms of the 
first derivatives. • 


By (2312) 




* V • 


.(31+). 


Hence differentiating- 
’ ' *dA/ . cPx, _ . dx, dx& dA, 
St/ dx/dx,‘ ' dx/ ' dx,' ijp 6 


• • L * ,, dx, dx, dx* , * dx, dx/ dA, 

* - p -ss - «5T 5C !“ A ?l) J - + 5? s/' Sf.< 3I ; 5) . 

by (313) and changing the dummy suffixes in the hist term. 


Also by (23T2) 
Hence (31’5) becomes . 


A _ A ' 

A ’dx;~ A “- 


dA, , w ,t dx, dXft 

dx , - P } A, = ^ 


dx/ dx,' 


.<31-6,, 


’shoVing that 


dA, . , . 

' dx, ~ ^ A " 

obeys the law of transformation of a covariant tenso.. We thus reach the 
resist (2!)i3) by an alternative method. 

A tensor of the second or higher rank* may be taken instead of A, in 
(31 - 4), and its covariant derivative will'be found b-, the same method. 

32. Surfece-elements and Stokes’s theorem. r 

Consider the outer product S'*'' if two different displacements dx, and dx,. 
The tensor S'*' will be unsymmetrical in /x lirtd v. We can decompose any 
such tensor into the sum of* a symmetrical part ^ (1**'+ S"*) and an anti- 
symmetrical part i (S'*' — S’**). v 

Double* the antisymmetrical part of the product dx, dx, is called the 
surface-element contained by the two displacements, and is clenoted'by dS*“. 
We have accordingly 

dS*’ = dx,Sx, — dx,dx, .. .(32T) 

dx, dx, j. v 
dx, dx, I 

* The doubling of the natural expression is avenged by the appearance of the factor J in most 
tormulae containing dS**’. 
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In rectangular coordinates this determinant represents the area of the pro¬ 
jection on the pm plane of the parallelogram' contained by the two displace¬ 
ments ; thus the components, of the tensor are the projections ofi the 
parallelogram on the six coordinate planes. In the tensor d.9" these are 
repeated twice, once with positive and once with negative sign (corresponding 
jierhaps to the two s'ides of the surface). The four components dS", dS ”, etc. 
vanish, as miifit happen in every antisymmetrical tensor.. The appropriateness 
of the name “surface-element” is evident in rectangular coordinates; the 
geometrical meaning becomes more obscure in other systems. 

The surfece-element is always a tensor of the' second rank whatever the 
nurhber of dimensions of space ; but in three dimensions there is an alternative 
representation of .a surface area by' a simple vector at right angles to the 
surface and of lehgth .proportional to the area ; indeed it is customary in three 
dimensions to represent any antisymmetrical tensor by an adjoint* vector. 
Happily in four dimensions it is not possible to introduce thisvsource of 
confusion. * • , / 

• The invariant . ^ A * * • 

is*cafled the flux of the tensor through the surface-element. The flux 
involves only the antisymmetrical part of A^, since the inner product of a 
symmetrical and an ahtfsymmetrical tensor evidently vanishes. ° 

Some of the chief antisymmetrical tensors arise from the operation of 
curling. If K^ y is the covariant derivative of l( h , vve find from (2f)'3) that 


.’**!/• jr _ dK y jo.ox 

.* A M *' dxj - .•; • - (32 2) 

since the 3-index symbols cancel out. jSince the left-hand side is a tensor, the 
right-hand side is alscsa tensor. The right-hand side wifi be recognised as the 
“curl” of elementary vector theory, except that we have*apparently reversed 
the sign. Strictly speaking, hovfever, should notti that the curl in*the 
elementary 4hree-diiucnsi<tnnl theory \ H vector, whereas our curl is a tensor; 
anti comparison of the sign attribifted is impossible. 

The result tfiat the covariant curl is the same as tlje # ordinary curl does 
not apply to contravariant vectors*or tit t^isors of higher rank : 

dK“ dK’ 


K\ - K\ 


Sxu 


• • • . 

* ' In tensor notation the famous theorem of Stokes becomes 


f\edxy = - ^ f/l 


djfy 

dx y 




.(32-3), 


the double integral being*taken over any surface bounded \>y the path of the 
single integnfl. The factoi>£ is needed because tftich surface-element occurs 
twice, e.g. as dS n and — dtS'. The theorem can be pfoved as follows— 

Sjnce both sides of the equation are invariants it is sufficient to prove the 
equation for any one system of coordinates. Choose coordinates so that‘th$ 


5—2 





68 


OH. II 


SURFACE*ELEMENTS AND STOKES’S THEOREM 


surface is on one of the fundamental partitions x 3 « const., x A — const., and so 
that th.e contour consists of four parts given successively by a?, = a, = 

. <», = 7 , as, = S’; the rest of the mesh-system may be filled up arbitrarily. For 
m elementary mesh the containing vectors are (dx u 0, 0, 0) and (0, dx. lt 0,0), 
30 that by (321) ' • 

dS 11 — dx x dx 3 = — dS a . 

Hence the right-hand side of (32 3) becomes * 


-a 


V {>(dK, 

\3x a 



which consist^ of four terms giving jK^dx^ for the four parts of the contour. 

• This proof affords a good illustration of the methods of the tensor calculus, 
fhfc relation to-be established is between two quantities which (by examination 
>f their cbvariant dimensions) are sespn to be- invariants, viz. K ll (dx)< t and 
K^y - Kty.) dSt* ftie latter having been simplified by (32 2). Accordingly it 
s a refation which does not depend bn any particular'choice of coordinates, 
dthough in (323) it is expressed as it would appear when referred to a 
joprdinate-systeni. In proving the relation of the two invariants once for all, 
ve naturally choose for the occasion coordinates which simplify the analysis; 
ind the work is greatly shortened by drawing our curved meshes so that four 
Mirtition-lines make up the contour. 


33. Significance of covariant differentiation. r 


Suppose that we wish to discuss from the physical point of view how a 
ield of force varies from point'to point. If polar coordinates are being used, 
i change of the r-eoinponent does not necessarily indicate a want of uniformity 
n the field of force ; it is at least partly attributable to the inclination between 
he redirections at different points.^Similarly when rotating axes are used, 
.he rate of change of momentum h is en not by 'dh x jdt, etc., but by 

dh^/dt — (o s h. 2 + cor,h„, etc.(33T). 

The momentum may be constant ayers wht-n the vime-derivatives of its com- 
xments are not zero. ‘ • 

We must recognise then ’that the •change of a physical entity is usually 
egarded as something distinct from the change of the mathematical com- 
xments into which we resolve it. In the elementary theory a definition of the 
'ormer change is obtained by identifying it with the change of the components 
nonaccelerated rectangular coordinates; but this isVif no avail in the general 
iase because space-time may be of a kind for which no such coordinates exist. 
Han we still preserve this notion of a physical rafe of change in the general 
iase ? 

Our attention 'is directed, to the rate .of change of a physical entity because 
ff its importance in the laws of physics, e.g. force is the time-rate of change 
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38, S& 


of momentum, or the space-rate of change of potential; therefore the rate of 
change should be expressed by a tensor of some kind in order that it mpy enter 
into the general physical laws.' Further in order to agree with tfie custftmary 
definition in elementary cases, it must reduce to the rate of change of the 
rectangular components when tKo coordinates are Galilean. Both conditions 
are fulfilled .i/ we define the physical rate of change of the tensor by its co¬ 
variant derivative. * * 

The .covariant derivative A„ consists of the term dA u /d< r,, giving the 
apparent gradient, from which is subtracted the “spurious change” (fin, aj A « 
attributable to the curvilinearity of the coordinate-system. When Cartesian 
coordinates (rectangular or oblique) are used, the 3-index symbols vanish and 
there is, as we $h'ould expect, no spurious change. For the present wo shall 
call A„ the rate of .absolute change of the vector 

Consider an elementary mesh in the plane of x,x a , the corners being ut • 

A (x, , x a ), B (x, + dx ,, -O, C (x,'+ dx, , x a 4 dx„), D {x,jx„ 4- dx„). 

• • , . 

Jjet us calcuftfte the whole absolute chitnge of the vector-fiofll A, as *-e pass 

rbund the circuit A BCD A. 


. (1) From* A to B, the absolute change is A„,dx,, calculated for x„*. 

(2) From B to C ,*tlfe absolute change is A„dx a , calculated for x, 4- dtx ,. 

(3) From C to D, the absolute change is — A,,dx,, calculated for x a 4 dx„. 

(4) From D to A, tjie absolute change is — A w dx a , calculated for x,. 

Combining (2) and (41Ptlbe net result is the difference of the changes A,u,dx a 
at x „ 4 - dx, and at x, respectively. We might fee tempted to set this difference* 
down as *, * . 


dx. 


(A,'dx,) dx,. 


But as already’explained that would gifc e only the <fi (Terence of the mathe¬ 
matical components and*not tin* “ absolute difference.” We must take the 
covariant derivative instead, obtaining (since dx„ is the same for (2) and (4)) 


Similarly (3) and (1) givi 


d^l'a (Dv, , • 
A ,, a d , dx.g , 


so tliat the total absolute change round fhe circuit is 

(d „„„ — A h ,g)dx,dxg . *. .(33 2).. 


We -should naturally expect’that on*returning to ®ur starting point the 
absolute change would v&yish. How could there have been ^ny absolute chapge 
on tydarftxyceeing that the vector is now the same A,, that we started with ? 
Nevertheless in general A^,, thift, is to *say the order of covariant 

differentiation is not permutable, and (33 2) does no\ vanish. 


• • . • • 

* We suspend the summation conventioif*unce dx, ancf d.r r are edges of a particular mesh. 

The convention would give correct results ; but it goes too fast, and we cannot keep pace with ft. 
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That this result is not unreasonable may be seen by considering a two- 
dimensional space, the surface of the ocean. If a ship’s head is kept straight 
on th*e line of its wake, the course is a great circle. Now suppose that the ship 
sails round a circuit so that the final position and course are the same as at 
the start. If account is kept of all the successive changes of course, and the 
angles are added up, these will not give a change zero (or 2w) on balance. For 
a triangular course the difference is the well-known “spherical excess. ’ Simi¬ 
larly the changes of velocity do not cancel out on balance. • Here we h ave an 
illustration that the absolute changes of a vector do not cancel out on bringing 
it back to its initial position. * r 

If the present result sounds self-contradictory, the fault lies with themame 
“ absolute change ” which we have, tentatively applied to the .thing under dis¬ 
cussion. -The name is illuminating in some respects, because it shows the 
continuity of covariqnt differentiation with the conceptions of elementary 
physics, ro^instance, no one would hesitate 'uo call (38'1) the absolute rate 
of change, of mo^nfentum in contrast to the apparerft rate of charjge dhjdt. But 
having shown the continuity, we find it bettor to avoid the term in the.mqr'e 
general case of non-Euclidean space. 

Following Levi-Civita and Weyl we use the term parallel displacement for 
what we have hitherto called displacement without absolute change.*' The 
condition for parallel displacement is that the covariant derivative vanishes. 

We have hitherto considered the absolute change necessary in order that 
the vector may return to its original value, and so be 4 a Single-valued function 
t of position* If we do not permjt any change en route, i.e. if we move the vector 
by parallel displacement, the mine quantity will appear (with reversed sign) 
as a discrepancy 8/1/between the finql and initial vectors. Since these are at 
the same point the difference of the initial and final vectors can be measured 
immediately. We have then by (38'2) ' 

8 A„ = (d M „ — id*,,.) dx v dxjj 
which may also be written 

' ‘ SA„=4 s fj{A H „-,A tl „)dS” .(33'3), 

where the summation convention is now restored. We have only proved this 
for an infinitesimal circuit occupying'a coordinate-mesh, for which dS"? has 
only two non-vanishiqg“eomponepts d!x,dx v and — dx v dx a . But the equation 
is seen to be a tensor-equation, and therefore holds independently of the 
coordinate-system; thus, it applies to circuits qf any shape, since we can always 
choose coordinatesfor which the circuit becomes a coordinate-mesh. But (33'3) 
is still restricted to infinitesimal circuits and there is no way of* extending it 
to finite circuits—unlike Stokes’srtheorem; The raison for this restriction is as 
follows— 

An isolated victor may be taken at the starting point and carried by 
parallel displacement round the circuit, leading to a determinate value of 
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In (33 3) this is expressed in terms of derivatives of a vector-field, A* extending 
throughout the region of integration. For a large circuit this would.involve 
values of A^ remote from the ihitial vector, which are obviously Irrelevant to 
the calculation of 8-d*. It is rather remarkable that there should exist such 
a formula even for ap infinitesimal circuit; the fact is that although A HV9 A pffy 
at a point formally refers to a vector-field, its value turns out to depend solely 
on the'isolated vector A M (6be equation (343)). 

The contravarjant vector dx^ds gives a direction in the four-dimensional 
world which is interpreted as a velocity from the ordinary point of view which 
separates space and time. We shall usually call it a “velocity”; its connection 
with.the usual three-dimensional vector («, v, to) is given by 

* • • * *!fr=# (m. v, ■w , i >, 


where /9 is the FitzGerald factor dtjds. The length (26 - .">) of a velocity Is 
always unity. “ • j * 

If we transfer dxjds continually along itself by parallely^splaoement we 
obtidn a geodesic. Fdt by (29'4) the condition for parallel displacement is 




Hence multiplying by d.vjds 


, d.r„ dx v 


dfi +{aV '^ ds d, =° 


•(33-4), 


which is the condition ffir a geftdesic (28'5). Thus in the language used at 
the beginning of this section, a geodesic is it line in four dimensions wfcos^ 
direction undergoes no absolute change. • t 


34. The Riemann-Christoffel tensor. 


The second to variant derivative of A? is found by inserting in (30 the 
ue of A*p., from (29'3). % This gi,ves ' 

A *~ = L (M; - ^ “!/“) - 5“"- e i 4-) 

-I”*. *}(?£!-{/**.;] A.) . 

= dx.dx, - [fMV ' “< az - ^ a i e,/-^ + ^ a ' ^ . 


+ *i {«*», A, - A„ 


.(341). 


The.first fi*^; terms are unaltered when v and a are interchanged. The last 
two-torms may be writtej^by changing the dutnnryr suffix a to e in the last 
term, * 

A. (»(/*<r, «} {awe] - — f fiV, e]) . 
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Hence 

A**-A„,**A, {[pa, a} \av, V} - ^ [pv, e} - [pv, a) {our, e} + g- {p<r, e}) 

* * - ' ' . ... K ..(34‘2). 


The rigorous quotient theorem shows that the co-factor of A, must be a tensor. 
Accordingly we write 

A^„ — yl M „ v = £ .—04’3), 

where 


= [p<r, «} {au, e) - [/tv , a] [cut, e] + ^ {p<r, ej - «) • •• 1 ( 84 ' 4 )- 

This is called the Ricmann-Christoffel tensor. It is only when this teqsor 
vanishes that the order of covariant differentiation is permutable. • 

The suffix* s may be lowered. ’Thus • 

* “ Qpt Wp.v<T ' n ' 

* • * 3 c d ' 

«l [a*. P] - !p". «! [««■. p] + 0X [p°-> *>] ~ g ~ [p"> p] 


^ f > \ 3.P,~ 

.•^<r, «} 


+ {/Ltu, a] 


>'11* 

d.r c 


.(34-45), 


where e has been replaced by a in the last two terms, 
= - {p<r, oj [ pv , a] + [pv, a) [per, a] 


■»GI 


3 2 Pf><r (PfJnw 

.docpdu'y dXpdXp 




dxpdx,, 


da'pdx, 


.(34-5), 


by (27-5) and (27-1). ’ 

It will be seen from (34*5) that besides being unt.isymmetrical in u 
and <r, is also antisymmetrical in p and p.‘ Also it is Arm metrical for the double 
'interchange ft and,i/, p and cr. '{t has the further cyclic property 


< • Hpvap 4" Hpaf)v 4“ J^ppviT — 0 ....(34 6), 

as is easily verified from (34'5). 

The general tensor of the fourth rank hat 25G different components. Here 
the double antisymmetry reduces the ryimber (apa^t from differences of sign) 
to 6 x (>. 30 of these are paired because ft. p can be interchanged with v, lr; 
but the remaining (5 components, in which ft, p is the same pa/.- of numbers as 
v, cr, are without partners. This <[ear.es 21 different components, between 
which (3445) gives only one further relation. Vic conclude that the Riemann- 
Christoffel tensor hits 20 independent, components*. 

The Riemann-Ohrist«dfel• tensor is derived solely from the and there-; 
fore belongs to the class of fundamental tensor.s. Usually we can form from 
any tensor a series of tensors of continually increasing rank by covariant 

* Writing the suffix^* in tire order gpo-r the following scheme ^hes 21 different components : 

1212 1223 1313 1324 1423 2323 2424 .. - 

1213 1124 1314 1334 1424 2324 2434 * “ 

1214 , 1234 13-ik 1414 1434 233« 3434 " 

with the relation 1234 -.1324 +1423 = 0. 

If ,we omit those oorfiaining the suffix 4, we are, left with fi Qomponents in three-dimensional 
space. In two dimensions there is only the one component 1212. 









34 


THE RIEMANN-CHRISTOFFEL TENSOR 


78 

« 

differentiation. But this process is frustrated in the case of the fundamental 
tensors because vanishes identically. We have got round the gjp and 
reached a fundamental tensor ofithe fourth rank. The series can dow be*con- 
tinued indefinitely by covariant differentiation. 

When the Riemann-Christoffel tensor vanishes, the differential equations 

dA “ ' ' ‘ .(34-7) 


-{**.*} *. 


0 


are integrate. For the integration will be possible if (347) makes <Li or 

ds. 

. ’ S.'v 

a complete differential, i.e. if 

. fin, a) A a d.r„- 

is a complete differential. By the usual theory the condition for this* is 




°- 


o,; . . A \ty v '<-^y\ ,x 

Substituting for dAJdx a , dA a /<)x„ from (34'7) 

Ai (a! r “ dx ^ + ( ! atr > e ! “ “) l av ’ e D A -= °- 


Changing the suffix a to e in the first term, the condition becomes 
• • A,H" lta r = 0. 

Accordingly when vanishes, the •differential dA^ determined by (34'7) 
will be a complete differential, and * • 

JdA’^ 

between any two punts will be independent of the path of integration. ^Ve 
can then carry the vector A h by parallel displacement to any point obtaining 
a lyiiquo result independent of the* rotate of transfer, if a vector is displaced 
in this way all oyer the field, we obtain a uniform vector-field. 

This construction of a uniform vector-field is only* possible when the 
Riemann-Christoffel tensor vanishes throughout. In other cases tin; equations 
have no complete integral, and can only,be integrated along a particular route. 
E.g., foe can prescribe a uniform direction, at all joints of a plane, but there is 
nothing analogous to a uniform direction ovftr the surfitce of a sphere. . 

Formulae analogous to (34 3)* can be obtained for the second deriviftives 
of a tensor A... M .. instead^ of fortii vector A ^. The res’ll It is easily found to be 

♦ .. - A = SB'^A . .*..(34-8),' 

• • 

the summation being taken Aver all.the suffices g. of the original tensor. 

The corresponding formulae for contravariant tensors follow at once, since 
the g*f behave as constant^ in covariant differentiation, and suffixes may be 
raised on both sides of (34’8). * 
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as. Miscellaneous formulae. 

The following are needed for subsequent ^use- 


Since = Q or L 

srdg»+g#dgr , = o. 

Hence g^g^dg^**-g^g’^dgi* = - g^dg^ 

= -d£»o .*..(35-11). 

Similarly dg 0 @ = - g**g v » dg** ..(35T2). 

Multiplying by A’ 3 , we have by the rule for lowering suffixes , 

A'fidg.p = - (g„*g* A a3 ) dg** 

. = - A^.dg** = - Aapdg* 3 .*. (352). 

For anv tensor B«p other than’ the fundamental tensor t'he corresponding 
.formula would be 

- • • A af, dB'fi = AafidB* 3 

by (26'3). vhe exception for B*p — g, t g arises bpcause a change dg atl has an- 
additional inclftcct effect through altering the operatiop of raisirtg and lowering 
suffixes. 

Again dg is formed by taking the differential of' each g hy and multiplying 
by its co-factor g . g** in the determinant. Thus * < 

d jf = g lt, dg lu , = - g^dg** .(35'3). 

The contracted 3-index symbol - , 

■ ■ . ►**■*•&»*£-*} 


TF.e other two -terms cancel by interchange of the dummy suffixes <r and \. 
Hence by (35'3) 1 , 

{/*«-. o-J - g 

log ^-<7 .(35 4). 

We use V— g because g is always negative for real coordinates. 

A possible pitfall in'diffbrentiating a summed expression should be noticed. 
'The result of differentiating a^x^x, with respect to x, is not a^x? but 
(a ru ,+ iiy^x^. The method of performing such differentiations may be illus¬ 
trated by the following example. Let ,' 

tj Ityr " QnvQ'arXfiXg t 

where a M » represents constant coefficients. The^v 

- a a (—* x + ^ \ 

0*. ~° M ' a ' T -W T " + &r. 7 

= <£*. + b 3f ( 22 3 >- 
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Repeating the process, 

= a ar ap T + a^dmr • 

Hence changing dummy suffixes 

0 s . , , 

“* I fit** 


.(35-5). 


S.r M 0a-» 

Similarly'if « Mwr is Symmetrical in its suffixes 

. • dxjxM. <‘W*V*r**) - 6 <W .•.(35-6). 

The pitfall arises from repeating a suffix three times in one term. In these 
formulae the sumrmUipn applies to the repetition within the bracket, and not 
to the.diftfercntiatiotf. ’* * *. 

Summary. * . 4P 

Tensors are quantities obeying certain transformation Their im- 

pftrtayce lies in the fact that if. a-tensoV equation is found to hold for one 
system of coordinates, it continues to hold when any transformation of 
coordinates is made. New tensors are recognised either by investigating 
their transformation law! directly or by the property that the sum, difference, 
product or quotient of tensors is a tensor. This is a generalisation of the 
method of dimensions in physics. 

The principal, opifaCjons of the tensor calculus are addition, multiplication 
(outer and inner), summation (§ 22),” contraction (§ 24), substitution (§ 25), 
raising and lowering suffixes (§ 20), covenant differentiation (§§ 20, 30). There 
is no operation of division ; but an inconvenient factor or 9T can be 
removed by multiplying through by g** or so as to foftn the substitution- 
operator. The o]*-ration of summation ig practically outside our control ftnd 
always presents itself as % fait a.cconfpli. The most characteristic process of 
miffiipulation in this calculus is the free alteration of dummy suffixes (those 
appearing twice*in a term); it is probably this process which presents most 
difficulty to the beginner. * • • ^ * 

Of special interest are the fundamental tensors or world-tensors, of which we 
havcjJiscovered two, viz. g^, and ^Th# lattef has been expressed in terms 

qf ihe.forther and its first and second derivatives* It is through these that the 
gap between pure geometry and physics is bridged ; in particular relate* 
the observed quantity ds to the^mathematical coordinate specification dx^. 

Since in our work w<f generally deal with tensors, the Reader may be led 
to overlook the rarity of this property. The juggling tricks which we seem 
to perforin in our manipulations are only possible because the material used 
is of quite exceptional character. B 8 

• The further development of the tensor calwiius will btf resumed in § 43; 
but a stage has now been reached at which we may begin to apply it to the? 
theory of gravitation.^ • • : 





CHAPTER III 

THE LAW OF GRAVITATION 


36. The condition for flat space-time. Natural coordinates. 

A region of thfi world is called flat or homaloidal if it is possible to 
construct in it a Galilean frame of reference. • > 

It was shown in § 4 t.hat when the g^„ are constants, ds 1 cap be reduced 
to the sum of four squares, and Galilean coordinates can be constructed. Thus 
an equivalent definition of flat space-time is that it is such that coordinates 
can be found for which the g^ are constants. « 

. Wh^n the g hy are constant* the 3-index symbols all yanish; but since the 
•3*inde*x symbols do. not form a tensor, they will not in general continue to 
vanish 'Aum other coordinates are substituted in the same flat region. Again, 
when the yg,-jire constants, the Rieinann-ChriStoffel tensor,.being composed 
of products aria derivatives of the 3-index symbols, will vanish; and since'it 
is a tensor, it will continue to vanish when any other coordinate-system is 
substituted in the same region. 

Hence the vanishing of the Riemann-Christoffel ten'sor is a necessary condition 
for fiat space-time. 

This condition is also sufficient —if the Riemann-Christoffel tensor vanishes 
space-time must be flat. This can be proved as follojvs— 

We lujve found (§ 34) that if v - 

* , \ «;„ = 0 .(361), 

it is possible to construct a uniforip vector-field by parallel displacement of 
a vector all over the region. Let A“ a) be four uniform vector-fields given by 
a == 1, 2, 3, 4, so that ‘ r 


or by (29 - 4) 




Uti). - o 

= - leer, /x} A 


(«) 


.(36-2). 


Note that a is not a tensor-suffix, but merely distinguishes the four inde¬ 
pendent vectors. - - 

We shall use thesq. foiK- uniform r ector-fields to define a new coordinate- 
.system distinguished' by accents. Our unit iqesh will be the hypcrparallelo- 
piped contained by % the four vectors at any point, and thb complete mesh- 
system will bo formed by successive parallel displacements of this unit mesh 
until the whole region is filled. One edge of the unit mesh, ^iyen in the old 
coordinates by ' V 

d&p — A (i), 

has to become in the new coordinates t 

> dxj = (L 0, 0, 0). 
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Similarly the second edge, da «■* » mli st become dxj 

This requires the law of transformation 

diC/i = ^ (a) dx^ ... 


(0, 1, 0, 0); etc. 

• • 

.(36-3). 


Of course, the construction of the accented coordinate-system depends on the 
possibility of constructing uniform vector-fields, and this depends on (3G - 1) 
being satisfied.' • 

Since ds 1 is an invariant 

« 

g apflxa dxp ** g^ v dx^dx v t 

« ' = g^A^Awdxf by (3(>3). 


Hence • g'^p = g^ A* a) A v it) . 

Accordingly, by diffe^ehtiation, • • 

• * v ^ 

dg'ott „ IM .* (h4< o) . 

+ g^yA { p) . _+Al.)A 


Cx, d.r. 


dx * 


W ;l (D) 


dx- 


= - g^ A U A \f» [ex, v\ -g^A^A’^ {e<r, p\ + A* a) A 




(f>) 


fy*. 

dx„ 


by (362). By-changing dummy suffixes, this becomes 
-faT* - A m j~- g„ | v<r, e) — g, y \pcr, e} + j 

= a m a w> g\ - t> tcr ’ 

= 0 by (27T>)?' * 

Hence the g’ a p are constant throughout the regibn. Wie have thus constructed 
a coordinate-system fulfilling the condition that the g’s ip-e constant, and it 
follows that the space-time is flat. • a 

It will be seeft that a uniform rnqph.-'fcystein, i.e. one in which the unit 
meshes are connected witlf one another by parallel displacement, is ncces- 
sariTy a Cartesiarj system (rectangular or oblique). Uniformity in this sense 
is impossible in space-time f<y whiejj the Riemann-Christsjflfel tensor does not 
vanish, e.g. there can be no uniform mesh-ftystem on a sphere. 

When space-time is not flat we caij introduce coordinates which will be 
approximately Galilean in a small regiqji round a ^elected point, the g^„ being 
nflt*c<JBstant but stationary there; this amounts to identifying the curved, 
space-time with tjie osculating flat space-time for a small distance round the 
point. Expressing the pr<|pedur<» analytically, we choofce coordinates such that 
the 40 derivatives ^►/^•vanish at the selected point. It'is fairly obvious 
from general ccmsiderations tl^it this will alw/i^s be possible ; but the following 
is a forufal proof. Having transferred the origin to tke selected point, make 
the following transformation of coordinates * 

x . = k m p ~ i 


(36-4), 
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© 

where the value of \he 3-index symbol at the origin is to be taken. Then at 
the origin 

.<£ .*..(36 45), 


dx, 

dxp 

d 2 x, 

dxjdx,' 




aX p 

, O , dx* faf, 

-^> € J0V^7 


by (36-45). 


Hence by (31'3) 
But 


' • l$ = 0 - 

W> pY = W pXf, = Iw «)'• 


Hence in the new coordinates the 3-index*symbols .vanish at the origin; 
a’nd it /dllows by (27'4) and (27*5) that the first derivativ.es of the g ^ vanish. 
This is tjje preliminary transformation presupposed in § 4. 

We pas%on to a somewhat more difficult transformation which is important 
as covtributirijjjuin insight into the significance of • • 

It is not possible to make the second derivatives of the g„, vanish tit the 
selected point (as well as the first derivatives) unless the Kiemann-Christoffel 
tensor vanishes there; but a great number of othcr ( special conditions can be 
imposed on the 100 second derivatives by choosing the coordinates suitably. 
Make an additional transformation of the form 

x, 4“ ix, x a .,.. y . (36 5), 

where a* w represents arbitrary coefficients' symmetrical in g, v, a. This new 
' transformation will not affecV the first derivatives of the g M „ at the origin, 
which have already ^een made to vanish by the previous transformation, but 
it alters the second, derivatives. By differentiating (31*3), viz. 

* . , i / dX, dx a dXp I , ) d~X, 

^ p] dx; ~ dx; dx; m el = ^; ■ ' 
we obtain at the origin 

d | ,, dx, _ dx* dxp dx y d , „ , _ d~A 

dx; p dx; dx,; dx,\dx; ?x y ' a • €) dx;dxjdx,; ’ 

« 

since the 3-index symbols themselves vanish.'-Hence by (36’5)* 

d , !, . 4 „' H v d 


dx; ir> RY-9\-<fX9l - d7 W. 


fj.v<7 * 


which reduces to 


dx; 


MV, e 


dx 


- [g*. *1 = a l*<r .>.(36-5.>). 


The transformation (36 5) accordingly increases d [gv, e}/dx„ by a' 
Owing to the symmetry of aJ, F(r , all three quantities 


dx. 


{gv, i 


'dx. 


[ga ,. 


dx. 


\vcr, e 


* For the disappearance of the faotor $, see (35-6). 
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are necessarily increased by the same amount. Now the unaltered difference 


_a_ 

3^ 




D* 

"MW 


«..(36 6), 


since the remaining terms of (34‘4) vanish in the coordinates here used. We 
cannot alter any of the components of*the Riemann-Christoffel tensor; but. 
subject to this, limitation, the alterations of the derivatives of the 3-index 
symbols are arbitrary. * • 

The most symmetrical way of imposing further conditions is to make a 
transformation such that* * 


'. h ^ ei + h [ * a : e) + h [va ' e) i0 . (36-7 >- 

There are 80 different.equatidhs of this type, each of which fixes one of the 
80 arbitrary coefficiahts u' k<r . In addition there are 20 independeift.equa¬ 
tions of type (30 6) corresponding to the 20 independent components of the 
•Riemann-Christoffel tensor. Thus we haVe just sufficient equati^fsto deter¬ 
mine uniquely*tile lOO^second derivative^ of the g y ,. Coordiimtes such.that 
dg^'df, is zero and 3 s g^da^dx, satisfies (307) may be called canonical 
coordinates. • 

* By solving the 100,equations we obtain all th Q d*g»Jdx a dx, lor canonical* 
coordinates expressed as linear functions of the Z£ w . 

The two successive transformations which lead to canonical coordinates 

are combined in the formula 

• * 

x K — g^x^ ^ [gn> e\ Q x^ x„ 


1 

18 


At the 
tensor at 


u O f) "1 

+ dxV^ V ' -i™*)- 

origin oxjdx^ = </*, so that the transformation floes not alter any 
, the origin. For example "the law of transformation Of (7 gives * 


,,, V c\i\t?xfn>x y _ . » 

C „„„ t-^y 0 ., J ~ 6 */>y 9»<K<L 

• • „ = 


The transformation in fact alfcars the cuiAature and hypercurvature of the 


axes passing through the origin, but dops not altpr the angles of intersection. 

C<?nsid«r any tensor which contains ^nly the g m and their first and second 
denvaTives. In canonical coordinates the first derivatives vanish and the. 
second derivative* are linear functions of the hence the whole teustir is 

a function of the g^ and. the But neither the tensor itself nor the 

and ljave^ been altered in the reduction to canonical coordinates, hence 
the saifie functional relation lipids true in the, original unrestricted coordinates. 
We have thus tjie important result— • 

Thq only fundamental tensors which do n<St contain derivatives of g„ beyond 
the second order are functions of g^ anS Bl yr . 
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THE CONDITION FOR FLAT SPACE-TIME 

This shows that our treatment of the tensors describing the character of 
space-Jime has been exhaustive as far as the second order. If for suitably 
chodfen coordinates two surfaces have the same g^ and at some point, 
they will be applicable to one another as far as cubes of the coordinates; the 
two tensors suffice to specify the whole metric round the. point to this extent. 

Having made the first derivatives vanish, we can by the linear transforma¬ 
tion explained in §* 4 give the g^„ Galilean flalues at the selected point. 
The coordinates so obtained are called natural coordinates at the.point and 
quantities referred ter these coordinates are said to.be expressed in natural 
measure. Natural coordinates are thus equivalent to Galilean coordinates 
when only the g„ and their first derivatives are considered ; the difference 
appears when we study phenomena involving Uie second derivatives. 

. By yaking a Lorentz transformation, (which leavcftTthe coordinates still 
a natural system) we can reduce to rest the material located at the pdint, or 
an obsci*Ku: supposed to be stationed with his measuring appliances at the 
point. 'Xhe\qtural' measure is then further particularised as the proper- 

measure of the material, or observer. It.may be noticed that the material 

* . . . ' « 

will be at rest both as regards velocity and acceleration (unless it is acted on 
by electromagnetic forces) because there is no field of acceleration relative to 
natural coordinates. e e 

To sum up this discussion of special systems of coordinates.—When the 
Riemann-Christoffel 'tensor vanishes, we can adopt Galilean coordinates 
throughout the region. When it does not vanish w,£ San adopt coordinates 
which agree with Galilean coordinates at a selected point in the values of the 
g * v and their first derivatives but not in the second derivatives; these are 
called natural coordinates at the poin't. Either Galilean or natural coordinates 
can be subjected tt> Lorentz transformations, so that we can select a system 
wiPh respect to which .a particular qbserveivis at rest; this system will be the 
proper-coordinates for that observci. Although we cannot in general make 
natural coordinates agree with Galilean coordinates in the second derivatives 
of the g^,, wo can impose 80 partially arbitrary conditions ou the 100 second 
derivatives; and when these conditions afe selected as in (367) the resulting 
coordinates have been called canonical. ' * 

There is another way of specialising coordinates which may be mentioned 
here for completeness. < It is always possible to choose coordinates such that 
the determinant g = — 1 everywhere (as in Galilean coordinates). This is 
explained in § 49. 

We may also, consider another class of specialised coordinates—those 
which are permissible in special problems. There are certain (non-Euclidean) 
coordinates found to be most convenient in dealing with the gravitational 
field of the sun, Einstein’s or de Sitter's curved world, and so on. It must be 
remembered, however, that these refer to idealised problems, and coordinate- 
uystems with simple properties can only be approximately realised in nature. 
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If possible a static system of coordinates is selected, t(?e condition for this 
being that all the are independent of one of the coordinates « 4 ,( which 
must be of timelike characterl). In that case the interval correspondihg to 
any displacement is independent of the “ time ” x t . Such a system can, 
of course, only be found if the relative*configuration of the attracting masses 
i§ maintained unaltered. If in addition it is possible to make g u , y M , =* 0 
the tiirife will'be reversible* and in particular the forward velocity of light 
along any track will be equal to the backward velocity; this renders the 
application of the name." time” to x t more just, since<one of the alternative 
conventions'of § 11. is satisfied. We shall if possible employ systems which 
are Static and reversible in dealing with large regions of the world ; probloms 
in which this simplification is^not permissible must generally bo left aside as 
insoluble—e.g. tHe problem bf two qtjracting bodies. For small regies of the 
world 4.he greatest simplification is obtained by using natural coordinates. 

37. Xainstelnta law of.gravitation. 

. T t e contracted Rieinann-Christoffel’'tensor is formed by setting t*=tr in 
Bl y<r . It is denoted by Gy,. Hence by (34'4) 


3 D 

0**.= a) {av, rjf [pv, a] jaa, oj + j-- {y.<r, a] j fiv, tr] ...(371). 


The symbols containing a duplicated suffix are simplified by (35'4), viz. 

. • *. irr,a\ r £log</— g . 

Hence, with some alterations of dummy suffixetf, 

^ [mv, aj + jjia, a] + log V- g - a) ~ log V-y 

. .(37-2)f 

Contraction by setting«» p doetj no\jlrovide an alternative tensor, because 

* # 

owing to the antisymmetry of/f^^n p,and p.* * * 

The law • * = 0.(37 - 3), 

in entity space, is chosen by Einstein for ifis law of gravitation. 

• Wm see from (372) that Gy„ is a symmetrical tensor > consequently the law 
provides 10 partial differential Cquptions to»determine the g^,. It will be found 
later (§ 52) that there are 4 identical relations betweeft them, so that the 
number of equations is effectively reduced to 6. The equations are of the 
second»ordert&d involve the second differential coefficients of g^, linearly. We 
provedift §36 that tensors not containing derivatives J>eyond the second must 
necessarily be compounded from g„ and B '^; so that, unlesg we are prepared 
* * * v 

* dx 4 will be timelike if i/u is always positive. 
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to go beyond the second order, the choice of a law of gravitation is very limited, 
and we.can scarcely avoid relying on the tensor 
■ Without introducing higher derivatives, vjhich would seem out of place in 
this problem, we can suggest as an alternative to (37'3) the law 

...(37 4), 

where X is a universal constant. There are theoretical grounds, for believing 
that this is actually *the correct form; but it is* certain that X mus*t be an 
extremely small constant, so that in practical applications we still take (37 - 3) 
as sufficiently approximate. The introduction of the small constant X leads to 
the spherical world of. Einstein or de Sitter to which «we shall return in 
Chapter V. • , f 

The spur* Q = gf 0 „„ ..(37‘5) 

is calluil''the Gaussian curvature, or siiftply the curvature, of space-time. It 
must be remembered, however, that the deviation from flatness is described 
in greater (Nd a il by the tensors (? M „ and 5 Mwrp (bometimes called components of 
curvature) and' he vanishing of G is \>y no means?a sufficient condition for flat 
space-time. ' * 

Einstein's law of gravitation expresses the fact that the geometry of an 
empty region of the world is not of the most general Riemannian type, but is 
limited. General Riemannian geometry corresponds to the quadratic form 
(21) with the fa entirely unrestricted functions of the coordinates; Einstein 
asserts that the natural geometry of an empty region is not of so unlimited a 
kind, and the possible values of the fa are restricted to those which satisfy 
the differential equations (37;3). It will be remembered that a field of force 
arises from the discrepancy between the natural geometry of a coordinate- 
system and the abstract Galilean geometry attributed to it; thus any law 
governing a field of force must be a law governing the natural geometry. 
That is why the" law of gravitation-must a*ppear as a restriction on the pos¬ 
sible natural geometry of the world! T.he inverse-square law;* which is a 
plausible law of weakening of a supposed absolute force, becomes quite unin¬ 
telligible (and indeed impossible) when expressed as a restriction on the 
intrinsic geometry of space-time g v?e have to substitute some law obeyed 
by the tensors which describe the world-conditions determining the natural 
geometry. _ f> 

38. The gravitational field of an isolated particle. 

We have now to determine a particular solution of the equations (37 3). 
The solution which we shall obtain will ultimately be shown to correspond to 
the field of an isolated particle continually at rest at the origin; find in seeking 
a solution we shall be guided by Our general idea of the type of solution to be 
expected for such a particle. This preliminary argument need not be rigorous; 

* , 

j * The law 71^^=0 (giving flat, space time throughout all empty regions) would obvifcusly be 
too stringent, since it does not admit of the existence of irreducible fields of force. 
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• ^ 

the final test is whether the formulae suggested by it satisfy the equations 

to be solved. • 

In flat space-time the interval, referred to spherical polar coordinates'and 
time, is 

ds*= — dt 13 — r*dV*tr- r*sin s 6d<f>' + dt l .(3811). 

If we consider what modifications of this can be made without destroying the 
spherical symmetry in space! the symmetry as regards past and future time, 
or the static condition, the most general possible form appears to be 

U (r'jdr*— V(r) (r'dff 1 + r 2 sin 2 #d(p J ) 4 * IK (r)dt a . ..(38T2), 
whcj^ U, V, W are hrbitrarv functions of r. Let • 

• . r, 2 ==«•-'F(/-). 

Then (3812) becomes j>f the form _ 

• ds 2 = — ill (?•,) dr , 2 — r l , d9 i — r , 2 sin 2 t)d<f>' 2 + IF, (r,) dt! ■ ■ .(38*13), 

where U, and IF, are arbitrary functions of r,. There is # no reasujrto regard 
*r in (38‘12) as^more itnmednftely the counterpart of r in (38-1 yfilvin r, is. If 
tlfe functions U, V, IF differ only slightly'from unity, both r and r, will have 
approximately the properties of the radius-vector in Euclidean geometry; but 
nu length in non-Euclidean space can have exactly the properties of a Euclidean 
radius-vector, and it is*aft>itrary whether we choose r or r, as its closest repre¬ 
sentative. We shall here choose r,, and accordingly drop the suffix, writing 
(38'13) in the form 

* ds 2 *= *■ e^dr- — r 2 d&\ — r* sin 2 #d<p 2 + e” dt‘ .(38 - 2), 

where X and v are functions of r only. . • . 

Moreover since the gravitational fit;[d (or disturbance of flat space-time) 
due to a particle diminishes indefinitely as we go to an ipfinite distance, we 
must have X and v tend to zero as r tends to infinity. Formula (38'2) ^ill 
then reduce to (3811) at an infinite distance from the particle. 

Our coordinates are * t "• 

• • 

, .r, = r, x. t = 6, = <f>, a’, = t, 

an<l the fundamental tensor it. by (:48’2)« * ” * 

9» = ~ e\ 9n r * *- g a = - r 2 sin 2 #, < 7 * = e’.(38 31), 

and . = 0 if v. 

• determinant g reduces to its.leading.diagorial*gfc 1 y 2 a y s>< 7 „. Hence 

, sin 2 # .(38-32), 

and g u = 1 jg n , etc., so that \ * 

. g n j= — e~\ g™'- — 1 /r 2 , g" = — l/r 2 sin 2 6, g** = e~" ...(38‘33). 

• 9 0 

Sinpg all the g <*' vanish except when th» two suffixes are the same, the 
summation disappears in the formula for the 3-index symbols (27 2), and 

1 ^. + |* - f^) ' not summed. 

6—2 
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If** a denote different suffixes we get the following possible cases (the 
summation convention being suspended): 

• c 

I":-I- 

[pv, <t\ = 0 

It is now easy to go systematically through the 40 3-index symbol*!'cal¬ 
culating the. values of those which do not vanish. We obtain the following 
results, the accent denoting differentiation with fespect to r: 

lii,i) = iv“ 

{12, 2) = 1 .Jr 
{13, 3) - 1/r 
{14, 4j =V • 

{22, lj = - re-* 

{23, 3} = cot 8 
{33, 1 j «= — r sin a 6e~ K 
. {33, 2) = — sin 8 cos 8 

{44, lj - £e--V 

The remaining 31 symbols vanish. Note that {21,2^is the same as {12, 2}, etc. 

r These values must be substituted in (37 2). As there may be some pitfalls 
in carrying this out,,we*shall first write out the equations (37 2) in full, omit¬ 
ting the terms (223 in number) which now obviously vanish. 

G i r=-|.{ll,lF+{li;i}lll.l} + {12.2}{l2,2} + !13,3){13,‘3J + {14,4}{14,4j 

+ l °g •f Z 9 ~ in. 1} ^log 

G„=-i{22, 1} + i {22, 1) {21, 2),-h{ 23,‘3} {23,* 3) + ^ log V -~g 

- { 22 . 1 } 

Q» -^{33, 1} -^{33, 2*1 + 2 {33, 1) {31, 3} + 2 {33, 2] {32, 3) 

- (33/ !} | r log ^~9 ~ I 33 *.‘2} Jg log V 
{44, 1} + 2 {44, *1} {41, t 4J - {44, 1} i log V ~g, 

G» = {13, 3} {2,3, 3J - {12, 2) ^ log ^~g. 

. . ° 

The remaining components contain no surviving terms. 
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Substitute from (38 5) and (38'32) in these, and collect the terms. The 
equations to be satisfied become . 

6 n = \v" - iXV + ii/*- \'/r = 0..*..(38 6 , I), 

0„ = e -*(l + («' - X')) -1=0 .(38-62), 

6 ^ = sin* 0. e~ K (1 + \r („' - X')) - sin* 0 = 0 .(38-63), 

• ' G u = e' -A ^ v ” + iXV — J v % — v'/r) r 0 .(38'64), 

G„ = 0 =0 .(38-65). 

We may leave aside (38.63) which is a mere repetition^ (38 62); then there 
are left three equations to be satisfied by X and v. From (38-61) and (38 64) 
we flhve X' = — v. Since X and v are to vanish together at r = oo , this requires 
that " . • 

• . * \ = -v.~ 

e’(l+»•»>')= 1. 

' 7 + r>' = l. 


Then {38 62) becomes 
Set e* = 7 , then 


Hence, integrating, 


, 2/u 

7 = 1-*. -. 




(387), 


where 2 »i is a constant of integration. 

• It will be found that all three equations arc satisfied by this solutioq. 
Accordingly, substituting e~ A = e” = 7 in (382), 

ds 1 — — 7 ~'dr* — r'dO 1 — r* sin* 0d<f>* + 7 dt* .(38'8), 

where 7=1 — 2m/r, ig aparticular solution of Einstein’s gravitational equations 
Gp, = 0 . The solution ifl this form was first obtained by Schwarzschild. 

30. Planetary orbits. 

According to (15 7) the track of a pjrticle moving frholy in the space-time 
given by (38 - 8) is determined by the equations of a geodesic (28‘5), viz. 

* * , d« u dx, . 

+ j/-°. 

• t 

Taking first gi = 2, the surviving terms are 

d ' X% +112. 2] ^ * + (2t 2| d £+ |33, 2) - 0. 


.(39 1). 


ds' 

or using (38 5) 


d'O 2 dr d0 


ds ds 


ds ds 


as- + rds ds ~ P ° S 6 8iw 9 (S) “*°. (39 ' 2) ’ 

Choose coordinates so that the particle moves initially in the plane d =* ^tt. 
Then d0/ds = 0 and cos 0 = 0 initially, so that d*0/ds*= 0. The particle there¬ 
fore continues to move in this plane, and we may simplify the remaining 
equations by putting 6 = throughout. .The equations for a= 1, 3, 4 are 
found in like manner, viz. * 

® + Ks)'-’^©' + * ; Ms)'- :o .<*•*>*. 
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.(39-32), 


d*<f> 2 dr d<f> ^ 

da * ^ r da ds 

f-l + v'f ~ ^0 .(39-33). 

c is 2 as 


The last two equations may be integrated immediately, giving 

r* — h .*..‘.....(39-41), 

* . | = c e - = c/ 7 .,....(39-42), 

where h and c are constants of integration. * 

Instead of troubling to integrate (39 31) we can use in. place of it (38 - 8) 


h dry 

r- dd>) 


7 \r- d<f> J 

whence, multiplying through by y or (1 — 2 mjr), 



.(3943). 

of (39-41) arfd (39 42)' 

• • 

A> c a 

.(3944); 

+ -1 . 

r 2 7 


( 


h dr \ a A a 


2m 2m b? 


or writing 1 /r = u, 


r 1 d<f>) 

(: 


du y 
dxf>) 


+ ; = c 2 — 1 + - + -. 


, c a — 1 2m „ • , 
+*!t a =* , ;—h j - u + 2mu’ 


h\ ' A> 

Differentiating with respect to <£,*and removing the factor 


.(39-5). 


du 

d0’ 


£ + *-J + W.....■.; (39-61). 


with 


, _ 


frith 


dg - h . t .(39-62). 

* ' ^ « 

Compare these with the equations of a Newtonian orbit 

...(39-71) 


d a u m 

^ + ; tt= A a . 

♦ • 

A .-..(39-72). 


dt 


In (39 61) the ratio of 3wu a to in/h? is 3A a< h a , or by (39"62) 


. - 3 ( r 


2 

da) 


For ordinary speeds this is an extremely small quantity—practically three 
tinjes the square r of the transverse velocity in tennis of the velocity of* light. 
For example, this ratio for the earth is 00000003. In practical cases the extra 
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term in (39 61) will represent an almost inappreciable cotrection to the New¬ 
tonian orbit (39 71). . 

Again in (39 62) and (39 72) the difference between ds and dt is ecjually 
insignificant, even if we were sure of what is meant by dt in the Newtonian 
theory. The proper : time for the'bod) is ds, and it might perhaps be urged 
that dt in equation (39 72) is intended to refer to this ; but on the other hand 
s cannot be used as a coordinate since ds is not a complete differential, and 
Newton’.<t “ time ” is always assumed to be a coordinate. 

Thus it appears thivt a particle moving in the fidd here discussed will 
behiive as though it were under the influence of the Newtonian force exerted 
by ^ particle of gravitational mass m at the origin, the motion agreeing with 
the Newtonian theory to the.older of accuracy for which that theory has been 
confirmed by observation. . . , 

showing that our solution satisfies 0 H , — 0 , we have proved’that it 
describes a possible State of the world which might be met within nature 
under suitable conditions, By deducing the orbit of a particL^wc have dis- 
(Sjveyjd how tliat statu of the world wofthl be recognised observationally if it 
did exist. In this way we conclude that the space-time field represented by 
( 38 ' 8 ) is the one which accompanies (or “ is due to ”) a particle of mass m at 
the origin. * * * 

The gravitational mass m is the measure adopted in the Newtonian theory 
of the power of the particle in causing a field of acceleration around it, the 
units being here ch«se{j so thaj; the velocity of light and the constant of gravi¬ 
tation are both unity. It should be' noticed that we have as yet given no 
reason to expect that m in the present chapter has anythjng to Ao with the 1 
m introduced in § 12 £o measure the inertial properties.of the particle. 

For a circular orbit the Nevtonian*theory gives • 


$ 


, j,» = tu’r' = v'r, • . • 

the constarft of gravitatiol! being upity\ Applying this to the earth, v » 30 km. 
per sec. = 10~* in terms of the velocity of light, and r= 1*5.10* km. Hence 
the mass in of ftie sun is approximately l'o kilometres. ,Tlje mass of the earth 
is 1/300,000th of this, or about 5 millimetres*. 

More accurately, the mass of the sun, l - 99.10“ grams, becomes in gravi¬ 
tational ynits 1‘47 kilometres; and *ot!fer masses are converted in a like 

ptOpwtion. . * . ‘ * *, 

• • 

* Objection is ifcmetimes taken to the use of a centimetre as a unit of gravitational (i.e. 
gravitation-exerting) mass; but the sutyie objection would apply to tfle use of a gram, since the 
gram is properly a measure of a different property of the particle, viz. its inertia. Our constant 
of integration clearly a length and the reader may, if he wishes to mako this clear, call it 
the gravitational radius instead of the gravitational But when it is realised that the gravi¬ 

tational radius in centimetres, the inertia in grams, and the enei^y in ergs, are merely measure- 
numb^rs in different codes of the tame intrinsic quality of.the particle, it.seems unduly pedantic 
to* insist on the older discrimination of these ^nits which grew up on the assumption that they 
measured qualities which were radically different. * 
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40. The odTaAoe of perihelion. 

The*equation (39’5) for the orbit of a planet can be integrated in terms 
' of elliptic functions; but we obtain the astronomical results more directly by 
a method of successive approximation. We proceed from equation (39‘61) 

~ + u = ^l + 3mu* . ......(401). . 

Neglecting the small term 3 mu’, the solution is 

u = ~(1 + eco8(<p~ w)) ...*..(40-2), 

as in Newtonian dynamics. The constants of integration, e and w, ane the 
eccentricity amd longitude of perihelion. • 

. Subs^tute this first approximation in- the small teVpi 3 mu 1 , then (401) 
becomeS * 


d*u 




m tt vv' ,, vi“ 

r , + #,;+6 


3 m* 


h* + ®h * ecos (^~®') + 2 ft e *( l +2cos(0-w)) 

*.(40.3).. * 

Of the additional terms the only one which can produce an effect within the 
r%nge of observation is the term in cos - «r); this is/>f the right period tb 
produce a continually increasing effect by resonance. Remembering that the 
particular integral of . 

d 1 a 

, + it■ — A cos <j> • « 


,18 


this term gives a part of n 


d<p 

ji = ^A<j> sin <f), 


?«■ 


«i = 3 j- etf> sin ( <f> — «■) 


.(404), 


u 


which must be added to the complementary integraj (40'2). Thus, the second 
approximation is , , 

=•^(1 + e cos .(<f> - isr) + Q ^ e<f >,sin ( <f> - *r)J 

I . 

Tit 

= ( 1 + 6 cos (<£ - -» 8«r)), 

. • < , 

n » 3 *' * 

Sw = 3 ^ <£.....(40'5), 


where 


and (S«r) 3 is neglected*. • • 

Whilst the planet moves through 1 revolution, the perihelion «• advances 
a fraction of a revolution equal to t «* 

• Sw 3 m* 3m 

*.-ST ! -a(l~e-) .< 10 ; 6 »- 

. ♦ . ** «* 
using the well-known equation of areas /a* ml = ma (1 — e *). 
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Another form is obtained by tuing Kepler’s third law,* 

• • . Bwr “ 

« ,V,n * . .< 4 °- 7 >’ 

where T is the period, and the velocity of light c has been reinstated. 

This’advance of the perihelion is appreciable in the case of the planet 
Mercury, qnd the predicted value is confirmed by observation. 

For a circular orbit we put dr/ds, d'r/ds* = 0 , so that (39 31) becomes 

m 


■ re 


+ \e- 


,/dty 
u ids) 


0 .* 


Whence 


(d<h y 


■W/r 


^e^v'lr ■■ 

* • i ' • 

• = m/r', * • 

so that Kepler's third*law is accurately fulfilled. This fesult ha^io obser¬ 
vational significance, being merely a property of the particular dffinition of r 
hare adopted. Slightly .different coordinate-systems exist wlucfi might with 
eqtlhl right claim to correspond to polar coordinates in flat space-time; and 
for these Kepler's third law would no longer be exact. 

We have to be on csinguard against results of this latter kind which woukf 
only be of interest if the radius-vector were a directly measured quantity in¬ 
stead of a conventional coordinate. The advance of perihelion is a phenomenon 
of a different category Clearly the number of years required for an eccentric 
orbit to make a complete rgvolutioif returning to its original position is capable 
of observational test, unaffected by any convention used in d,efining*the exact 
length of the radius-vector. . * • 

For the four inner planets the following table gives th@ corrections to the 
centennial motion.of perihelion predicted by Einstein’s.theory: • » 



ft 


eSm 


Mercury 

*+ 42" - 9 

+8"-82 

t 

Venus 

+ 86 

+ 005 


Earth • 

•+ a-8 

*+ 007 * ’ 


Mars • 

+ r&5 

+ 013 


The product eSm is a better measure of.th^ observable effect to be looked for, 
and .the correction is only appreciable i* the case of Mercury. After applying 
these corrections to eSur, the following discrepancies between theory and ob¬ 
servation remain fn the secular changes of the elements $>f the inner planets, 
i and 12 being the inclination ami the longitude of the node : 

. ‘ c^ar he sin ihfl Si 

Mercury. - 0"o8 ± 0" 29 ~*0"-88 ± 0"33 * f 0"4$ ± 0"\34 + 0"38 ± 0"54 

Venus - O il ± 017 + 0 21 ± 0 21 .+ 0 53 ±* 012 + 038 ± 0 22 

Eauth • 000 ± 0 09 002 ± 0’07 .*.., - 0 22 ± 0)8 

Mars + 0 51 ± 0 23 -f 0 29 ± &18 - O il ± 0 15 - 001 ± 0T3* 
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The probable etrors*here given include errors of observation, and also errors 
in the theory due to uncertainty of the masses of the planets. The positive 
sign "indicates exdess of observed motion oven theoretical motion*. 

Einstein’s correction to'the perihelion of Mercury has removed the prin¬ 
cipal discordance in the table, which q#i th<5 Newtonian theory was nearly 30 
times the probable error. Of the 15 residuals 8-exceed the probable error, 
and 3 exceed twice the probable error—as nearly as possible the proper pro¬ 
portion. But whereas we should expect the greatest residual to be about 3 
times the probable ert-or, the residual of the node of Venus is rather excessive 
at times the probable error, and may perhaps be a genuine discordance. 
Einstein’s theory throws no light on the cause of this discordance. t ' 

41. Tile deflection of light. * , 

' For'notion with the speed bf light Us = 0, so that by (39‘62) h — oo , and 
the orbit (39 61) reduces to 

\ ' '.v.. (m) ' • 

The track of a light-pulse is also given by a geodesic Svith ds = 0 according to 
(15'8). Accordingly the orbit (41*1) gives the path of a ray of light. 

. We integrate by successive approximation. Neglecting 3w« 2 the solution 
of the approximate equation 

d?u _ 


is the straight line 


..:.( 41 - 2 ). 


Substituting this in the. small term (Bn it*, we have 
. <Pu ' 3 m „ , 

A particular integral of this equation,is t 

m, = ^ (cos’* + 2 sin’*), 

► 4 | 

so that the complete second approveifimtiAn is 


1 = ™r~ +c <#> + 2 8in ’ 4>) .(«■’3). 


Multiply through.b'y rR, 

R = r cos * 4- ‘^(r cos 2 * 4- 2r sin 2 *), 

or in rectangular coordinates, x = r cos *, y = r sii»*, 

* x~R-™ 5 2 + 2y - 


R 


+ '/) 


■ ^1-4). 


* Newcomb, Astronomical Constants.’ Hia results have been slightly corrected by ( using a 
modern value of the constant of ‘precession inctho above table; see de Sitter, Monthly Notices, 
*vol. 76, p. 728. 
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The second term measures the very slight deviation from the straight line 
x — R The asymptotes are found by taking y very large compared with as. 
The equation then becomes • * 

^(± 2y), 

and the small angle between the asymptotes is (in circular measure) 

* 4m 

R ‘ 

For a ray grazing the sun’s limb, m — 147 km., R =? 697,000 km., so that the 
deflection should b(? l"'7o. The observed values obtained by the British 
eclipse»expeditions in 1919 were 

• Sobrul ^x^jedition l."98±0"T2 

m Frincipe expedition l " - 61+0" 30 

It has been explain'd in Space, Time and Gravitation that this deflection 
•is double that which might jiave been “predicted on the Newki.^an theory. 
Itj this connection the following paradox.has be<;n remarked. Prince the cur- 
vatsir«T of the light-track is doubled’ the acceleration of the light at each point 
is double the Newtonian acceleration ; whereas for a slowly moving object the 
acceleration is practienjlj^the same as the Newtonian acceleration. To a man 
in a lift descending with acceleration m/r* the tracks of ordinary particles will 
appear to be straight lines; but it looks as though it would require an accele¬ 
ration 2m/r 3 to straighten out the light-tracks. Does not this contradict the 
principle of equivalence^ . 

The fallacy lies in a confusion between two a leanings of the won! “curva¬ 
ture.” The coordinate curvature obtaindtj from the equation of th<- track (4T4) 
is not the geodesic curvature. The latte» is the curvature*lyith whiclf the local 
observer—the man in the lift—is concerned. Consider the curved !ight-tr|ck 
traversing the hutnmock corresponding t<f the sun’s field ; its curvature can be 
reckoned by projecting it either on the base of the hummock or on the tangent 
plane at any poijit. The curvatures of the two projections will generally bo 
different. The projection inty Euclijlean^coordiBates ( x , y'j used in (41'4) is the 
projection on the base of the hipmnock; rti applying the principle of equiva¬ 
lence the projection is on the tangent jdane, since we consider a region of the 
curved wotld so small that it cannot b<j discriminated from its tangent plane. 

43. Displacement of Fraunhofer lines. * 

Consider a number of similaf atoms vibrating at (Afferent points in the 
region. Let the atoms be indhientnrily at rest in our coordinate-system 
(r, 0, <$, <)•’ Thj test of similarity of the atoms is that corresponding intervals 
should.be equal, and accordingly tho interval of vibration of all the atoms will 
be the same. * 

. Sitice the atoms arc at jest we set dr, dO, dtj)=* 0 in (88*8), so that 

ds* = ydt* .(42T). * 
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Accordingly the times of vibration of the differently placed atoms will be 
inversely proportional to \/y. 

Our system oF coordinates is a static system, that is to say the g^, do not 
change with the time. (An arbitrary coordinate-system has not generally this 
property; and further when we have ti take account of two or more attracting 
bodies, it is in most cases impossible to find a strictly static system of coordi¬ 
nates.) Taking an observer at rest in the systebi (r, 6, <f>, t) a wave emitted 
by one of the atoms will reach him at a certain time Si-after it leaves the 
atom; and owing to the static condition this time-Jag remains.constant for 
subsequent waves. Consequently the waves are received at the same time- 
periods as they are emitted. We are therefore able to compare the time-periods 
dt of the different atoms, by comparing the periods of the waves received from 
them, af^l can verify experimentally their dependence bp the value of V 7 at 
the place where they were emitted. Naturally the most hopeful test' is the 
compariscA^of the waves received from a solar and a terrestrial atom^whose 
periods shou^be in the ratio r00000212: 1. For wave-length 4000 A, this* 
amounts to a relative displacement of 0 ; 0082 A of'the respective spectral 
lines. The verdict of experiment is not yet such as to secure universal assent; 
but it is now distinctly more favourable to Einstein’s theory than when Spaee, 
Time and Gravitation was written. * 

The quantity dt is merely an auxiliary quantity introduced through the 
equation (38'8) which defines it. The fact that it is carried to us unchanged 
by light-waves is not of any physical interest, since dt \vas ,defined in such a 
way that .this must happen. The absolute quantity ds, the interval of the 
vibration, is not carried to us.unchanged, but becomes gradually modified as 
the wavec take theii co'urse through the non-Euclidenn space-time. It is in 
transmission through the solar system that the absolute difference is intro¬ 
duced into the waves,‘which the experiment hopes to detect. 

The argument refers to similar h(dm^ and the*question remains whether, 
for example, a hydrogen atom on the sun is truly similar to a hydrogen atom 
on the earth. Strictly speaking it cannot be exactly similar because it is in a 
different kind of space-time, in whi,cft it \frould Be impossible to make a finite 
structure exactly similar to one existing in the! space-time near the earth. But 
if the interval of vibration of the diydrogen atom is modified by the kjnd of 
space-time in which it^lies, the differenbe must be dependent on some iim&waot 
Of the space-time. The simplest invariant which differs at the sun and the 
earth is the square of the length of the Riemann-Christoffel tensor, viz. 

n* IP*** 

The value of this can be'calculated from (38 8) by the method usee} in that 
section for calculating the The result is 
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By consideration of dimensions it seems clear that the proportionate change 
of da would be of the order 

. • * , 

r*% ’ 


where <r is the radius of the atom * th^e does not seem to be any other length 
cpncemed. For a comparison of solar and terrestrial atoms this would be about 
10 -i» | n any‘case it seems# impossible to construct from the invariants of 
space-time a term which would compensate the predicted shift of tin? spectral 
lines, which is proportional to mjr. 


43. Isotropic Coordinates. 

W« can transform the expression, for the interval (38-8) by making the 
substitution . • . * 


• 


r “ l 1 + 2rj) n . 

• 


.<«‘l). 

•so that 

• • 


0 


. • 


*H>- -W/b + ZJ- 




• \ «'i' / \ a/j/ 

• Then (38 - 8) becomes 

da* = - (1 + m/2r,)‘ (dr, 1 + rfdO 1 + r, 1 sin” 0d<f>') + ~~ —' dt 1 .. .(432). 


The coordinates (r„ 6, <f>) are called iaotropic polar coordinates. The cor¬ 
responding isotropic feotangular coordinates are obtained by putting 

# = r,Bin<?co8 0, y = r, sin flsin (f>, z •« r, cos 0, • 

giving • . • 

da 1 = - (1*4- m/2r,y <dx 1 + dy 1 + dz 1 ) 4- dt 1 . .*(4.3-3), 


with . r, =%!(& + y 1 +• z 1 ). . . ’ • 

This syiftem has some* ad vantages!*. For example, to obtain the motion of 
a lfght-pulse we set da=0 in (43*3). This gives 

(dxx 1 (dy\* /dzy (1 - m/2r,y . . 

VdtJ \dt) "'A dtT • (1 4- m/2r l y' 

At a distance r, from the origin the velocity of light is accordingly 


(1 — tn/ 2 r,) . 

(1 + m/2r‘f .. 


in all directions. *For the origins) coordinates of (38 8) the velocity of light is 
not the same for the radial and transverse directions! 

Again.in tjie isotropic system the coordinate length (-J(da? 4 dy 1 + dz 1 )) of 
a smaj^rod which is rigid (da = constant) docs not &lter when the orientation 
of the rod is altered. This system of coordinates is naturally arrived at when 
we partition space by rigid scales or by light-trangulationsan a small region, 
e.g. in terrestrial measurements. Sin£& the ultimate measurements involved 
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in any observation £fre carried out in a terrestrial laboratory we ought, strictly 
speakipg, always to employ the isotropic system which conforms to assumptions 
made in thdse measurements*. But on the eajth the quantity m\r is negligibly 
small, so that the two systems coalescl with one another and with Euclidean 
coordinates. Non-Euclidean geometr^is only required in the theoretical part 
of the investigation—the laws of planetary motion and propagation of light 
through regions where m/r is not negligible; as«oon as the light-waves have 
been safSIy steered into the terrestrial observatory, the need for non-Euclidean 
geometry is at an end, and the difference between the isotropic and non-isotropic 
systems practically disappears. 

In either system the forward velocity of light along any line is equal to 
the •backward velocity. Consequently the coordinate t conforms to tlie con¬ 
vention,^ 11) that simultaneity rtiay be determirfled by .means of light-signals. 
If we haVe a clock at A and send a light-signal at time t A which reaches B 
and is immediately reflected so as to return to A at time t A ', the time of arrival 
at B will be ^ t A 4- t A ) just as in the special relativity theory. But the alter¬ 
native convention, that simultaneitycan be determined by slow transport .of 
chronometers, breaks down when there is a gravitational field. This is evident 
from § 42, since the time-rate of a clock will depend on its position in the field. 
In any case slow transport of a clock is unrealisable because of the acceleration 
which all objects must submit to. 

’l he isotropic system could have been found directly by seeking particular 
solutions of Einstein’s equations having the form (38-12,\ or 

, ds‘ = - Bdr‘ — e* (r*d0*+ r 4 sin* drtft) + e”d(\ 

« 

where X, p, v are’functions of r. By the method of § 38, we find 


* ' 2 
G n = /t" + J v"s- - fi 


r ^ + if 1 ’* ~ £X'/a' — ^XV-f Jr' 2 


\ 


Gm - e" * [1+ 2 rp + £?•(v - X') -y\r"-p + \r 2 p (p + — 1X')] — 1 I 

G„ = sin* 6 ^ j 


(r M - e" A W 4- - v 4-, \v p' — £XV + ^ v' % 


The others are eero, 

. , C> 

Owing to an identjpal relation between G n , G%, and G Ul the vanishing of 
this tensor gives only two equations to determine the three unknowns’’’^,"/*, v. 
There exists therefore an infinite series ■ of particular solutions, differing 
according to the third equation between X, p-v which is at our disposal. The 
two solutions hitherto considered are obtained by taking /i^O, and \ = p, 
respectively. The same Series of-solutions is obtained in a simpler .way by 
substituting arbitrary functions of r instead of r in (38-8). 


* ® u4 the terrestrial laboratory is falling freely towards the sun, and is therefore accelerated 
talatively to the coordinates (x, y, i, t). 
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The possibility of substituting any function of r for n without destroying 
the spherical symmetry is obvious from the fact that a coordinate is merely 
an identification-number; but analytically this possibility is bound up .with 
the existence of an identical relation between (?„, 0 m and O u , which makes 
the equations too few to determine a tinique solution. 

. This introduces us to a theorem of great consequence in our later work. 
If Einstein's ten equations 0 were all independent.the ton (/?„ would be 
uniquely determined by them (the boundary conditions being specified). The 
expression for ds a would be unique and no transformation of coordinates would 
. be possible. * Since vyc know that we can transform coordinates as we please, 
therosmust exist identical relations between the ten *(?*„; and these will be 
found In § 52. , 

44. Problem of*two bodies . JMotion of the moon. « 

Thb field described by the (j^, may be (artificially) divided .into 1i field of 
pure inertia represented by the Galilean values, and n.'field of j^xe repre¬ 
sented by thejleviations of the r/ M „ from the Galilean values. 1 \gp-. not possible 
tw superpose the fields t>f force dug to fwo attracting particles; because the 
sum of the two solutions will not satisfy 0^ = 0, these equations being non- 
ligear in the , 7 M „. 

No solution of Ein£te4n’s equations has yet been found for a field with tw<T 
singularities or particles. The simplest case to be examined would be that of 
two equal particles revolving in circular orbits round ‘their centre of mass. 
Apparently therephifldcj exist a statical solution with two equal singularities ; 
but the conditions at infifiity would differ from those adopted for a single 
particle since the axes corresponding tp the static solution constitute what is * 
called a rotating systgm. The solution* has not, be<*>i found, and ij, is even 
ptssible that no such statical solution exists. I do not tlfink it has yet been 
proved that two bodies can revolve«without radiation of ynergy by gravitational 
waves. In discussions of t^iis rudiatipif.jipoblem there is a tendency to beg the 
question; it is not sufficient to constrain the particles to revolve uniformly, 
then calculate tl*e resulting gravitational waves, and verify that the radiation 
of gravitational energy acroSh an infinite «pheVe is zero! That shows that a 
statical solution is not obviously inconsisant with itself, but docs not demon¬ 
strate its possibility. . ™ # 

• £he problem of two bodies on Einstein’s theory remains an outstanding 
challenge to mathematicians—.like tfio problem of three bodies on Newton’s 
theory. * ' 

For practical purposes^ metfiods of approximation will suffice. We shall 
consider the problem of the field due to the combined attractions of the earth 
and siv 4 and apply it to find the modifications of the moon’s orbit required by 
the new law of gravitation. The problem has been ‘treated in considerable 
detail* by de Sitter*. We ^shall not here attempt a compete survey of the 

* Monthly Noticet, vol. 77, p. 155. » 
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problem; bat we shall seek out the largest effects to be looked for in refined 
observations. There are three sources of fresh perturbations: 

(•1) Thfe sun’s attraction is not accurately given by Newton’s law, and the 
solar perturbations of the moon’s orbil will require corrections. 

(2) Cross-terms between the sun’jf ahd- the earth’s fields of force will arise, 
since these are not additive. 

( 3 ) The earth’s field is altered and would inter alia give rise to A motion 
of the lunar perigee analogous to the motion of Mercury’s perihelion. It is 
easily calculated that-this is far too small to be detected. 

If n s , fl h are the Newtonian potentials of the sun and earth', the leading # 
terms of (1), (2), (3) will be relatively of order of magnitude # 

ni, ni. 

t ♦ 

• t * € 

For tHe bioon n s =750O H . We may therefore confine attention to terms of 
type (I). ^£f these prove to be too small to b« detected, the others will pre¬ 
sumably be l^jt worth pursuing. , 

We were able to work out the .planetary orbits from EinStein’s law inde¬ 
pendently of the Newtonian theory; but in the problem of the moon’s motion 
we must concentrate attention on the difference between Einstein’s and New- 
’ton’s formulae if we are to avoid repeating the whole labour of the classical 
lunar theory. In order to make this comparison we transform (39 31) and 
(39 32) so that t is used as the independent variable. 



d * _ fdt V d* dt' d /dt\d > 
ds* ~ \ds) dt 3 dsdt\ds/Ut 

4» 


• -( dt X( d \ + X ' dr A\ 

~ \ds) W + dt dt) 

-by (39-42). 

Hence the equations (39 31) and (39 32) bfecome 

« 




= 0, 

1 


«* * 

d % 4> ~.,dr flip 2 dr d<f> _ 

dt* + dt dt + r dt dt 


Whence 

dt 2 \dt) r 2 

V dt 2 r dt dt) . 

. (44a), 

where 

V 3 -v' ! 2m , 2 mV 

. (44-21), 


d> = — X> uv j 


and 

u ■■ dr/dt, v = rdif>/dt. 
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Equations (441) show that R and <I> are the radial &nd transverse per¬ 
turbing forces which Einstein’s theory adds to the classical dynamics.. To & 


sufficient approximation X' — tyn/r*, so that 


TO 


O m 9 


. Vi „ 

<t>* ; . 2 uv 
r‘ 


.(44 , 22). 


In three-dimensional problems the perturbing forces become 


/i=” l (3u»-2^-2,e») + 2 ” 1 ' 


• .4>= 

r* 


■ 'Ai iw 


.(H-2:t). 

i < 


_ It must bo* pointed out that these pt^turbing forces are Eifistein’s cor- 
rectsorfs to the law of central force m/r 1 , where r is the coordinate used in our 
previous work. • Whether these forces represent the actual differences between 
Einstein’s and Newtonls Jaws depends on what Newton’s r is supjwsed to* 
signify. De Sitter, making a slightly different choice of r, obtains different 
expressions for R, <t>*. One cannot say that one set of perturbing forces 
rather than the other Represents the difference from the older theory, because 
the older theory Vas not^sufficiently.explicit. The classical lunar theory 
has been worked out on the basis of the law w/n 8 ; the ambiguous (jtiantity r 
occurs in the results, and according as wg have hssignsd to it one meaning or 
another, so wo shall have to apply different corrections to those resufts. But 
the final comparison with observation does not depend on the choioe of the 
intermediary quantity r. , t 

Take fixed rectangular axes referred to the ecliptic with the sun as origin, 
and let , 

(a, 0, 0) be the coordinates of She ctirth at*the instant considered, 

(x, y, z) the coordinates of the moon relative to the earth. 

Taking .the earth’s orbit to be circular ;Jiid treating the mass of the moon 
as*iiitli'.«*esimal, the earth’s velocity will be (0, v, 0), whore v‘ = mja. 

To find the difference of the forces /£, <1* Z on the moon and on the earth, 
we differentiate (44 23) and set ; • * 

• , Sr = x, • S (it, v, w) = (dxjdt, dyjdt, dz/dt), 

• • 

and, after the differentiation, * • * 

r — a, («, v, w) — (O, 0). % 


* Monthly Notice *, vol. 76, p. 723, equations (53). 





PROBLEM OF TWO BODIES—MOTION OF THE MOON CH. Ill 


93 


The result will giv% the perturbing forces on the moon's motion relative to 
the earth, viz. 


w 4rmz . 6 m*x 4m dy 2m* x 4m dy\ 

SR~X = —— v*--- tt V jf - — -, v-£ 

a* a 4 dt a * a 2 at 

-. „ 2m da; 

=. Y =» , S j- 

ii 1 at 

£=o • 


/ 


...(44-3). 


We shall omit the term — 2m' l x/a* in X. It can be verified that it gives 
no important observable effects. It produces only an apparent distortion of 
the orbit attributable to bur use of non-isotropic coordinates (§*43). Trans¬ 
forming to new axes (£, y) rotated through an angle 6 with respect t<*(a:, y) 
the*remainiag forces become 


_ m / 

s= vH“ 


2 cos d-ain 0 -jf *-• 
dt 


(4 cos 2 0 + 2 sin 2 0) 


H 


% v 


■. 7 ~v(^ 2 cos 0 sin 0 ^ + (4 sin 2 0+2 cos 2 0) • 


»g + (4sln 2 d + 2cos 2 d)§)J 

We keep the axes (f, y) permanently fixed; the angle 0 ivhich gives the 
direction of the sun (the old axis of x) will change uniformly, and in the long 
run take all values with equal frequency independently of the moon’s position 
*in its orbit. We can only hope to observe the secular effects of the small forces 
S, H, accumulated through a long period of time. Accordingly, averaging the 
trigonometrical functions, the secular terms are 

dy\ 
dt I 

.<*tl 


...(44-4). 


_ 0 m drj 

S = ~ 3 a 2 ""«-•" 


2o) 


H 


3 !%#- 

a 2 ' dt 
co = 


2(o 


dt 


.(44-5), 


.(446). 


where 

is the Newtonian force, the equations of motion including these 
secular perturbing forces will be 

d 2 £ „ dy „ diy , rff _ 

dt 2 +2o> di = Ft ’ dp ~ 2(0 dt F ' . (44 ' 7 > 

It is easily seen that co is a very small quantity, so that <a 2 is negligible 
The equations (44'7) are then recognised as the Newtonian equations referred 
to axes rotating with angular velocity — o>. Thus if we take the Newtonian 
orbit and give it an angular velocity + &>, the result will be the solution of 
(44 7). The leading correction to the lunar theory obtained from Einstein’s 
equations is a {(recessional effect, indicating that the classical results refer to 
a frame of reference advancing with angular velocity co compared with the 
general inertial frame of the solar system. 

From this cause the moon’s) node and perigee will advance withu.velocity 
to. If ft is the earth’s angular velocity 

to 3 m 
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Henoe the advance of perigee and node in a century is 

3w. 10~* radians *= l" - 94. > • * . 

We may notice the very simple theoretical relation that Einstein’s cor¬ 
rections cause an advance of the moOnfe perigee which is one half the advance 
of the earth’s perihelion. 

Neither thfe lunar theory*nor the observations are as.yet carried quite far 
enough to take account of this small effect; but it is only a little Below tho 
limit of detection. The result agrees with de Sitter’s value except in the second 
decimal plade which is only approximate. 

Tjjere are well-known irregular fluctuations in the'moon’s longitude which 
attain‘rather largQ values; but it is generally considered that these are*not 
of a type which can bp explained by any amendment of gravitational, theory 
and their origin must be looked for in other directions. At any rate HinStein’s 
theory throws no light>on them ; ’ 

m The advance of 1"'94 ppr century‘has not exclusive reference to the 
qjpon; in fact* the elements of the mood’s orbit do not appear % (44'6). It 
represents a property of*tho space surrounding the earth—a precession of the 
inertial frame in this region relative to the general inertial frame of the sidereal 
system. If the earth’s* rotation could be accurately measured by FoucaultV 
pendulum or by gyrostatic experiments, the result would differ from the 
rotation relative to the fixed stars by this amount. This result seems to have 
been first pointed out*by -A. Schouten. One of the difficulties most often 
urged against the*relativity theory is that the earth's rotation relative to the 
mean of the fixed stars appears to be an absolute quantity .doterm’inable by 
dynamical experiments on the earth*; ’it is thi?reforo>of jnterest to find that 
these two rotations are not exactly the same, and the earth’s rotation relative 
to the stellar system (supposed to^igree with the general inertial frame of Ae 
universe) cannot be determined except by astronomical observations. 

The argument of the relativist is that the observed effect on Foucault’s 
pendulum can b^ accounted for indifferently by a field of force or by rotation. 
The anti-relativist replies tlvit thf* field °f force is clefl.rty a mathematical 
fiction, and the only possible physical cauSe must be absolute rotation. It is 
pointed out to him that nothing essential is gained by choosing the so-called 
non-rdtating axes, because in any case, the main, pa^t of the field of force 
remains? viz. terrestrial gravitation. * He re forts that &ith his non-rotating 
axes he has succeeded in making the field‘of force vanish at infinity, so "that 
the residuum is accounted for i& a local disturbance'by the earth; whereas, 
if axes fixed in the earth aid admitted, the corresponding field of force becomes 
larger and larger as we recede from jhe earth, so tlftit the relativist demands 
enormous forces in distant parts for which no physicakcause can be assigned. 
Suppose, however, that the earth’s rotation were much slowtr than it is now, 

* Space, Time and Gravitation, p. 152. 
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and that Foucault’s experiment had indicated a rotation of only —1"'94 per 
century”. Opr two disputants on the cloud-bound planet would no doubt carry 
on a long argument as to whether thisjwas essentially an absolute rotation of 
the earth in space, the irony of the sitiyition being that the earth all the while 
was non-rotating in the anti-relativist’s sense, and the proposed transformation 
to allow for the Foucault rotation would actually have the effect of introducing 
the enormous field of force in distant parts of spacS which was so much objected 
to. When the origin of the 1"'94 has been traced as in the foregoing investi¬ 
gation, the anti-relativist who has been arguing that the observed effect is 
definitely caused by rotation, must change his position and maintain that it 
is definitely due to a gravitational perturbation exerted by the sun 09 'Fou¬ 
cault’s pendulum; the relativist holds to his vmw^that the'two causes are not 
distinguishable. . • • ’. 

4 CL Solution for a particle in a curved world. 

In later wgrk Einstein has adopte'd the more^ general equations (37'4) ~ 

= .,..(451). — 

In this case we must modify (38'61), etc. by inserting ety„„ on the right. IVe 
then obtain 

\v" — + £i / 3 — \'/r = — .(45'21), 

e~ x (l -t- 4 r (v - V)) - 1 = - ar> .(45-22), 

e v-x (— \ v" 4- J X'v — | v' 1 — v'jr) = ae y .(45 23). 

From (45 - 21) and (4523), X'= — v, so t.hat.we may take \ — — v. An additive 
> constant would merely amount to an alteration of the unit of time. Equation 
(45’22) then becomes t • 

* * e" (1 + rv) = 1 — ar 3 . 

• * 

Let e" = 7 ; then 7 -f ry — 1 — or 3 

which on integration gives 

7 - 1 ~ i«r 3 .(45-3) 

The only change k the substitution pf thjs new,value of 7 in (38 8 ). 

By recalculating the few stepfe from (3{V44) to (39 61) we obtain the 
equation of the orbit 

d‘u m „ , 1 a 

■ % dfr + U ** A 3 + 3nm ~ 3 h 2 u . <&** 

The effect of the ne\y term in a is to give an additional motion of perihelion 

<f> 2 m‘ ~ 2 m 1 '....(4o 5). 

At a place where 7 vanishes tnere is an'impassable barrier, since anj*«hange 
dr corresponds to an infinite distance ids surveyed by measuring-rods. The 
two roots of the quadratic (45‘3) are approximately 

r = 2m and r = V(3/o). 
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The first root would represent the boundary of the partide—if a genuine par¬ 
ticle could exist—and give it the appearance of impenetrability. The second 
barrier is at a very great 
world. 

It is clear that the latter bafrier^or illusion of a barrier) cannot be at a 
less distance than the most remote celestial objects observed, say 10* cm. 
This makes a less than 10“*" (cm.) - *. Inserting this value (in 45’5) we find 
that the additional motion of perihelion will be well below the limit" of obser¬ 
vational detection for aU planets in the solar system *. 

If in (4«>'3) we set rn = 0, we abolish the particle at the origin and obtain 
the solution for an entirely empty world 

(Is* »■ — (1 — J atr 1 )” 1 dr J — r'd&- — r' J sin 8 6d<f>* + (1 — ( or 8 ) Iff 8 .. ,(45'l>). 

• # y 

This will be further'discussod in Chapter V.’ # , 

46. Transition to continuous matter. 

» ^ • 

— In the Newtonian theory of attractions the potential fl empty space 

satisfies the equation * 

v-n = o, 

oT which the elementary^olution is Q = mfr ; then by a well-known procedure 
we are able to deduce that in continuous matter 

V 8 fi = — 47rp.(461). 

We oan apply tPle "same principle to Einstein’s potentials </ M1 ,, which in 
empty^space satisfy the equations 0 = 0. The elementary solution has been 
found, and it remains to deduce the modification of the equations in continuous * 
matter. The logical aspects of the transition from'diserete particles to con¬ 
tinuous density need not be discussed Iiere, since they at'e the same for both 
theories. , • . . ’ • 

When the square of wn/r is neglected, the isotropic solution (4.3'3) fora 
purticle continually at rest becomesf 

ds* = — ^1 + (d.w‘ + dy* + dz*) + ^1 - ^” l 'j dt‘ .(46T5). 

The particle need not be at the origin provided that r is the distance from 
the particle to the point considered. * 

* SnVnming the fields of force of a numb<7r of particles, we obtain 

<fs 8 = — (1 + 20) + dy * + dz') + (1 - 20) d.P .(40-2), ’ 

• • * 

* This could scarcely have been asserted a few years ago, when it was not known that the 
stars extended nfyeh beyond fOOO parseos distance. A horizon distant 700 parsecs corresponds to 
a oentfgnial motion of about 1” in the earth’s perihelion, aVd greater motion for the more 
distant planets in direct proportion to their periods. » 

+ This approximation though sufficient for the present purpose is not good enough for a 
diboussion of the perihelion of Msrcury. The tffm in m'/r^ia the coefficient of dt' would have to 
be retained. * 


distance and^ may be described as*the h'orizon t>f the 
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= Newtonian potential at the point considered. 


CH. Ill 


The inaccuracy in neglecting the interference of the fields of the particles is 
of the same order as that due to the n^lect’of m’/r 3 , if the number of particles 
is not unduly large. 

Now calculate the 0 for the expression (46*2). We have * 4 


Q 9V = i? = i (ft (_ d 1 ,?** _ <Pg 9r 
. \dx 9 dx r dx^dx, dx^dx, dx u dx, 


}‘..(46-3) 


by (34 5). The non-linear terms are left out because they would involve fl* 
which is of the order (m/r) 3 already neglected. ,* 

The only terms which survive are those in which the g‘ s have like suffixes. 
Consider the last three terms in the bracket; for* G u they become 

Ugn + y, 3 >» ,, d'ffm &g u &g n d*g u \ 

^ dx^ r dx?-J dxs ~ 9 a^.j- 

Substituting^ the p's from (46-2) we find that the result vanishes (neglecting 
n>). For G u the result vanishes for a different reason*viz. because X2 do%s«ot 
contain x t (= t). Hence 

d-g* 


= Iff* = iUg 9 „ «8 in (30-65)...(46-4).* 


Since time is not involved □ = — V 2 , 

O u , G m , (?*,; G t , - — \^{g n , g a , g^,g ti ) 

. • by (46-2). * 

Hence, making at this point the transition to continuous matter, * 

* @n, &Z 3 , On, G u * — 4tirp by (46:1).(46‘5) 

4 Also * G^r’G^^-Gn-Gn-Gn + GH 

‘ = 8 vp 

to the same approximation. • , , 

Consider the tensor defined by < 

. . -Zv-T^^G^-lsg^G .1.(46-6). 

We readily find T 9 „ = 0, eicept" T u . p, 

and raising the suffixes 

T' 4 " = 0,. except T u .. .(4fi - 7), 

since the p**” are Galilean to the order of approximation required. . 

Qonsider the expression 

. dx 9 dx, " 

ds ds ’ 

where dx^/ds refers to the motion of the matter, and p„ is the proper-density 
(an invariant). The matter is at rest in- the coordinates hitherto uwd, and 
consequently 


dx, v dx t dx 


n 


dx 4 
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. I 

so that all components of the expression vanish, except the component ft, v ■> 4 
which is equal to p Accordingly in ^hese coordinates 

' dx dx • • * 

.<«*>• 

since the density p in (46 7) is clearly Jhe proper-density. 

Now (46 8) is a tensor equation", and since it has been verified for one set 
of coordinates it is true for all coordinate-systems. Equations (46 6) and (46‘8) 
together give the extension of Einstein’s law of gravitation for a region con¬ 
taining continuous matter of proper-density p„ and velocity dx^jds. 

The question remains whether the neglect of m* causes any inaccuracy in 
theses equations. In passing to continuous matter we diminish m for each 
particle indefinitely, but increase the number of particles in a given volftme. 
To avoid increasing phe number of -particles lye may diminish the volume, sp 
that the formulae (46 5) will be true for the limiting case of a.point inside a 
very small portion of 'continuous matter. Will the addition of surrounding 
"matter in Iarg<^quantities nSike any difference ? This can contributes nothing 
liirecfcly to the tensor since so far aSthis surrounding matter is concerned 
the point is in empty space ; but Einstein's equations are non-linear and we 
nuist consider the possible cross-terms. 

Draw a small spheressurrounding the point P which is being considered. 
Let (j^y —— ^ fly "t" y "4“ h fly p where S hr represents the Galilean values, and /i M , and 
h'n, represent the fields of force contributed independently by the matter in¬ 
ternal to and extern*! fo the sphere. By §80 we can choose coordinates such 
that at \ P A' M „ and its first derivatives vanish ; and by the symmetry of tho 
sphere the first derivatives of /i M „ vanish, whilst h^, itself tends to zero for an 
infinitely small sphere Hence the crosS-terms which are of the form 

d^h^y dfl'c, ()hy_y 


h' 


dx K dx„ ’ d.f A dx a 


and 


' T dxjx] 


will all vaifish at P. Accordingly wil% ‘these limitations there are no cross- 
terins, and the sum of the two solutions A„„ and A'*, is also a solution of the 
accurate equations. Hence the values (40 5) remain truq. Jt will be seen that 
the limitation is that the coordinates Wist be “natural coordinates” at the 
point P. We have already patd heed to this in taking p to be the proper- 
density. • e 

. *W% have assumed that the matter at P, is not accelerated with respect to 
these natural axes at P. (The original ptyticles had to be continually at retit, 
otherwise the solution (4015) t tfoes not apply.) If.it were accelerated there 
would have to be a stresp caus’ing the acceleration. We shall find later that 
a stress contributes additional terms to the .The formulae (46‘5) apply 
only strictly when there is no streSh and the’ continuous medium is specified 

by one variable only, viz. the density. 

• » • 

* * When en equation ia statedHo be a teoso equation, the reader is expected to verify that the 
covenant dimensions of both sides are the same. * 
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I • 

The reader may feel that there is still some doubt as to the rigour of this 
justification of the neglect of m s *. Le|t he attach too great importance to the 
matter, we* may-state at once that the subsequent developments will not be 
based on this investigation. In the rfext chapter we shall arrive at the same 
formulae by a different line of argum^it, and proceed in the reverse direction 
from the laws of continuous matter to the particular case of an isolated 
particle. . • 

The'equation (46’2) is a useful expression for the gravitational field due 
to a static distribution of mass. It is only a first approximation correct to the 
order m/r, but no second approximation exists except in the case "of a solitary 
particle. This is because when more than one particle is present accelerations 
necessarily pccur, so that there cannot be an exact solution of Einstein’s 
equations corresponding to a number of particles Continually at rest. It follows 
that any constraint which could keep them at rest must necessarily be of such 
a nature as to contribute a gravitational field on its oWn account. 

It will be^ useful to give the vafucs of 0 Ml ,<— \g* v (j corresponding to the 
symmetricafYormula for the interval ^38’2j. By varying X andp this can repre¬ 
sent any distribution of continuous matter with spherical symmetry. We have 
G = -e~ k {v" XV + | i/ s + 2 (,/ - X')/r +2(1- e *)/r 2 ) 

- \{Jn G = - r'jr - (1 - e k )jr 2 * 

bn ~ i<7aiCr = — r*e~ k (Jp' — JXV + Ji/ s + £ (v — X')/r) 

~ - - r- sin 2 Oe~ x (\v" - JXV + Jj/ 2 4 - - \’)/r) ’ ( 46 ' 9 )- 

<*u-\g u Cr= e’-^-X '/r + (l —c*)/r>) 

47. Experiment and deductive theory. 

kSo far as I am hware, the following is a complete list of the postulates 
which have been introduced into our mathematical theory up to the present 
sthge: • , 

1 . The fundamental hypothesis of §' 1 . ' 

2. The interval depends on a quadratic function of four coordinate- 

differences (§ 2). 1 

3. The path of a freely moving,particle is in all circumstances a geodesic 
(§ 15). 

4. The track of a light-wave i*a geodesic with ds- 0 (§ 15). 

5. The law of gravitation feu- empty space is (r M ,= 0, or more jrrobUbiy 
t? M , = ~Xg*„ where X is a very small constant (§ 37). 

To illustrate the difficulty, what exaotly does w mean, assuming that it is not defined by 
(48'6) and (46-7) 7 If the particles do not interfere with each other’s fields, ft, is 2m per unit 
volume; but if wo take account of the interference, m is undefined—it is the cyfhstant of integra¬ 
tion of an equation whioh does' not apply. Mathematically, we oannot say what m wapld have 
been if the other particles hrd been removed ; the question is nonsensical. Physically we oould 
no doubt say what would have been the masses of .he atoms if widely separated from one another, 
anil ooropare them with the gravitational powq^of the atoma under actual conditions; but that 
involves laws of atomie strnoture whioh are quite outside the scope of the argument. 
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EXPERIMENT AND DEDUCTIVE THEORY 

No. 4 includes the identification 4f the velocity of light with the funda¬ 
mental velocity, which was originally introduced as a separate postulate in § 6. 

In the mathematical theory we have two objects before*us—to exdmine 
how we may test the truth of these postulates, and to discover how the laws 
which they express originate in the structure of the world. We cannot neglect 
either of these aims; and perhaps an ideal logical discussion would be divided 
into two parts, the one showing the gradual ascent from exi>erimental evidence 
to the finally adopted specification of the structure of the world, the other 
starting with this specification and deducing all observational phenomena. 
The latter part is specially attractive to the mathematician for the proof may 
be made rigorous; whereas at each stage in the ascent some new inference or 
generalisation is introduced \jhich, however plausible, can scaseely bo •con¬ 
sidered incontrovertible. We can sfyow that, a certain structure will'ex plain 
all tin*phenomena; we cannot show that nothing else will. * * 

We may put to ttto experiments three questions in crescend l)o they 
•verify? I)o they suggest ! Do they (within certain limitations) coyijKsl the 
i*ws we adopt ^ It is v^hen the l.-ejt qifbstion is put that the difficulty arises 
for'there are always limitations which will embarrass the mathematician who 
washes to keep strictly to rigorous inference. What, for example, does experi¬ 
ment enable us to as.4er4 with regard to the gravitational field of a jiarticlc? 
(the other four postulates being granted) ? Firstly, we are probably justified 
in assuming that the interval can be expressed in the form (38'2), and experi¬ 
ment shows that A. aiwl it tend to zero at great distances. Provided that e* and 
e’ are simple functions iuwill be possible to expand the coefficients in the form 


ds‘ = - (1 + ) ‘ dt* - r* dfr -/-sin^d^+.fl + ? '; V £ + £ +...) dt\ 


Now referenci to §§ Iff), 40, 41 enables us to decide the following points: 
(1) The Newtonian law of gravitation shows that l, = — *2m. 

# (2) The observed deflection of light then shows that a, = — 2m. 

(3) The mofcion of perihelion of Mercury then show's that (i a =» 0. 


The last two coefficients art' not determined experimentally with any high 
accuracy; and we have no experimental knowledge of the higher coefficients. 
If the higher coefficients are zero we *ca^ proceed to deduce that this field 
sfitipfie^ (Jl, — 0 . • , 

If small concessions are .made, the > case for the law ?/„„== 0 can be 
strengthened. Thus if only one linear constant in is involved in the specifi¬ 
cation of the field, b, must^contain in?, and the corresponding term is of order 
( m/rY , an extremely sm&ll quantity. Whatever the higher coefficients may 
be, G>,»will then vanish to a* very high order'of approximation. 

Turning to the other object of our inquiry, w'e have yet to explain how 
these*five laws originate in the structure of the. world. In’ the next chapter 
we shall be concerned mainly with Nos. 3 and 5, which are not independent 
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of one another. Thfey will be replacedlby a broader principle which contains 
them both and is of a more axiomaticj character. No. 4 will be traced to its 
origift in tile electromagnetic theory of Chapter VI. Finally a synthesis of 
these together with Nos. 1 and 2 will pe attempted in the closing chapter. 

The following forward references jvili enable the reader to trace exactly 
what becomes of these postulates in the subsequent advance, towards more 
primitive conceptions: 

Nos. 1 and 2 are not further considered until § 97. 


No. 3 is obtained directly from the law of gravitation in § 56.. 

No. 4 is obtained from the electromagnetic equations in § 74. These are 
traced to their origin in § 96. r e 

No. 5 is*obtained from the principle of identification in § 54, and more 
Completely from the principle,of measurement'in §66. The possibility of 
alternative laws is discussed in § 62. 

In thejast century the ideal explanation of the phenomena of nature con¬ 
sisted irj the construction of a mechanical model, which would act in the wa^ 
observed. Whatever may be the prtictical helpfulness of a model, it is iro 
longer recognised as contributing in any way to an ultimate explanation. A 
little later, the standpoint was reached that on carrying the analysis as far. as 
'possible we must ultimately come to a set of differential equations of which 
further explanation is impossible. We can then trace the modus operandi, but 
as regards ultimate causes we have to confess that “things happen so, because 
the world was made in that way.” But in the kinetic theory of gases and in 
thermodynamics we have laws which cart be explained much more satisfactorily. 
The principal laws of gases hold, not .because a gas is made “ that way,” but 
because jt is made jubt anyhow.’’ This is perhaps pot to be taken quite 
literally; but if We could see that there was the same inevitability in Max- 
will’s laWs and in the. law of gravitation that there is in the laws of gases, we 
should have reached an explanation fax- more comp'ete than an u’timate arbi¬ 
trary differential equation. This suggests striving for an ideal—to show,.not 
that the laws of nature come from a special construction of the ultimate basis 
of everything, but that the same laws of'nature would prevail for the widest 
possible variety of structure of that basis. The complete ideal is probably 
unattainable and certainly unattqined; nevertheless we shall be influenced 
by it in our discussion, and it appears that considerable progressionj.this 
direction is possible. 



CHAPTER IV 

REL ATI VITY* # MECH ANICS 


48* The antiaymmetgcal tensor of the fourth, rank. 

A tensor A„, is said to be antisymmetrical if 

e • 

It follows th'at iu=>- A n , so that i,„ A a , A Bl A ’ u must all be zero. 

Consider a tensor of the fourth rank E‘*' rl which is antisymmetrical for 
all pairs o£ suffixes. Any component with two suffixes alike must be aero, 
since by the rule of .antisymmetry = — E* $ ". In the surviving com¬ 
ponents, a, /3, 7 , S, being all different, must stand for the numbers « 1 , % 3, 4 
in arbitrary order. Wi* can paas from any of those components to E iai by a 
Series of interchanges of tin* suffixes in pairs, and each' interchange merely 
xewerses the sign. Writing E for E UM ,‘& 11 the 256 component^ have one or 
other of the values 

+ E, 0, — E. 

We shall write * , £« 0 r« « E. e«^ T j .(48 - l), * 

where 


= 0 , when the suffixes are not all different, 

£ 

= + ], when they, can be brought to the order 1, 2, 3, 4 by an even 
• number of interchanges, # , 

= — 1 , when an odd number of.interchangej is needed. 

• • , 

It will appear later that E is not an invariant; consequently e^ yl is not 

a tensor. . t 

The coefficient e^ y{ is particularly, useful for dealing with determinants. 
If |Ar^| denotes the determinant formed with the elements k^, (which need 
not form a tensqf), wo have 

4! x |A*^| = etnyi e.xnt k yy k la *...!.(48'2), 

• 

because the terms of the determinant are obtained by selecting four elements, 
one frpm each row (a, 0, 7 , $, all different) ^nd also from each column («, f, i), 0, 
all different) and affixing the + or — sign .to the pioduct according as the 
order of the columns is brought into the oyder of the rows by an even or odd 
number of interchanges. The factor 4! appears becauqp every possible'per¬ 
mutation of the same four elenflents is included separately in the summation 
on the right. % 

It ie possible by corresponding •formulae *to define and manipulate deter¬ 
minants in three dimensions (with 64 elejnents arftmged in a cube) or in 
four dimensions. # * . • 

Note that e«jj T « *«*v« *= 4! .(48-31). • 


SmfiyS CmfiyS ** 4 I 


(48-31). 
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The determinaats with which we A-e most concerned are the fundamental 

determinant g and the Jacobian of a transformation 

* r d (*i ir^s > x 3 »•£* ) 

J n -S—- 1 -r . 

0 iTji X+) 

By (48-2) 4 ! g - e„^ Y4 £«, <7« 3 ^ ?*» .(48-32), 

To illustrate the manipulations we shall prove that* 

9 — J*9- 

By (48-32) and (48*83) * .<* 

• i a t9 i / r ‘ 1 m dx? dxf 'dx Q dx& 

(4.) J g - <«s Y sf.f,e,7 «9 e(9yr,9 f..*^ 3^7 3 ^ 3 ,^ 0 X(t 

* „ dx x dx^ dx^ (4&-A.1 \ 

-*~rv**vhLfo' dx ~dx r dx v . ( 

There are f^bout 280 billion terms on the righf, and we propped to rearrange 
those which do not vanish. * » • 

For non-vanishing terms the letters v, fj, o, w denote the same suffixes as 
a, fl, 7, S, but (usually) in a different order. Permute the four factors in which 
they occur so that they come into the same ordSr; the suffixes of the de¬ 
nominators will then come into a new order, say, i, k, l, m. Thus 

dXy dXf dx o 0 ‘^'•UT dx a dxp dXy $Xp 

dx, dx K dx\ dx^ . dxi dx * dpi { dx m -. v 

Since the number of interchanges of the denominators is the same as the 
number of interchanges of the numerators 


* €v(o-W = | _ 

M , t € a&y& tfiklm 

so that the result of the transposition is. 


dx „ dx( dxi dxyj 


3.r.' dxp dxy dxi 


.(48-43), 


V't'o ' '‘■’TXT 0 i o. P \ 

e*yt T - - e,i„ w f,ta 3 - 3 — -34 3 ~ • • ■(** '>)■ 

Making a similar transposition of th°e last four terms, (48-41) becomes 

dxi dxi dxi dxi dx,' dx( dxi dxi 


(4 !)*/>//= gi, gi ( g' yi git. 


dxi dxjc 3 xi dx m ‘ dx r dx 8 dx t dx u 

• l in €p£ov ^fo-or ^ retu ’ 


But by (23 22 ) 
Hence 


, dx a ' dx,' _ 

9 9^7 dx T ~ 9ir ' 


(4 '.YJ'g' « (4 !)* e Mm e«tu gw <7t» git g m u 

= (4!)» . 7 , 

which proves the theorem. 


A shorter proof is given at the end of this section. 









48, 49 THE ANTISYMMETRICAL TENSOR OF THE FOURTH RANK 109 

Returning to E it* tensor-trans ormation law is • 

= £•*»*- !*- — — - ? — . . . • 

• 0*. 0*J ?X T 0*1 

Whence multiplying by and using»(48T) 

, * 0**’ 0*,' 0*. fW 

• . * • W - W ^ 0X(j ^ . 

so that by (4831) and (48 33) 

E' = JE .(48 , (i). 


Thus E is not an invariant for transformations of coordinates. 

A#yn ’ E’<^ </„, <h» 

is seen by inspection to ba ap invariant. But this is equal to 
• A J e«/jyj e,( v t £/«« *7p< f7yi 

• = 4!£ , ifif. 

• • 

IHence ^ is an invariant. > ..(48'05), 

Accordingly * E 2 g = E’‘g =\EJf g', by (48 (i) 

giving another.proof that g = J 2 g .(48 - 7). 

Corollary. If a is the, determinant formed from the components a,,, of* 
any covariant tensor, E 2 a is an invariant and 

a =* J-a .(48'8). 

, •; 

40. Element of volume. Tensor-density. 

In §32 we found that the surface-element correspond ing-to the parallelo¬ 
gram contained by tworflisplacements, 8,^, 8 2 x M , is t.h 3 antisyinmetrical tensor 

dSi” - S,*, ,. . 

4 s s • * 

• . 0%X ¥ j 

Similarly we define the volume-clcjnent (four-dimensional) corrcs])onding to 
the hyperparallelwpiped contained by four displacements, SiX^, S^x ^, 0 ., 8 i a tA , 


as the tensor 


• 

t . 



d = 

&%x„ 


8,x r 

• 


8. r r „, 

i >♦ 

8 2 x t 

• ' * 


8,x hl 


* 8 x* 

u 3 x T# 


• 

8 t x ¥ , 

^4 v » * 

8,x, 


.(491). 


It will be seen that the detcrmin&nt is an antisymmetHcnl tensor of the fourth 
rank, and its 2fj6 compononts accordingly have one or other of the three values 

_ * *+dV, • 0, -dV, * 

where dV <= ± dV l,u . It follows from (4865) that {dVfg is an invariant, so 

that * •_ ,» • # 

*/—g.dV is an invariant.(492). 
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fcf'VUtW* OF VOLU1 


Since the sign* of dF““ is assefciated with some particular cycle of 
enumeration of the edges of the paralelopiped, which is not usually of any 
importance* the single positive quantify d V is usually taken to represent the 
volume-element fully. Summing a number of infinitesimal volume-elements, 
we have 


////''-■ 


d V is an invariant.(49'3), 


the integral being taken over any region defined independently of the 
coordinates. * * . 

When the quadruple integral is regarded as the limit of a sum, the infini¬ 
tesimal parallelopipeds may be taken of any shape and orientation; Jfut for 
anafytical irftegration we choose them to be coincident with meshes of the 
ooordinhte-system that is being used, vie.- 

■ S, j= ( dx ,, 0, 0, 0); => (0, dx 2 , 0, Q); etc. 

% 

Then (49T) reduces - to a single diagonal # .i 

V dV — da, dx.,d.j\ dx, . r " m > 

• * o 

c 

We write dr for the volume-element when chosen in this way, ; so that 


• dr = dx,dx,dx 3 dx t . t 

It is not usually necessary to discriminate between dr and the more 
general expression dV ; and we shall usually regard V - g. dr as an invariant. 
Strictly speaking we mean that V — g .dr behaves asiah invariant in volume- 
integratic*i; whereas V — g. dV is intrinsically invariant. 

For Galilean coordinates x, y, z, t, nve have V — g = 1, so that 

# • _* 

* V — gdr — dxdydzdt .(49'41). 

Farther if we take an observer at rest in this Galilean system, dxdydz is his 
element of proper-volume (three-ditne'nsional) d W, and dt is his proper-time 
ds. Hence 

* *J~gdr = dWds .r.(49-42). 

By (49 41) we see that V — gdr is the volume in natural measure of the 
four-dimensional element. This natural or invariant volume is a physical 
conception—the result of physical *.nefisures made with unconstrained scales; 
it may be contrasted with the geometrical volume dV or dr, which expresses 
the number of unit meshes contained in the region. 

Let T be a scalar, i.e. an invariant function of position; then, since 
TV — is an invariant, 

f'T-f^gdr is an invariant 


for any absolutelj defined four-dimensional region. Each unit mesh (whose 
edges dx u dx,, dx„ dx t are unity) contributes the amount T V— g to this 
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invariant. Accordingly we call Th/tg the soalar-deArity * or mvartanl- 
dentity. I 

A nfearly similar result is obtained (for tensors. The integral 


Jr^f-gdr 

over am absolutely defined region is not a tensor; because, although it is the 
sum of a number of tensor#, these tensors are not located at the sajne {joint * 
and cannot be combined (§ 33). But in the limit as the region is made 
infinitely small its transformation law approaches \noro*and more nearly that 
of a single tensor. Thus T*” V — g is a tensor-density, representing the amount 
per unit mesh of a tensor in the infinitesimal region round the point. 

It is usual to represent this tensor-density corresponding to aVy tensor by 
the corresponding (Jertnan letter; thus 

* # 3>- s g - } J 3 JW-g .....;.*(49-5). 

% By (481) . (S *** 4 = E&yt V — </%= E V— g. e« 0 yS , • 

and since E'J'-^g is an invariant it follows that > s a tensor-flensity. 
•Physical quantities are of two main kinds, e.g. 


Field vf acceleration = intensity of some condition at a point, 
Momentum * « = quantity of something in a volume. 

The latter kind are naturally expressed as “so much per unit mesh.” Hence 
intensity is naturally described by a tensor, and quantity by a tensor-density. 
We shall find V continually appearing in our formulae; that is an indica¬ 
tion thi^, the physical quantities concerned are gtrictly tensor-densities rather 
than tensors. In the general theory tensor-densities are at 15ast as important 
as tensors. • . ’ . " 

We can only speak of the amount of momentum in a large volume when 
a definite system.of coordinates Hits been fixed. The tTital nfomentum is tTie 
sum of the*momenta in different okmvnts of volume; and for each element 


thfVe will be different coefficients of transformation, when a change ^f coordi¬ 
nates is made. the only case in which we can f^ate the lyngunt of something 
in a large region without fixing a special system of coordinates is when we 
are dealing with an invariant . Ag. the amount of “ Action ” in a large region 
is independent of the coordinates. In*sh%rt, tensor-analysis (except in the 
degCner^te case of invariants) deals, with things locai<;d at a point and not 
spread over a large region; tliat is why»we usually have to use densities 
instead of quantities. ,, ■ ■ 

Alternatively we can express a physical quantity of the second kind as 
“so much perNmit natural volume ("I — itjis then represented by a 

* I have usually avoided the superfluous word “scalar," which iH less expressive than its 
synonym “invariant.” But it is convenient here in order to t avoid oonfusiog between the density 
of mi invariant and a density which it invariqjit. The lattes - , po, has hitherto been oalled <he 
invariant density (without the hyphen). 
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tensor. From the physical point of viw it is perhaps as rational to express 
it in this way, as to express it by a tlnsor-density “ so much per unit mesh 
(dr).” But Analytically this is a somew|iat hybrid procedure, because we seem 
to be employing simultaneously two systems of coordinates, the one openly 
for measuring the physical quantity, the other (a natural system) implicitly 
for measuring the volume containing it. It cannot be .considered wrong in a 
physical sense to represent quantities of the second kind by tensors; tmt the 
analysis exposes our sub-conscious reference to V — gd-r^by the.repeated 
appearance of in the .formulae. • 

In any kind of space-time it is possible to choose coordinates such that 
V-^ = l everywhere; for if three of the systems of partitions hav^been 
drawn arbitrarily, the fourth can.be drawn so* as to intefcept mfeshes all of 
equal patural volume. In such coordinate*?tensors and tensor-densities become 
equivalent, and the jilgebra may be simplified ; but although this simplifica¬ 
tion does not involve any loss of generality, it is liable to obscure the deeper 
significance *.f the theory, and it is not usually desirable to acjppt it. 


50. The problem of the rotating disc. 


* We may consider at this point a problem of some historic interest— * 

A disc made of homogeneous incompressible material is caused to rotate 
with angular velocity-to; to find the alteration in length of the radius. 

The old paradox associated with this problem—rthat the circumference 
moving longitudinally might be expected to contract, whilst "the radius moving 
transversdy is unaltered—no. longer troubles us*. But the general theory of 
relativity gives a quantitative ‘answer to the problem, which was first obtained 
by Lorentz by a method different from that given here-)*. 

v We must first have a clear understanding of what is meant by the word 
incompressible. Let us isolate an cleinent of the rotating disc, and refer it to 
axes with respect to which it has no velocity or acceleration (proper-measure); 
then excfpt for the fact that it is under stress due to the cohesive forces of 
surrounding matter,' it is relatively in the same state as an element of the 
non-rotating disc referred to fixed axes. Now the meaning of incompressible 
is that no stress-system can make any difference in the closeness of packing 
of the molecules; hence the partible-density a (referred to proper-measure) 
is the same as for ais element bf the non-rotating disc. But the particle- 
density a' referred to axes fixed in%pace may be different. 

We might write down at once by (14T) • 


o-' = <r (1 -o)V J )"4, 


since tor is the velocity of the element." This would in fact give the right 

result. But in § 14 acceleration was not taken into account and we ought to 
1 r n 


Space, Time and Gravitation, p. 75. 


t Nature, vo). 106, p. 795. 
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proceed more rigorously. We use the (accented coordinates of § 15 for our 
rotating system, and easily calculate from (15 4) that t 

• 1 . 

and since x/, x/, x/ are constant for an'element of the disc, the proper-time 
ds ■= \/(l - w s (x,* 8 + x/ 8 )) da;/. 

If <rtF is the proper-volume of the element, by (49 42) 

. - dWds = ‘J — y . dx,'dx/dx/dx/. 

Hence . d IF =* (1 — o> 8 (x/ 8 + x/ 8 ))~ 1 d,r,'dx,'dx/ 

=*(1 ~ o>'r'*) " * r'dr'dd'dx/. 

If the thickness of .the disc is # 8x/= 5, and its boundary is given by r'=v', 
the total number of particles* in the dijje will "be. 


N — Lerd ir = 'lircrb 


’ 3 ) “ 1 r’di'. 


[" (1 - &) s r' : 

Jo . 

Since this nunjfyer is unaltered by the rotation, a' must be a fu'jctkni of to 
stich tljat * • * 

, I (l — r«> 8 r‘) ~ 1 r'dr' =» const., 

. Jo 

• , 

or - *(1 - VU - <dV 3 )) « const. 

or 

Expanding the square-root, this gives approximately 
. ^ * ^a' 8 ( l + i&> 3 u'“) »= const., 

so that if»u is the radius of the disc at rest . 

a (1 + i ftdtt'l) = «. * * 

Hence to the same approximation 

. o' = (»(l — £a>?a 3 ). • • * 

Note that a'Is the radius of the rotathig>di.sc according to measurement with 
fixed* scales, since the rotating and fion-rotating coordinates have bt^n con¬ 
nected by the elementary transformation ^1 5'3). , • • 

We see that the contraction is one quarter of that predicted by a crude 

application of the FitzGerald foriftula to the circumference. 

• • 

.54. .The divergence of a tensor. , * *. 

In the elementary theory of tccjwrs the divergence 

djf dY dZ ‘ * 

. * dx dy dz 

is important; we cah to some* ex tent grasp its geometrical significance. In 
our general notation, this expression becomes 
“ dA*. 
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But evidently a more fundamental operation is to take the covariant deriva¬ 
tives wh ic(j will give an invariant . 

- . (4%. • 

We therefore define the divergence of a tensor as its contracted covariant 
derivative. 

7) A H 

By4294) + * 

^ # 

3A** . 13 /■»—- , . 

. -8^ + ^'v^S-/-!' b y <SM > 

= L~:(^vr s) .v..(rfn>. 

• V g • . 

* , . • • 

since e Tnay be replaced by g. In terms of tensor-density this may be*written 

. % • . <5ri2). 4 

. 03 » + • 

The divergence of A £ is by (30’2) * . * 

W, = ^ a; + {«„, vj a; - [gv, «} a: 

= ^== (4J1 V- </) - {/*"> «J .(512), 

^ " *• "*• 

by the same reduction as before. The last term gives 

_ 1 V ty*? . A Bv 

• • * 2V3av *3^ dxj ‘ 

« « 

x When A p “ is a symmetrical tensor, two of the terms in the bracket cancel 

by interchange of /3 and v, and we-art! left with —, \ A 1 **. „ 

2 ox* 

Hence for symmetrical tensors 

. 

or. by (35‘2), ( 4 ;>. ,■ -i, £ W V^) + X, .gfS» 

For antisymmetrical tensors, it is easief to use the contiavariant associate, 
(A'"') 1 ,= — A** + lav, id A** + {«r, g) A ap .(51'41). 

CXy 

The last term vanishes owing to the antisymmetry. Hence 

'•’••'•'•v 1 ,, A' 4 "'. 


(51-42). 
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Introducing tensor-densities our results} become 

. 91’, = ~ 91' - J 2f** (symmetrical tensofs) ,?.(5T51), 

W’r * W'H • 

r) ^ 

9JJ’ = g— 91*’ (antisymmetrical tensors) ...(5T52). 

02* The four identities. 

•» 

We shall now prove the fundamental theorem of mechanics— 

, The divergence of G* — %g*G is identically zero .(52). 

In three dimensions the vanishing of tho divergerfco is the condition of 
continuity of flux, e.g. in hydrodynamics du/dx + dv/dy + dw/dz =*0. t Adding a 
time-coordin’ate, this becomes the condition of conservation or permanevce, as 
will be shown in detail later. It rvilMte realised how important for tlwory 
of the material world the discovery of a world-tensor .which is inherently 
permanent. • 

I think it should be possible to prov t e (52) by geometrical reasoning in 
contjneation of the idea.* of § 33, But I have not been able to construct a 
geometrical pryof and must content myself with a clumsy analytical veri¬ 
fication. , 

By the rules of covariaift differentiation 

(g*G),=g v *?G/dr* = dG!?-r H . 


Thus the theorem reduces to 


a , _ 1 d(i 
2 dr* 


■ 462 - 1 ). 


For p — 1, 2, 3, 4, these are the four identities referred»to in § 37. By (51*32) 


and since G^g a, G* f> 


1 - 8 //.**/— aj-i r V" 
~ f _ „ dx, V “ 9) + 1 0.1*7.' 


1 < >G 1 1 . n ? <f* 


dr* 


.(52-2). 


Hence, subtracting, we have t<f pros# that 

1 d • .— , J1 , dQ »9 

sf -g dx, ^ 1 ^ dr* ' 

SiBcc*(ogj is a tensor relation it is sufficient to show that.it holds for a special 
coordinate-system j only we must be carefuWthat our special choice of coordi¬ 
nate-system does not limit the kijpl of space-time and.so spoil the generality 
of the proof. It has been shown m § 30 that in any kind of space-time, co¬ 
ordinates can b% chpsen so that all the first derivatives dg*,/dr* vanish at a 
particular [joint; we shall therefore lfghten the algebra^by taking coordinates 
such that at the point considered 


dg, 


dr* 


i’=?0. 


,(52-3). 
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This condition cafi, of course, only a applied after all differentiations have 
been performed. Then 8 

Jzr g = dx, ^9 • B ™)- 

Owing to (52'3) ^~-g can be taken outside the differential operator, 

giving. 




which by (34 - 5) is equal to 


\<r<f 


A (Vjh 


>» , fP9jn_ C 3 ! Jw 

* r\ .- r\ ~ r 




.(52-4). 


dx v \dxpdxr dxpdxe ndx ? dx T 
% • # * 

The*refit of is omitted because if*consists of products of two vanishing 

factors (3-index symbols), so that after differentiation by dx, one vanishing 
factor always remains. * # 

By th& double interchange cr for r, p for v, two terms in “('52'4) cancel out, 
leaving 


Similarly 


.4ma 


dGafi , dO J 9 / fjtrp ft \ 

?■;. ~ dx. ~ ™ dx. { ' r 


) 


1 a ,r n <rp _ ' )a - r/, " r _ 

*9 . dx.Kdx.dXj, d.Tpdx, dx„dx T dx.dx, 

-trr . (5252) ' 

since the double interchange a for t," p for v, diuses two terms to become 
equal to the other two. 

Comparing (52'51) and (,52'52) we see that the required result is estab¬ 
lished for coordinates chosen so as to have the property (f>2'3) at the point 
considered ; and since it is a tensor equation it must hold true for all systems 

of coordinates. *> 

, o 

v* • ’ 

63. The material energy-teneor. 

Let p 0 be the p'roper-density of matter, and let dx./ds refer to the motion 
of the matter; we write, as in (46 - 8), 

, ‘ ..•< 531 >* 

Then T<" (with the associated mixed and covariant tensors) is called the 
energy-tensor of the matter. 
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• ) 

For matter moving with any velocity relative to GalileaYi coordinates, the 
coordinate-density p is given by 

*-*{£)•.-. 

for, as explained in ( 14 ' 2 ), the FitzGerald factor /3 = dt/ds appears twice, once 
for the increase of mass- with velocity and once for the contraction of volume. 
Hence in Galilean eoordin&tes 


T*’ 


' dt ~dt 


.(53-3), 


•so that if u, v, w are the cpmponents of velocity 


= pu ?, 

pvu, 

pwu, 

pu 

. * pav, 

pf' 

pivv, 

pv 

puw , 

pvw, 

pw\ 

pw 

P K , 

pv 

pw, 

p 


.(534). 


In matter atomically constituted, a volume which is regarded i<» small for 
mabroicopic treatment coy tains particles wH.h widely divergent motions. Thus 
the terms in (53'4) should be summed for varying motions of the particles. 
Fm* macroscopic treatment we express the summation in the following way.— 
Let («, v, tv) refer to the motion of the centre of mass of the (dement, and 
(«,, w ,) be the internal motion of the particles relative* to the centre of 
mass. Then in a term of our tensor such as )£p(w + w,)(w+ »,), the cross-pro¬ 
ducts will vanish, lgavrfig Spur + £pu,v,. Now represents the rate of 

transfer of (t-momentum by particles crossing a plane perpendicular to the 
y-axis, and is therefore equal to the internal stress usually denoted by p^. 
We have therefore to add to (53'+) the teftsor formed By the internal stresses, 
bordered by zeroes. The summation can now be omitted, p referring to the 
whole density, an<j u, v, w to tin* average or mass-motion of macroscopic 
(dements. Accordingly • ** > * 

p'z •+• pvu, pr X +pwu, pa .( 53 ">). 

P m + pf , Pzr + pwv, .p» 
pm + pviD, Pzz + pw\ pw 
pv pm , p 


* T» ¥ =■ pzz + pa 1 

Pxy + PU>1 
Pzz + 
pa 

Cqpsider J,hb equations 


dT>“ 
fix, 


= 0. 


.(53-6). 


Taking first p, = 4, this givi^ by (o3'5) 


cl(p a) d(pv\ 

da; dy 


^1-”.<*m>, 


which w the usual “ equation of continuity ” fn hydrodynamic*. 

* t #' • 

* la the sense of elementary mechanics, i.e. the simple difference of the velocities. 
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For /x» 1, weliave 

, 3P*» , 3p«_ Z 9 (f>“*) , 9 (p««) , 9 (/»«») , 3(pu)\ 

dy + 'TjT + ~ar~ + ~aT J 

0 


. ,, 4- 8 ^> , 9 Q W ) , d P\ 

\ to dy dz dtj 


i 


du , du . du du' 
5~ + v +*W £-+ 
dx dy dz dt 


) 


Du 
p Di 


.(53-72) 


by (53-71). Du/Dt is the acceleration of the element of the fluid. 

• This is the well-known equation of hydrodynamics when no body-force is 
acting.. (By adopting Galilean 'coordinates any field of force acting on the 
masft of the fluid has been removed.) 

Equations (53-71) and (53'72) express directly the conservation of mass 
and momentum, so that for Galilean coordinates these principles are con¬ 
tained in * 

dT*’/dx r = 0. 

In fact dT**!dx, represents the rate of creation of momentum and inasp in 
unit volume. In classical hydrodynamics momentum may be created in the 
volume (i.e. may appear in the volume without having crossed the boundary) 
by the action of a body-force pX, pY, pZ ; and these terms are added on the 
right-hand side of (53"72). The creation of mass is .considered impossible. 
Accordingly the more general equations of classical hydrodynamics are 

37V 1 ' 

foT ‘ m (pX> pY, pZ, 0).(53-81). 

In the special relativity theory mass is equivalent to energy, and the body- 
forces by doing work on the particles will' also create mass, so that 

= ( P X, pY, pZ, pS) .(53-82), 

where pS is the’ wbrk done'by the forces pX, pY, pZ. These older formulae 
are likely to be only approximate*; and the exact formulae must be deduced 
by extending the general relativity theory to the case when fields of force are 
present, viz. to non-Galilean coordinates. 

It is often convenient to use the mixed tensor 7'* in place of* 7’'“'. For 
Galilean coordinates we obtain from (53 5)* 


r 


-Pxx-pu % , -Pyx- pVU, -p tx -pwu, pu 
-p*y- P uv . - Pm - P v '. -Pt»- pw>> P v 

- p x , - paw, - p y ; - pvw, —Pa — pup, pw 
-pu , -pv , -pw , p 


.(53-91). 


E. g . = 0 < rt^’ l,I= o- j- >i +o+o. 
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The equation equivalent to (53*82) is tien • 

-ipY, - P Z, P S) .../.(53*92). 

That is to say d7"Jdx, is the rate of'creation of negative momentum and of 
positive mass or energy in unit volume.* 

64. New derivation ol* Einstein's law of gravitation. 


We have found that for Galilean coordinates 

dT»’ld. r„-0..’.....(541). 

This is^ividently a particular case of the tensor equation 

. * = 0 .... ‘.(54 21 )* 

*, y 

Or we fnay use the equivalent equation . * 

(T;), = 0. v .(54*22), 


which results *faom lowering the suffix In other words the divergence of 
the.ertergy-tensor vanislfcs. 

Taking the view that energy, stress, and momentum belong to the world 
(space-time) and not tp some extraneous substance in the world, we must, 
identify the enorgy-tensjof with some fundamental tensor, i.e. a tensor be¬ 
longing to the fundamental series derived from 

The fact that the^divergence of 7’" vanishes points to an identification 
with (fr* — 5vhose divergence vanishes identically (§ 52). Accordingly 

we set * * • 

G;-ig;Gr-H7rT; ...(54-3), 

a 

the factor H7 t being introduced for later convenience in coordinating the units. 

To pass from (54*1) to (54*21») involves an appeaj to tjie hypothetical 
Principle of Equivalence; but by taljiTlg (54*3) as our fundamental equation 
of gravitation (54*21) becomes an identity requiring no hypothetical assump¬ 
tion. • 

We thus arrive at the ldw of gravitation‘for continuous matter (40*0) 
but with a different justification. Appeal is now made to a Principle of 
Identification. Our deductive theory starts with the interval (introduced by 
tfce* fundamental axiom of § 1), from which the* terror g^ is immediately 
obtinned. By pure mathematics we derive other tenfiors f? M ,, and if 

necessary more Complicated tenSors. These constitute our world-buiWing 
material; and the aim of the Reductive theory is to construct from this a 
world which frictions id the same way as the known physical world. If we 
succeed, mass, momentum, sSrcss, etc. must* 1*5 the*vulgar names for certain 
analytical quantities in the deductive theory; and it*is this stage of naming 
the aftalytical tensors which is reached in (54*3). If the theory provides a 
tensor G^—lg^G which behaves in exactly the same way as the tensor 
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summarising the mass, momentum anA stress of matter is observed to behave, 
it is difficult to see how anything more could be required of it*. 

By meats of (53 91) and (54 3) theiphysical quantities p, u, v, w, pvx...p a 
are identified in terms of the'fundamental tensors of space-time. There are 10 
of these physical quantities and 10 different components of Cr£ — ig^G, so that 
the identification is just sufficient. It will be noticed that this identification 
gives a dynamical, not a kinematical definition of the velocity of matter 
u, v, w ; it is appropriate, for example, to the caso of a rotating homogeneous 
and continuous fly-wheel, in which there is no velocity of matter in the kine¬ 
matical sense, although a dynamical velocity is indicated by its gyrostatic <■ 
propertiesf. The connection with the ordinary kinematical velocity? which 
determines the direction of the world-line of jj. particle in- four dimensions, is 
follow<*d put in § 56. t t , 

Contracting (54 3) by setting v — p, and remembering that g* = 4, we have 

G .-= HttT ..*.(54-4), 

so that 1m Equivalent form of (54‘3) js « • 

G;=-H7T(r;-y;T)...: .(54-5> 

When there is no material energy-tensor this gives 

g; = o, 

which is equivalent to Einstein’s law (?*„ = 0 for empty space. 

According to the new point of view Einstein’s law ^f gravitation does not 
impose any limitation on the basal structure of the worlcl. ' (r„„ may vanish or 
it may net. If it vanishes we say that space is empty; if it does nob vanish 
we say that momentum or energy is jpresent; and our practical test whether 
space is' occupied pr not—whether momentum and energy exist there—is the 
test whether exists or not£. 

Moreover it is not an accident that it should be this particular tensor 
which is capable of being recognised by us. It is because its divergence 
vanishes—because it satisfies the law of conservation—that it fulfils Ihe 
primary condition for being recognised a^,substantial. If we are to surround 
ourselves with a perceptual world at all, we must recognise as substance that 
which has some element of permanence. We’may not be able to explain how 
the mind recognises as substantial the world-tensor G^ —bg^G, but we ( can 
see that it could not>well recognise anything simpler. There are do doubt 

* For a complete theAry it would be necessary to show that matter as now defined has a 
tendency to aggregate into atoms leaving largo tracts o( the world vacant. The relativity theory 
has not yet succeeded in finding any clue to the phenomenon of atomicity. * 

t Space, Time and Gravitation, p. 194; 1 1 

t We are dealing at present with mechanics only, so that we can scarcely disouss the part 
played by electromagnetic fields (light) in conveying to us the impression that space is occupied 
by something. But it may be noticed that the e.-pcial test is mechanical. A real image has the 
Optical properties but not the mechanioal properties of a solid body. 
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minds which have not this predispositio^i to regard as substantial the things 
which are permanent; but we shut them up in lunatic asylums. 

The invariant T == g H , T 1 * ’ ‘ f 

. dx, 

* ' =Po, 

since g y ,dx y dx, — ds*. - m 

Thus 0 = HTrT=Svp 0 ...(54'G). 

, Einstein‘and de Sitter obtain a naturally curved world by taking instead 
of (54‘^ 

‘ . . <K-ty{Q- 2\) = - 8 irr; . t .(54'71). 

where \ is a constant. Sirfce the (Jivergcnce of g y or of g*' vanishos, the 
divergeflee of this more general form will also vanish, and the laws of.conser- 
vation of mass and mdmentunq are still satisfied identically. Contracting 
(94-71), we have • 

. *• G-4x.= 87 rl'= 8 wp 0 .*(5l-72). 

, • • * 

For empty space G = 4\, and T" y = 0; and thus the equation reduces to 

o:=\g;, 

or G yv = Xg^, 

as in (37'4). 

When account is ^tajfen of the stresses in continuous matter, or of the 
molecular motions In discontinuous matter, the proper-density of tho matter 
requires father careful definition. There are at lenst three possible definitions 
which can be justified; and we shall denote the* corresponding quantities by 
P<)) P'*' > pi*Ai 1 * * 

( 1 ) We define ^> 0 —T. # • • 

By reference to (54'6) it will be seen**tlmt this represents the sum of the 
densities of the particles with different motions, each particle being referred 
to axes with respdbt to which it is itself at rest. 

(2) We can sum the densities ff>r the different particles referring them 

all to axes which are at rest in the matter as a whole. The result is denoted 
by p,„. Accordingly • , 

* * .poo = T u referred to axes at rest in the irihtte* as a whole. 

(3) If a perfect fluid is referred to axe. 1 * with respect to which it is at rest,* 
the stresses p xx , p yy , p u are each equal to the hydrostatic pressure p. The 
energy-tensor (53 5) accordingly becomes 

'• • p . 0 o. q . 

0 p 0 0 , 

0 Op 0 • 

0 0 0 poo 
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Writing p*- p<m-»P> the pressure-terWs give a tensor —<p’p. Accordingly 
we have the tensor equation applicable to any coordinate-system 


V 


Tr 


d&n dx. 


( 54 - 81 ). 


Thus if the energy-tensor is analysed into two terms depending respectively 
on two invariants specifying the state of the fluid, We must take these in¬ 
variant to be p and p m . 

The three quantities are related by ' >’ 

' Po — Pu>~~ 3p — pom~ 4>p .;..( 54 ' 82 ). 

If a fluid is incompressible, i.e. if the closeness of packing of the particles 
is independent of p, the condition must be that p„ is constant*. Incompressi¬ 
bility is concerned with constancy not of mass-density but of particle-density, 
so that po account should be taken of increases of mass of the particles due 

to motion relative to the centre of mass of the matter as a whole. 

« 

For a liquid of solid the stress' does not arise entirely from molecular.-' 
motions, but is due mainly to direct repulsive forces between the molecules held 
in proximity. These stresses must, of course, be included in the energy-tensor 
(which would otherwise not be conserved) just as the gaseous pressure is 
• included. It will be shown later that if these repulsit e forces are Maxwellian 
electrical forces they contribute nothing to p 0 , so that p 0 arises entirely from 
the molecules individually (probably from the electrons individually) and is 
independent of the circumstances of packing. , v 

Since p„ is the most useful of the three quantities in theoretical investiga¬ 
tions w<? shall in future call it the proper-density (or invariant 'density) 
without qualification. , 

55. The force. 

By (51-2) the equation (T*), = 0 becomes 

«} T: .(55 I'). 

Let us choose coordinates so'that <7 = 1; tllen 


ox. 


r:=[pv, a}T :.( 55 - 2 ). 


In most applications tfie velocity of. the matter is extremely samll com¬ 
pared with the velocity of light, s6 that on.the right of this.equation T\ = p is 
much larger than the other components of jP*. As a first approximation we 
neglect the other components, so that ' , 

.' ..(® 3 ). 

o 

„ * Man; writers seem to have defined incosqpressibility by, the condition poo =constant. This 
-is sorely a most misleading definition. 
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This will agree with classical mechanics (53*92) if « 

-X, -Y, -Z- {14, 4), {24, 4}, {84, 4}.(56*4). 

The 3-index symbols can thus be interpreted as components *of the field 
of force. The three quoted are the leading components which act proportion¬ 
ately to the mass or energy; the others, neglected in Newtonian mechanics, 
are evoked by the momenta and stresses which form the remaining com¬ 
ponents of the cnefgy-tensoiT . _ 

The limitation V — g = 1 is not essential if we take account of the con¬ 
fusion of tansor-densitieb with tensors referred to at the end of § 49. It will 
* be remembered that thq force ( X, Y, Z) occurs bociui.se we attribute to our 
mesh-System an abstract Galilean geometry which is not the natural geo¬ 
metry. Either inadvertently or deliberately, we place ourselves in*the position 
of an observer who has mistaken his’non-Galilean mesh-system for rectangular 
coordinates and time. m We therefore mistake the unit mesh for this unit of 
•jiatural volume, and the density of tlu> energy-tensor 2 * reckoned per unit 
mesh is misttlken for the energy-tensor,itself reckoned per ,ttiit* natural 
vokuTie. For this rcasftn the conservation of the supposed energy-tensor 
should be expressed analytically by ?% v Jdx, = 0 ; and when a field of force 
intervenes the equations of classical hydrodynamics should be written . 

~ T %; = Z\(-X, -Y, -Z, 0) .(55*51), • 


the supposed densit^/wbeing really the “density-density” p'/ — g or T«*. 
Since (55*1) is equivalent to 

l 2;=U". «5 ** .,.‘.(55*52), 

Od' v ft 

* - . 

the result (55'4) follows irrespective of the value of v — g. 

The alternative formula (51 at) may be used to calculate* T” , giving * 

.(55*6). 

Retaining on the right only £ 14 , wushav# by comparison "with (55*51) 

X, Y, Z= (55*7). 




1 1 ty{u _ 1 tyu 

2 dx,’ ,2 9 y ’ 2 Hz . 

« • It ljigfit seom preferable to avoid this confusiop by ifhmcdiately identifying the energy, 
momentum and stress with the components of 1*’, instead of adopting the roundabout procedure 
of identifying them'with T" and noting that in practice is inadvertently substituted. The 
inconvenience is that we do not always attribute abstract Galilean geometry to our coordinate- 
system. For example, if polar coordinates are used, there is no tendency to confuse the mesh 
drd$d<p with the ifatusal volume in 8drdO dip ; in suc^i a caup it is much more convenient to 
take as the measure of the density of energy, momentum and stress. It Is when by our 
attitude of mind we attribute abstract Galilean geometry to coordinates whose natural geometry 
is* not accurately Galilean, that Jhe automatic^ substitution ,of I* for the quantity intended to 
represent T* occurs. * 
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Hence, for a static coordinate-system * 

l -Mf+Kfr + M,-- lC£ d *?-gf d !' + 17 d ‘) 

~ i d{/441 

so that X, F, F are derivable from a potential 

H<* — \g u + const. c 

Choosiflg the constant so that g u => l when fi = 0 . o 

<^=1-212. . .....(55-8). 

Special cases of this result will be found in (15’4) and (38 - 8), fl being the 
potential of the centrifugal force and of the Newtonian gravitational force 
respectively! 

Lef us now briefly review the principal steps in our'new derivation of the 
laws of mechanics and gravitation. We concentrate attention on the world- 
tensor 7 1 ' defined by .. • 


The question arises how this tensor would be recognised in .nature—what 
.names has the practical observer given to its components? We suppose 
tentatively that when Galilean or natural coordinates are used T\ is recognised 
as the amount of mass or energy per unit volume, T\, T* as the negative 
momentum per unit volume, and the remaining components contain the 
stresses according to the detailed specifications in (53’91).' This can only be 
tested by'examining whether'the components of 2 '* do actually obey the laws 
which mass, momentum' and stress are known by observation to obey. For 
natural coordinates the empirical laws are expressed by dT v Jdjr,— 0, which is 
satisfied because our tensor from its definition has been proved to satisfy 
(2'£), = 0 identically. When the coordinates are uot natural, the identity 
2 ’*„ = 0 gives the more general law 1 > 


i (>■ v 1 ii// aB 

dx\ 2 a'/ V 




We attribute an abstract Galilean geometry to these coordinates, and 
should accordingly identify, the components of as before, just as though 
the coordinates were Natural; but owing to the resulting confusion*of unit 
mesh with unit natural volume, the tensor-densities Z*, Z*~ I 3 , T* will now 
be taken to represent the negative momentum and energy per unit volume. 

In accordance with the definition of force as rate'of changepof momentum, 
the quantity on the right will be recognised as the (negative) body-force 
acting on unit volume,* the three components of the force being given by 
1, 2, 3. When the velocity of the patter is very small compared with the 
velocity of light as in most ordinary problems, we need only consider on the 
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right the component X u or p; and the force is then due te a field of accelera¬ 
tion of the usual type with components ~^?gjdx^, — ^dg u !dx t , — \dgjdx 2 . 
The potential fl of the field of acceleration is thus connected - wilh g u by the 
relation g„- 1 -2Q. When this approximation' is not sufficient there is no 
simple field of acceleration; the acceleration of the matter depends not only 
on it^ position but also on its velocity and even on its state of stress. 
Einstein’s law of gravitationribr empty spice = 0 follows at once from the 
above identification of T 


56. Dynamics of a particle. 

An isolated particle » a narrow tube in four dimensions containing a non¬ 
zero" eriergy-tensor_ and surrounded by a region where the energy-tenser is 
zero. The tube is th« # world-line or track of-the particle in space-time* 

The momentum and mass of the*particle are obtained by intogratirtg T* 
over a three-dimensiontil volume; if the result is written in the form 


• -Hu, —Mv, — Mw, M, ' 

• # . 

tltenjlf is the mass (relative to the coin'dinate system), and ( u, v, w) is the 
dynamical velocity of the particle, i.e. the ratio of the momenta to the mass. 

. The hinematical velocity of the particle is given by the direction of the 

tube in four dimensions, viz. along the tube. For completely 

continuous matter there is no division of the energy-tensor into tubes and the 
notion of k i nemavelocity does not arise. 

It does not seem to bfc possible to deduce without special assumptions that 
the dynamical velocity of a particle is equal to the kinematkia] velocity. The 
law of conservation merely shows that (Mu, Mv, Mw, H) is constant along the 
tube when no field of force is acting; ft does not show tfiat the direction of 
this vector is the direction of the iube. . . ‘ • 

I think there is no dwibt that ia 'halnire the dynamical and kinematical 
velocities are the same; but the reason for this must be sought in the sym¬ 


metrical properties of the ultimate particles of matter. If we assume as in 
§ 38 that the particle is the nucleuS of Asymmetrical field, the result becomes 
obvious. A symmetrical partied which is kinematically.at rest cannot have 
any momentum since there is no preferential direction in which the momentum 
Spilid point; in that case the tube is along tjie t-itxis, and so also is the vector 
(0, 0, 0, M). It is not necessary to assiyne complete spherical symmetry; 
three perpendicular planes of symmetry would suffice. The ultimate particle 
may for example have the symrtietry of an anchor-ring. 

It might perhaps be'considered sufficient to punt out that a “particle” in 
practieal dynamics’ always cilhsists of a large *numl>er of ultimate particles or 
atoms, so that the symmetry may be merely a coftsequenco of haphazard 
averages. But we shall find in § 80, tlv*t the sdipe difficult^ occurs in under¬ 
standing how an electrical field affects the direction of the world-line of & 
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charged particle, and the two problems seem to be precisely analogous. In 
the electrical problem the motions of the ultimate particles (electrons) have 
teen experimented on individually, and there has been no opportunity of 
introducing the symmetry by averaging. I think therefore that the symmetry 
exists in each particle independently. 

It seems necessary to suppose that it is an essential condition for the 
existence of an actual particle that it should be- the nucleus of a symmetrical 
field, and its world-line must be so directed and curved-as to assure this 
symmetry. A satisfactory explanation of this property will be reached in § 66 . 

With this understanding we may use the equation (531), involving kine- 
rnatical velocity, 

.••••'•.< 561 >- 

in place' of (-53-4), involving dynamical velocity. From the identity Tt" = 0, we 
have by (5141) 

^ ~ 9) { av ’ lA T°'"J -g .(56-2). 

Integrate this through a very small four-dimensional volume. The left-hand 
( side can be integrated once, giving 

jjIT^W — g dx^dx 3 dx i + JjjT* 1 V — g dx,dx 3 dx t ■+.. 

= “///IK T °" ■ •S-gdr .(56'3). 

Suppose that in this volume there is only a single particle, so that the 
energy-tensor vanishes everywhere except in a narrow tube. By (56'1) the 
quadruple integral becomes 


-////k m) 


dx a dx „ 


, dx a dx0 


ds ds P° V -V dT ~ - is if mrfs - (56 ' 4) ' 


since p a V - g dr = p„dW. ds = dm . ds, where dm is the proper-mass. 

On the left the triple integrals vanish*except at the two points where the 
world-line intersects the boundary of the region. For convenience we draw 
the boundary near these two points in the planes dx, = 0, so that only the first 
of the four integrals survives. The left-hand side of (56 3) becomes *’ . 


Jffpo^ 9 d l fa 8x*dx s dx t 


.(56-51), 


the bracket denoting the difference at the two ends of the world-line. 

The geometrical volume of the oblique cylinder cut off from the tube by 
sections <ix^dx i dx i at a distance apart ds measured along the tube is 

. dx, 







DYNAMICS OF A PARTICLE 


Multiplying by p, V -g we get the amount of p„ contained*, which is 
dmds. Hence (56'51) reduces to 

•[-£]• • '' 

The difference at the two limits is * 


; (m da .(5-OM52), 


where ds is pow the length of track between the two limits as in (5G4), 
By (56'4) and (56‘52) the equation reduces to > 


(l ( dx.) , Q , d.r a dj't 


..\..(5GG): 


Provided that m is constant this gives the equations of a geydesie (28'5), 
showing that the track of an isolated particle is a geodesic. The constancy of 
1 % can be proved formally as fellows — 

• From (56 0)* . *. 

* dx. d / da:A r _ , dx. dr. dx fi 

• ds ■ ds V" ds ) = - m [a/3 ' " ] ds ds d7 


= — i 111 - 

= - 4 id- 


, dg.. dj:fi dx. dx. 
dxft ds ds ds 

, dg.y da-. dx. 
ds ’ ds ds 

, dg.l dx. dx. 
ds ds •ds ' 


Adding the same equation with •j. and v interchanged 
dx. d /* dx.\ _ dx. d /. dx .\ i 

ds -</,r ds)*^- ia -dj'd,A' n \h) +m - 


dx. dg.. 
ds ’ ds 


ds\^- m 'ds'i 


dx.) 

"ds)** 0 ' 


By (22'1) this gives di/djds — 0. ‘Accordingly the invariant mass of an isolated 
particle remains constant. * ’ 

- l’he present proof <loes not add very much to the Nrgument in § 17 that 
the particle follows a geodesic because that is the only track which is abso¬ 
lutely defined. Here we postulate symmetrical properties for the particle 
(referred to proper-coordipates); this has the effect that there is no means of 
fixing a direction jn which it could deviate # from,a geodesic. For further 
enlightenment we must wait until Chapter V. 

f The amount of density in a f four-dimensignal volume fa, of course, not the mass but a 
quantity of dimensions mass x time. * 
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67. Equality of gravitational and Inertial mass. Gravitational 
waves. 

The tefrm gravitational, mass can be usyd in two senses; it may refer to 

(a) the response of a particle to a gravitational field of force, or (6) to its 
power of producing a gravitational figld of force. In the sense (a) its identity 
with inertial mass is axiomatic in our theory, the'separation of the .field of 
force Jrom the inertial field being dependent on our‘arbitrary choice of 
an abstract geometry. We accordingly use the term exclusively in the sense 

(b) , and we have shown in §§ 38, 39 that the constant of integration m repre¬ 
sents the gravitational mass. But in the present discussion the p 0 which . 
occurs in the tensor T refers to inertial mass defined by the conservation of 
enfcrgy and - momentum. The connection is made via equation (54r3), where 

.on the left the mass appears in terms, of i'.e. in terms of its power of 
exerting (or .being accompanied by) a gravitational field; and on the right it 
appears in the energy-tensor which comprises p 0 according to (531). But it 
will be-remembered that the factor Hit in (54'3) was chosen arbitrarily, and 
this must now be justified*. This coefficient of proportionality corresponds to 
the Newtonian constant of gravitation. 

The proportionality of gravitational and inertial mass, and the “constant 
of gravitation ” which connects them, are conceptions belonging to the ap¬ 
proximate Newtonian scheme, and therefore presuppose that the gravitational 
fields are so weak that the equations can be treated as linear. For more 
intense fields the Newtonian terminology becomes ; n.biguous, and it is idle 
to inquire whether the constant of gravitation really remains constant when 
the mass is enormously great. Accordingly we here discuss only the limiting 
case of-very weak fields 1 , and set 

a 

g = + .(57T), 

where 8 M „ represents (j aldean values, end /i M „ will be a small quantity of the 
first order whose square is neglected. The derivatives of the g^, will be small 
quantities of the first order. 

We have, collect to the first ordyr, 


, d*g~p 


=* “ i ( f ? + 




Sty, 


"dx v 0 X n 5i2' 

by (34 o). 

We shall try to satisfy this by .breaking it up into two equations 


rj •••(57*2) 




&g.»_ 

dx^dx,,' 


.(57-31) 


and 


. (57 ' 32> ' 


It has been justified in § 46, rhich has a otyse connection with the present paragraph ; but 
the argument is now proceeding in the reverse direction. 
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The seoond equation becomes, correct to the first order* 

0 = 8 * ( ?-%- - 

Var^ar,, ox ¥ ox p dauox m f 

d»h d*f£ dX 


where 




K- 


d% 

dx^dx’ 


: «*»/.- 


dander- a ' 

• h“ e » 


This is.satisfied" if 


dh; 

dx. 


1 dh 

2 0.r M 


or 


37 % ('C-4W = 0....(57-4).. 


The other equation'«(57'3l) may b% written . 

on 2 ^s> 

shoeing that G>*is a small quantity of the first order, Henco 

□*(*;- *w-\gW) 

. # . =-167rT‘ .(57-5). 

This “equation of wave^notion” can be integrated. Since we are dealing 
with small quantities of the first order, the effect of the deviations from 
Galilean geometry will ^nly affect the results to the second order; accordingly 
the well-known sol irttfin 1 ^ may be used, yiz. 

k - m - 1~ .:.( 57 - 6 ), 

the integral being taken over each element of space-volume* <2K' at a coordi¬ 
nate distance r from the point considered and at a timp t — r, i.e. at ft tinu* 
such that waves propagated from (ZF'»\Vithf unit velocity can reach the point 
at tfye time considered. • 

If we calculate from (57 6) the value of 

*0 


dx. 


(/c-iW, 


the operator d/dx a indicates a displacement in space and time of the point 
considered involving a change of /, VVe may, however, ktyip r' constant on the 
right-hand side and displace to tfie same extdht the element dV' where ( T£)'. is 
calculated. Thus . • • 

But by (55 2) dT a Jdx a is of the second order of small quantities, so that # to our 
approximation (57 - 4) is satisfied. 


* Rayleigh, Theory of Sound, vol. n, p. 104, equation (3). # 
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I • 

The result is t/fa t O^v =* (577) 

satisfies the gravitational equations correctly to the first order, because both 
the equations into which we have divided («57'2) then become satisfied. Of 
course there may be other solutions of*(57 2), which do not satisfy (57 31) and 
(57'32) separately. • 

For a static field (57-7) reduces to 

*■" — = 2G>„ 

= -l b,y(54'5). 

Also for matter at rest 7’=* T u = p (the inertial density) and the other com¬ 
ponents of i\ v vanish; thus ‘ „ 

* V s (/i„, h a , /f 44 ) = 8ir/3<l, 1. 1, 1).’ 

For h, single particle the solution of thi& equation is well known to be 

Hence by (57T) the complete expression for the interval is , • 

(is- = — ^ l + (dx a + dy- + dz-) + ^1 — dP .(57 8), 

agreeing with (46'15). But m as hero introduced is the inertial mass and not 
merely a constant of integration. We have shown in §§ 38, 39 that the m in 
(46'15) is the gravitational mass reckoned with constant of gravitation unity. 
Hence we see that inertial mass and gravitational mats are equal and ex¬ 
pressed in the same units, when the constant of proportionality between the 
world-tensor and the physicai-tcnsor is chosen to be 8-n- as in (54 3). 

In empty space (57'7) becomes ■ 

showing that the deviations of the gi-avitational*' potentials are propagated 
as waves with unit velocity, i.e. the velocity of light (§ 30). But it must be 
remembered that this representation of the propagation, though always per¬ 
missible, is not unique. In replacing*(57'£) by (57 31) and (57'32), we introduce 
a restriction which amounts to choosing a special coordinate-system. Other 
solutions of (57 2) are possible,'corresponding to other coordinate-systems. 
All the coordinate-systems differ from Galilean coordinates by small,nuanVit'cs 
of .the first order. The potentiate g„ v pertain not only to the gravitational 
influence which has* objective reality, but algo to the coordinate-system which 
we select arbitrarily. We can “ propagate ” coordinate-changes with the 
speed of thought, and thpse may be mixed up at will with the more dilatory 
propagation discussed above. Tliere does not seem to be any way of distin¬ 
guishing a physical and a conventional part in the changes of the g h ,. 
t • The statement that in the relativity theory,gravitational waves are pro¬ 
pagated with tl\e speed of light has, I believe, been based entirely on the 
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foregoing investigation; but it will be seen that it is oitly true in a very 
conventional sense. If coordinates are chosen so as to satisfy a certain con¬ 
dition which has no very clear geometrical importance, the speed! is that of 
light; if the coordinates are slightly different the speed is altogether different 
from that of light. The result stands or falls by the choice of coordinates and, 
so far a£ can be judged; the coordinates here used were purposely introduced 
in order to obtain »the simplification which results from representing the 
propagatiop as occurring with the speed of light. The argument thus follows 
a vicious circle. » 

Must we then conclude that the speed of propagation of gravitation is 
necessarily a conventional‘conception without absolute meaning ? I think not. 
The speed of. gravitation is quife definite; only the problem of determining 
it does not seem to have yet* been tackled correctly. To obtain a speed inde- . 
pendent'of the coordinate-system chosen, wo must consider the propagation 
not of a world-tensor but of a world-invariant. The simplest world-invariant 
fi ft this purpose is B] irv B^" r , sifice G and G^G*’ vanish in empty spaew It is 
scarcely possible to treat of the propagation of an isolated pulse of gravita¬ 
tional influence, because there seems to be no way of starting a sudden pulse 
without calling' in supernatural agencies which violate the equations of . 
mechanics. We may consider the regular train of waves caused by the earth 
in its motion round the sun. At a distant point in the ecliptic A* B,’"' will 
vary with an annual periodicity; if it has a maximum or minimum value at 
the instant when thoearfh is seen to transit the sun, the inference is that the 
wave of disturbance has travelled to us at the same speed as the light. (It 
may perhaps be objected that there is no proof that the disturbance has been 
propagated from the earth; it might be a stationary wi\vo pennaffently 
located round the sun which is as much the cause jis the effect of the earth’s 
annual motion. I do. not think the objection- is valid, but it requires examina¬ 
tion.) There does not seem'io be any g?avy difficulty in treating this problem; 
and it deserves investigation. *' 

• • . • ‘ * 

58. Lagranglan form of the gravitational equations. 

The Lagrangian function 8 is defined ■by 
• * * 

• 8 V — </ <{^a, {(' 0 , a) - «) {«£.‘/9}).(581), 

• • _ * 

which forms part of the expression for @ (= </'*■'G>,, v — <f). For any small 

variation of 8 

§£ = i na, 0\ & (</“■ V -g {i>/3,-«}) + [vfi,yx\ 8(^“’ V-gr (m«, £)) 

~{pv, a]S(<T‘ -J-Ij {a/8, /3j)- {a&, /3j 8 Va}) * 

— ( (m«» @\ {"A «) - [p v ' «i l«A £1) s ($r ¥ ’J-ff)---, .(58-2). 

9 — 2 * 






--*{,**«} 8 (V-jr.|0 ..,...(58-31). 

c 

The second term reduces to the same. 

* The third term becomes by (35'4) 

* »' .. -|^,ajfi(^V^) .(58-32). 

In the fourth term we have 

9^ ^- V iM", «} = - Or" *f r g), 


by (51 - 41), since the divergence of g*" vanishes. Hence with some alterations 
of dummy suffixes, the fourth term becomes 

• W' $ ^ 3 (i {<r VZ ^ ) ) . (58 ' 33) - 

Substituting these values in (58-2), we have v *' 

t S2 = [- [fw, a) + gl [v&, £j] 8 (g»* V - g)j 

-({/*«, &} m «} [«/3, 0}]Z(r' V^)...(58-4). 


" We write if 1 ' - "= ^ - 9) .(58-45). 

t 

Then when £ is expressed as a function ,of the and gj", (58 4) gives 
3P , 

‘ = - Km®. £j J"A 1*1 - {m*>. «} («A /3!J .(58-51), 

'^= + {■&£)] .(58-52). 


Comparing with“(37-2) we have 


0 


.(58f>). 


This form resembles that of Lagrange’s equatidns in dynamics. Regarding 
g*” as a coordinate q, and as' a four-dimensional time t, so that g*' is a velocity 
q\ the gravitational equations Q„, = 0 correspond to the well-known form 


^ 3S._3j| 
dt 3 q’ 3 q 
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The two following formulae express important properties»of the Lagrangian 
function: 

d,r 

09 




-« .•'..( 58 - 71 ), 




29 .(58-72). 


The first is obvious from (58-91). To prove the second, we have 

97 =0— (<r: ^ = ^9 0 £* r + <r J-'g i«.*} 


= V - (/ [,- (ea, (li] f/*- - {ea, H f/* 1 ' + (ae.’ej rf->] 
by (3t)-y) since the covariant derivative of <f- v vanishes. 

Hence by (58 - 52) • * 

• _ ** * # 

a} [ea, /x} <7 *' + (mk, a) [ea, »<] y<* - {/*", «} {«. 

• - {v0, 0}■(/„ |ea, /xj* 7 '' - {v/S, <7* {ea, i') y"* + {v0, 0} y“ (a^ e} 

wlAch.by change of dummy suffixes Jbocofnes 

= ^ - 9 [{0v ,«) !m«. $i gr + \n0, “l i"«. 0} <f* - Sm". «i M> / 3 J <r 

- l»A fil }/*«» «) ~ {«£> £) !*'/*< a) <f* + [v0, 0} |/xe, e) g»*] . 

= 29 by (581). * 

The equations (58'71) and (.>8'72) show that the Lagrangian function is a 
homogeneous functional*degree —1 in the “coordinates” and of degree 2 in 
the “ velocities.” % 

We <5m derive a useful expression for W • , 





(58-8) 




by (58-71) and (58 72). 

It will be seen that (@ + 9) has the form of a divergence (51 12); but the 
which it is the divergence is not a vcctfor-donsity, nor is 9 a scalar- 
density. • • • 

• We shall derive another formula which will be ngedcjl in § 59, 

d (jT \ r ^ g) = V - <7 (d<r + g*' • i <7** dg^) by (35-3). 

Hence, using (3S'2), , . , . • 

G hV d (y** V- g )» V -y (- G* v dg„ +Jt Qg^dg^) 

. * # = — ((?•*' — iy^'Cr) ^ - g • dg^ 

= 87r X^dg^y .(5891). • 
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Accordingly 


• ox. 


■■ 


-c( 3 88 
- 8 f 

dxt, \ 


dtf/ 

32'' 


32 ) 

'a tr; 

3 


32 


faf a ‘09! 


- a M ‘ 

0 Ua 


32 


.(58-92). 


Now 


and since 


32 

dx. 


32 0 fl!r 


32 d#" , _ 

dx. dflp dx* ’ 

d*#" _ 5flr 

dx a dx a c>xp dxp ’ 


3 flS' 


we set that (58 02) reduces to ' 

* «. o <t 3om„ 3 / 32 \ 31 

7r?M ar„" ~ 3 ^ ( fl *' 3 cc)" a; 


32 

■i'a 


3 

3.</) 




.(58-93). 


59. Pseudo-energy-tensor of the gravitational field. 

« 

The formal expression of the conservation of the material energy and 
momentum is contained in the equations 


^=0 


(59 1), 


or, if we' name the coordinates x, y, z, t, 


0.' <r 1 + T a + - T » 4- ^J-4-0 

3a- + 3y' M ' + 3z' S '‘ + 3r M ~ 


Multiply by dxdydz -and integrate through a given three-.dimensional region. 
The last term is ' * 

ISW^^dxdydz. 

' 4 • * ( p • 

The other three terms yield surface-integrals over the boundary of the region. 
Thus the law (59T) states that the rate of change of fff'S/dxdydz is equal to 
certain terms which describe something going on at the boundary of the region. 
In other words, changes of this'integral cannot be created in the interior* of 
‘ the region, but aro always traceable to transmission across the boundary. This 
is clearly what is meant by conservation of f.he integral. 

This equation (59-1) applies only in the sped a 1 case when the coordinates 
are such that there is no field of force. We have generalised i£ by substituting 
the corresponding tensor equation = 0; but this is no longer a formal ex¬ 
pression of the conservation of. anything. It is of interest to compare the 
traditional metfiod of generalising >(,591) in wjhich formal conservation is 
adhered to. 
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• I 


In classical mechanics the law of conservation is restored by recognising 
another form of energy—potential energy—which is not included in X'. This 
is supposed to be stored up in the gravitational field; and siihilarly the mo¬ 
mentum and stress components may have their invisible complements in the 
gravitational field. We have therefore to^add to X* a complementary expression 
t* denoting potential energy, momentum and stress; and conservation is only 
asserted for the sum. If • 




•(W-2), 


then (591) js generalised in the form 



Accordingly the difference between the relativity treatment anil the 
classical treatment is as follows. In* both theories it is recognised .that in 
certain cases 3* is conserved, but that in the general case this conservation 
breaks down. The relativity theory treats the general case by discovering a 
more exact formulation of what happens to X£ when it is not strictly con¬ 
served, viz. XJi K =0. The classical theory treats it by introducing a supplementary 
energy, so that conservation is still maintained but for a different quantity, 
viz* 0= 0. The rejativity treatment adheres to the physical quantity and • 
modifies the law; the classical treatment adheres to the law and modifies the 
physical quantity. Of course, both methods should be expressible by equivalent 
formulae ; and we hav^ in our previous work spoken of X*„™ 0 as the law of 
conservation of en«Cgy and momentum, because, although it is not formally 
a law o£ conservation, it expresses exactly the, phenomena which, classical 
mechanics attributes to conservation. . 

The relativity treatment has enabled us to discover thp exact equations, 
and wc may now apply these to obtain the corresponding exact expression for 
the quantity introduced in the‘classical treatment. • 

It is clear that aniTtherefore ^ cannot be tensor-densities, because tjl 
vanishes when natural coordinates are used at a point, and would therefore 
always vanish if it were a temvir-dei^ity.. We call tjl the psetftlo-tensor-density 

of potential energy. * 

• * 

The explicit value of t* must be calculated from the condition (59’3), or 


’ Hence 


at; = _ax;. . * *. 

8x r • Tlx, • 

= by(oo-G)* 

_fc 8 1 

1 (>7r <kr„ j 

• . 


by (58-93). 
.(59*4)c . 
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* C 

This may remind ns of the Hamiltonian integral of energy 


, .. -k-L-X<% 

in general dynamics. ' • . 

We can form a pseudo-scalar-density by contraction of (59’4) 


= 2? by (58-72). 

Thus we obtain the interesting comparison with , (54 - 4) 

= HttI 

© = 87 rX’ . 


,f59s6). 


It 1 should be understood that in t.his scctibn we have been occupied 
with the transition between the old and new points of view. The quantity 
represents the potential energy of classical mechanics', but we do not ourselves 
recognise it as an’energy of any kind. It is nut a tensor-density, and it ca'n 
be made to vanish at any point by‘suitably choosing the coordinates; wtv do 
not associate it with any absolute feature of world-structure. In fact finite 
values of t* can be produced in an empty world containing no gravitating 
matter merely by choice of coordinates The tensor-density comprises all 
the energy which we recognise ; and we call it gravitational or material energy 
indiscriminately according as it is expressed in terms of g hy or p„, u, v, w. 

This difference between the classical and the irk.tivity view of energy 
recalls the remarks on the definition of physical quantities made in the Intro¬ 
duction.' As so»vn as the principle of conservation of energy was grasped, the 
physicist practically made it his definition of energy, so that energy was that 
something which obeyed the law of Conservation. He followed the practice of 
the pure mathematician, defining energy,by the properties he wished it to 
have, instead of descri b ing how he had-ipeasured it. .This procedure has turned 
out to be rather unlucky in the light of the new developments. It is true that 
a quantity 0* can be found which obeys the definition, but.’t is not a tensor 
and is therefore‘ndo a direct measure of an intrinsic condition of the world. 
Rather than saddle ourselves with Ibis quantity, which is not now of primary 
interest, we go back to the more primitive idea of vis viva — generalised, it is 
true, by admitting heat or molecular vis viva but not potential energy., We 
find that this is not iti all cases formally conserved, but it obeys the law that 
its divergence vanishes; and from our new. point of view this is a simpler and 
more significant pro|)erty than strict conservation. 

Integrating over an isolated material body w i ‘may set . 


fJJ Xjdxdydz = — Mu, — Mv, — Mw, M, 
fff ^^dxchydz = - iPu, — M'v ’, r — M'w', M\ 


* 
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• • 

where the latter expression includes the potential energy pnd momentum of 
the body. Changes of M'u, etc. can only occur by transfer from regions out¬ 
side the body by action passing through the boundary; whereas, changes of 
Mu, etc. can be produced by the mutual attractions of the particles of the 
body. It is clear that the kinematical velocity, or direction of the world-line 
of the body, corresponds to u : v: w: 1; the direction of ft' : v': w : 1 can bo varied 
at will by choosing different ooordinate-systeins. 

In empty space the expression for t£ can be simplified. Since (15 = (f, ‘(58 8) 
becomes * 


• * 

Hence 


by (^>8-52). 



• • 



-if. '’l+sr.fc' 



• • 


.r^iou) 


•60. Action. # 

The invariant integral * 


■////* 'J-gd-T .((JOTl) 


represents the action of the matter in a four-dimensional region. 

• By (49-42),. A = Jfjfp 0 dWd^' • . 

= Jfdm'ds .*.((> 012 ), 

where m is the imariant^pass or energy. . 

Jlhus the action of a particle ^avirfg energy m for a proper-time ds is 
equal to rads, agreeing with the definition of action in ordinary mechanics as 
energy multiplied l>y time. By (54‘(i) another form is • * 




G V — y dr. 


-((50-2), 


so.(Tiat (ignoring the numerical factor) G V— g, at 05, Represents the action- 
density of the gravitational field. Note thi^ material aclion and gravitational 
action are alternative aspects of the same thing; theyjire not to be added 
together to give a total action. 

But in stating that tlie^gravitational action and the material action are 
necessarily the same thing, w>! have to bear in blinds very peculiar conception 
which is almost always associated with the term Actiuti. From its firjt intro¬ 
duction, action has always been looked .upon asf something tvhose sole raison 
d’etre is to be varied—and,"moreover, varied in such a way as to defy the law9 
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* 

of nature! We have thus to remember that when a writer begins to talk 
about action, he is probably going to consider impossible conditions of the 
world. (That does not mean that he is talking nonsense—he brings out the 
important features of the possible conditions by comparing them with impossible 
conditions.) Thus we may not always disregard the difference between material 
and gravitational action; it is impossible that there should be any difference, 
but then we are about to discuss impossibilities. c 

We have to bear in mind the two aspects of action in 'this subject. It is 
primarily a physical quantity having a definite numerical value, given in¬ 
differently by (6011) or (602), which is of special importance because it is. 
invariant. But it also denotes a mathematical function of the variables; the 
functional form, which is all important, will differ according to which of the 
two expressions is used. In particular wc have to consider the partial deriva¬ 
tive!!, find these will depend on the variables in terms of which the action is 
expressed. 

TheHainiltoniaii method of variation of an'integral is of great importance 
in this subject; several examples off it will be given presently. I thin,k i't is 
unfortunate that this valuable method is nearly always applied in the form of 
a principle of stationary action. By considering the variation "of the integral 
for small variations of the p MV , or other variables, \ve fibtain a kind of general¬ 
ised differential coefficient which I will call the Hamiltonian derivative. It 


may be possible to construct integrals for which the Hamiltonian derivatives 
vanish, so that the integral has the stationary projViHyo But just as in the 
ordinary differential calculus we are not solely concerned with problems of 
maxima'and minima, and We take some interest in differential coefficients 
which do not vanish ; so Hamiltonian derivatives may be worthy of attention 
even when they disappoint us by failing to vanish. 

c Let us consider the variation of the gravitational action in a region, viz. 

SttSA = sJgV — gdr, 

for arbitrary small yariationq which vanish at and near*' the boundary of 
the region. By (58 8) 

8 fo V--^dT —«/«*+ sjgr (r |.)*■ 

Also since i is a function of and ' , 

' I’**'-lifr-*’+&**■)**. 

and, by partial integration of the second term, ( * 

. [( J*, _ L ii') + f J. (* sr) dT . 

' « v 

w * So that their first deriratives also vanish. 
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By (58 6) the first integrand becomes — G^Scf, so that we*have 

* JG fG„8(rW--g)dr+j'L (f’B (||)) dr...(603). 

The second term can be integrated immediately giving a triple integral over 
the boundary of the four-dimensional region; and it vanishes because all 

variations vanish at the boundary by hypothesis. Hence 

• # 

. 5 Jg dr =. jo^(<r ¥ ^~g) dr .(bV'41) 

I 

- - [((?'“’ - \<r v G) Bg?, \ ! — g dr .((iO‘42) 

by (58-^). 

I call thS coeffici'ent —(Q*’ ^g*" G) th aHamiltflnian derivative of tj with 

respect ^to g^, writing'it symbolically, . ■ 

= _ (O- -1 om- G) = S-rrT^ .. .(6043). 

. . . • 

We see from«(60 - 42) that the action A is only stationary when tW^nergy- 

tenspi* T** vanishes, that* is to say in empty spice. In fact action is only 
stationary whop it docs not exist—and not always then. 

Tt would thus appeaj that the Principle of Stat ionary Action is in general . 
untrue. Nevertheless sotnl! modified statement of the principle appears to 
have considerable significance. In the actual world the space occupied by 
matter (electrons) is extremely small compared with the empty regions. Thus 
the Principle of Stationary Action, although not universally true, expresses a 
very general tendency—a tendency with exceptions*. Our theory .does not 
account for this atomicity of matter; and in thi* stationary variation of action 
we seem to have an indication of a way yf approaching this # difticult pfoblcm, 
although the precise formulation of the law of atomicity is not yet achieved. 
It is suspected that it may involve ap “action” which is capable only 
discontinuous variation. % ' . 

"It is not BU^ested that there Is anything incorrect in the principle of 
least action as used in classical mechanics. Thy break-dywjt occurs when we 
attempt to generalise it for variations of the state of the system beyond those 
hitherto contemplated. Indeed it is obvious that the principle must break 
down if pressed to extreme generality. We may discriminate (a) possible 
stfltes o£^the world, (6) states which although imposstyle are contemplated, 
(a) impossible stages which are not contemplated. Generalisation of the print 
cipie consists in transferring states from class (c) to clasis (6); there must be 
some limit to this, for ot^wise we should find ourselves asserting that the 
equation 8A is. not merely not a possible^ equation but also not even an 

impossible equation. 

* I ao not regard electromagnetio fields as constituting $n exception, ljpcause the? have not 
yet" been taken into account in qpr work. BuWthe action ot matter has iJeen fully included, so 
that the break-down of the principle as applied to matter i9 a definite exception. * 
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01. A property of Invariants. 

Let K be any invariant function of the g M , and their derivatives up to any 
order, so that ' ’ 

t * _ o 

I K V — g dr is an invariant. 

The small variations S (K V — g) can be expressed as a linear sum of terms 
involving B (dg^jdxa), S (dg^/dx^dxp), etc. fey the usual method of partial 
integration employed in the calculus of variations, these can all be reduced to 
terms in Bg^, together with complete differentials. . 

Thus fur variations which vanish at the boundary of the region, we can " 
write <* ■ 


\f-gdr = jp^Bg^ V— gdr .(6T1)> 


where the coefficients, here written P*’, can be evalukted when the analytical 
expression for K is given. The complete differentials yield surface-integra'ia 
over the boundary, so that they d-» not contribute to the variations. >. In 
accordance with our previous notation (00 43), we have 

r ~ ■ .. < 61 ' 2 > 

We take P** 1 ' to be symmetrical in ft and v, since any antisymmetrical part 
‘ would be meaningless owing to the inner multiplication by Sg^. Also since 
Bg^, is an arbitrary tensor P* ¥ must bp a tensor. 

Consider the case in whiph the Bg^ r arise merely from a transformation of 
coordinates. Then (61*1) vanishes, not from any stationary property, but 
because of the it,i variance of K. Tb,o Bg hV are not now arbitrary independent 
variations, so that it does not follow that P'*" vanishes. 

Comparing g„. and + Bg^ by (23’2‘2), since they correspond to a trans¬ 
formation of coordinates, 


0W = (g r i> + 


0(.r a 4 -Bx.) d (a: $ + Bx/,) 


Hence 




dXf, d (Bx a ) 


' , s , d(B*,} d(Bi 

■■ + 9* -g— + <7., s 9 


d ( Bx a ) 


This is a comparison of the fundamental tensor at x « + Bx„ in the new 
coordinate-system with, the value at x. ir the old system. There would be no 
objection to using this value of Sg^~ provided that we took account; of the 
'corresponding B (dr). We prefer, however, to keep dr fixed in the comparison, 
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and must compare the values at x m in both systems. It is therefore necessary 
to subtract the change &r.. dg^jdx, of g^ in the distance &r«; hence 




_ a ■ a 


di r M Ox* 


.(61-3). 


Hence (61T) becomes , 

V^dr- -.]>*'^^($*.) + 9 ~^ <«*.) + «*-)dr 

which, by'partial integration, • 

-/is. <»~ p " V-"}> +57. <3- ,w - P " - ? S.'f S '- ,,T 

= 2 I PaySxa V — g& by(51 - 51) .,\....(61'4). 

• • 

'This has to vapish for all arbTtrary variations &r 0 —deformations of Jjjp mesh- 
system—and accordingly . * • 

* * (PI),- 0.(615). 

•We have thus demonstrated the general theorem— 

The Hamiltonian derivative of any fundamental invariant is a tensor whose 
divergence vanishes. 

The theorem of § 52 is a particular case, since T'* 1 ' is the Hamiltonian 
derivative of G by 46(fli}). 


62.* Alternative energy-tensors. 

We have hitherto identified the ertergy-tensor ‘with fV.mainly 

because the divergence of the latter vanishes, identically; but the theorem 
just proved enablqp us to derive oSher fundamental tensors whose divergent? 
vanishes, so that alternative identdicVlioifs of the energy-tensor would seem 
to4)0 possible. The three simplestd'undamental invariants are 

* K=G, K' = G„G>“, = .(62-1). 

* 6 § 

Hitherto we have taken X\Kj\\g^ to be She energy-tensor; but if 11 K'j ft'/*., 
were substituted, the laws of conservation of energy and momentum would bo 
satisfied, syice the divergence vanishes.* Similarly^ Y\K"/V\g,i, could be used. 

* The-«ondition for empty space is given’by the vanishing of the energy- 
tensor. Hence for the three ‘possible hypotheses, the law of gravitation in 
ertpty space is 

\ 

respectively. 

It is easy to see that the last two tensoip contain "fourth derivatives of the 
g ^; so that if we can lay it down as .an essential condition that the law of 
gravitation in empty space must be expressed by differential equations of thfe 


ft/T ft AT" 


.(62*2) 
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second order, the .only possible energy-tensor is the one hitherto accepted. 
For fourth-order equations the question of the nature of the boundary con¬ 
ditions necessary, to supplement the differential equations would become very 
difficult; but this does not seetn to b<j a conclusive reason for rejecting such 
equations. 

The two alternative tensors are excessively complicated expressions; but 
when applied to determine the field of an isolated partiqle, they become not 
unmanageable. The field, being symmetrical, must be of* the general form 
(38 2), so that we have only to determine the dispqsable coefficients X and v 
both of which must be functions of r only. K' can be calculated “in terras of 
X and v without difficulty from equations (38’6); but the expression for K" 
turns out to be rather simpler and I shall deal with it.. By thp method of 
§ 38, Vo find • 1 c 

St* = }<." /-y = 2e* sin & (X' 2C + v' a ) + 2 ($XV - $ _ $„")» 

+ 2(1 —e^y/r*} .(62-3). 

It is chym that the’ integral of St" will be statibnary for variations from the 
symmetrical condition, so that we .need only consider variations of X ,and v 
and their derivatives with respect to r. Thus the gravitational equations 
= 0 are equivalent to 


Now for a variation df X 


m:=o 

11X ’ 


11 A" 
llv 


= 0 


(62-4). 


>/**-/( 




V*. 


ffdSt d o J c , „ 

‘j [ax _ a7 laxv + fv-UvJj 8xdr + 8urfaee ' intc fe rr ais- 


.(62-5), 


Hence our equations (G2 4) take the Lagrangian form 
* llVf" = cSt" _ 9 ag" •• fr d St" 

’ nx ax a7- av 1 + dr - ax" ^ J 
\\K" = an" _ a sst" ' a 2 air _ 

- , 11^ dt> dr dv + 3/-“ dv" 

From these X and v are to bo determined. 

It can be shown that one exact solution is the same as in § 38, viz. 

(’~ K = e’ = y—l —2m/r .(62’6i. 

For taking the partial derivatives^ of (G2-3), pnd applying (62‘6) after the 
differentiation, 

^ - - W + 4 . 2e* *+« sin 6 = (- 72 ?£+ 16™) sin 0, ' 

~ = 2e 1 <*+'> sin 6 {2«“* x X' + r 3 e~»( J XV v'} 
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dsr 

d\" 

w 

dv 


= 0 , 



sin ft 


^r- = 2«“ A+ ' i sin 6 {2<r»V 
op 


+ 4rV~“ (i fcV - i p ,j - i v") (i X' - |p')j 



40 v + * 


m\ . • 




~ = - 2 f »<*+'> sin 0 .2» 4 e _!X (} JiV - | r' a - *p'') - (l6 ~ - 8 sin ft 

*On substituting these values, (62 - 5) is verified exactly.’ 

Tlie alternative law hK'/hy^ — O is also satisfied by the same solution. 

For * ' . * * / ' 


. V- </) = 0V,8(GW-g)*t- O’**- V-r/SG^, 

• • 


hence the variation of K* — y vanishes wherever = 0. Any field of gravi¬ 
tation agreeing with Einstein’s law will satisfy the alternative law proposed, 
but®not usually ifice versa. • _ 

There are doubtless other symmetrical solutions for the alternative laws 
of gravitation which are not permitted by Einstein’s law, since the differential 
equations are now of thte fourth order and involve two extra boundary con¬ 
ditions either at the particle or at infinity. It may be asked, Why should 
these be excluded in nature ? We can only answer that it may bo for the 
same reason that negotiate mass, doublets, electrons of other than standard 
mass, or other theoretically possible singularities in the world, do not occur; 
the ultimate particle satisfies conditions which are at present.unknown to us. 

It would seem therefore that there ar<i three Admissible laws of gravitation 
(62 2). Each can give precisely the samo gravitational field of the sun, and 
all astronomical phenomena are tjie same whichever law is used.. Smal^ 
differences may ap’pear ijj the cross^tAnqp due to two or more attracting 
bodies; but as was shown in our dispussihn of the lunar theory these are too 
small to be detected by astronomical observation. Each law gives precisely 
the same mechanical phenomena, «inc‘j the eonservatmrf of energy and 
momentum is satisfied. When we ask wlvich of the three is th r > law of the 
actual world, I am not sure that the question has any meaning. The subject 
is vary mystifying, and the following suggestiqjis are put forward very 
tentatively. . ' • 

The energy-tensor has been regarded as giving the definition of mat-tor, 
since it comprises the properties by which matter *is described in physics. 
Our three energy-tensors gl/e us three alternative material worlds; and the 
questiop is which erf the three are we looking at vihen wc contemplate the 
world around us; but if these three material worlds aje each doing the same 
thing (Vithin the limits of observational accuracy) it scenes impossible to 
decide whether we are observing one oV other or All three. ' • 
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To put it another way, an observation involves the relation of the T’ of 
our bodies to the Tl of external objects, or alternatively of the respective 
T* or T"l.- If these are the same relation it t seems meaningless to ask which 
of the three bodies and corresponding worlds the relation is between. After 
all it is the relation which is the reality. In accepting as the energy, 
tensor we are simply choosing the simplest of three pdssible modes of repre¬ 
senting-the observation. * ' 

One cannot but suspect that there is some identical relation between the 
Hamiltonian derivatives of the three fundamental invariants. If this relation 
were discovered it would perhaps clear up a rather^mysterious subject. * 


. 63. Gravitational flux from a particle. J 

Let us consider an empty region of the world, and try to create in it ene 
or more particles of small mass 8m by variations of the within the region. 
By (6012) and (60;2), 

—* 8 Jo v' — g (It = 87rX 8m .ds .(63’1), 


and by (60-42) the left-hand side is zero because the space is initially empty. 
In the actual world particles for which 8m. ds is negative do not exist; hence it 
is impossible to create any particles in an empty region, so long as we adhere 
to the condition that the and their first derivatives must not be varied on 
the boundary. To permit the creation of particles we must give up this 
restriction and accordingly resurrect the term **' 


8 j’oW — g dr=J 


8 

dx a 


»-(#) 


dr. 


•(63-2), 


which was discarded from (603). On performing the first integration, (63 2) 
gives the flux of the normal component of, 

( go \ _>. 

g^J = 9*’ V ~9 8 [ “ {/*"> «! + 91 {"£> /9J].(88-3) 


across the three-dimensional, surface of the region. The close connection of 
this expression with the value of Q in (59'6) should be noticed. 

Take the region in the form of a long tube and create a particle of gravi¬ 
tational mass 8m along its axis. The flux (63 3) is an invariant, since 8n (,. ds 
is invariant, so we mpy choose the special coordinates of § 38 for *tvhich the 
particle is at rest. Take the tube to be of radius r and calculate the flux for 
a length of tube dt -ds. The normal component of (633) is giv§n by a = 1 
and accordingly the flux is 


jyv — <7 S [— [fiv, l} + ^>/3, 0}]ded<pclt 


■■ iirr a ds. 


-g*'8 {mv, I) +p , '3 log V .(63-4), 
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es, 6S 

which by (88 - 5) • 

= 4 irr^ds je~ x 8 (JX') — i S (re~ x ) - r , g ^ n i y & (>' sin* de~ A ) — a~*8 ($«•"■* i>') 


[ -e " A Hr)}. (03 ' 5) - 

Remembering that the variations involve only Sin, this reduces to 

• * ^ • 

• ‘ ^Trr'ds Sy‘ — ~ Sy'j 

= 87 r Sin .ds .(Oil'd). 


We Jjave ignored the ‘flux across the two ends of the tube. It is clear 
that these will counterbalance ojio another. • ^ - 

.This verification of .the general resyilt ((Jill) for the ease of a single .particle , 
gives anbther proof of the identity of gravitational mass with inertial mass. 

We see then that a particle is attended by a certain flux of the quantity 
(08'3) across all surrounding sifrfaces. It is this flux which makes the presence 
of >4 1 passive particle known to us, and Characterises it; in an observational 
sensfi the flux is the particle. So long as the space is empty the flux is the 
samp across all Surrounding surfaces however distant, the radius r of the tube 
having disappeared in the Result; so that in a sense the Newtonian law of 
the inverse square has a direct analogue in Einstein’s theory. 

In general the flux is modified in passing through a region containing 
other particles or contilflhbus matter, since the first term on the right of (OO .'l) 
no longer vanishes. This may be ascribed analytically to the non-linearity of 
the field equations, or physically to the fact that Ihe outflowing infiuenco can 
scarcely exert its action on other matter without'beingnnodified in the process. 
In our verification for the single particle the flux due to Sin was independent 
of the value of in originally present; but this is an exceptional case due te» 
symmetrical conditions wkich cause tilt? integral of V i * v S<i iiv to vanish although 
is not zero. Usually the flux due to Sin will be modified if other matter 
is initially present. 

For an isolated particle mils in 'any region is stationary for variations of 
its track, this condition being equivalent to (5G (»). Hence for this kind of 
variation the action 87 r’tmds 111 a region is stationary. The question arises 
how4;his is too be reconciled with our previous result (§ (JO) that the principle 
of stationary action is untrue fur regions containing matter. The reason is. 
this:—when we give arbitrary variations to the g, A , l the matter in the tube 
will in general cease to be deseribable as a particle, because it has lost the 
symmetry of its^ield*. Tffc/action therefore is only stationary for a special 
kind of.variation in theneighbourhood df .each particle which deforms 

the track without destroying the symmetry of the partiele; it is not stationary 

for unlimited variations of the g^ t . , ' * 

# * * • 
# It will be remembered that in deriving (50 6) we had to assume the symmetry of the particle. 

i A 


•E. 
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The fact that* the variations which cause the failure of the principle of 
stationary action—those which violate the symmetry of the particles—are 
impossible in the actual world is irrelevant Variations of the track of the 
particle are equally impossible, sinc4 in the actual world a particle cannot 
move in any other way than that in.which it does move. The whole point of 
the Principle of Stationary Action is to show the relation of an actual state 
of the,world to slightly varied states which chnnot occur. Thus the break¬ 
down of the principle cannot be excused. But we can see now why it gives 
correct results in ordinary mechanics, which takes the tracks of,the particles 
as the sole quantities to be varied, and disregards the more general variations* 
of the state of the world for which the principle ceases to be true. 

<&4, Retrospect. 

W<* hrfve developed the mathematical theory of a continuum of four 
dimensions in which the points are,connected in pairs by an absolute relation 
called'the interval. In order that this theory bray not be merely an exercise 
in pure mathematics, but may be applicable to the actual world, the quantities 
appearing in the theory must at some point be tied on to the things of 
, experience. In the earlier chapters this was done by identifying the mathe¬ 
matical interval with a quantity which is the resylt of practical measurement 
with scales and clocks. In the present chapter this point of contact of theory 
and experience has passed into the background, and attention has been 
focussed on another opportunity of making the connection. The quantity 
G^ — appearing in the theory is, on account of its property of conserva¬ 
tion, now identified with matter, or rather with the mechanical abstraction 
of miftter which,comprises the measurable properties of mass, momentum and 
stress sufficing for all mechanical phenomena. By making the connection 
'between mathematical theory and the aCuual world at this point, we obtain a 
great lift forward. ' 0 • 

Having now two points of contact 1 with the physical world, it should 
become possible, to construct a complete cycle of reasoning. There is one 
chain of pure deduction passing froln the mathematical interval to the mathe¬ 
matical energy-tensor. The other chain binds the physical manifestations of 
the energy-tensor and the interval ; it passes from matter as now defined by 
the energy-tensor Uothe interval regarded as the result of measurements "made 
• with this matter. The discussion'of this second chain still lies ahead of us. 

If actual matter had no other properties save such as are implied in the 
functional form of 0* — G, it would, I think, b" impossible to make measure¬ 
ments with it. The property which makes it serviceable for measurement is 
discontinuity (not necessarily in the strict sense, but discontinuity from the 
macroscopic standpoint, i.e. atomicity). So far our only attempt to employ 
, the new-found matter for, measuring intervals has been in the study of the 
dynamics of a particle in § 56; we had there to assume that discrete particles 
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exist and further that they have necessarily a symmetry of field; on this 
understanding we have completed the cycle for one of our most important 
test-lsxlies—the moving particlg—the geodesic motion of which is used, espe¬ 
cially in astronomy, for comparing intervals. But the theory of the use of 
matter for the purpose of measuring intervals will be taken up in a more 
general way at the beginning of the next chapter, and it will be soon how 
profoundly the existence of the complete cycle has determined that outlook 
on the world which we express in our formulation of the laws of mechanics. 

It is a feature of our attitude towards nature that we pay great regard to 
that which is permanent; and for the same reason the creation of anything 
in the midst of a region*is signalised by us as more worthy of remark than 
its entry ii> the orthodox tnayncr through the boundary. Thus wlitp we 
consider how an invariant* depends, on the variables used to describe the 
world, we attach more importance to changes which result in creation thau 
to changes which nierefy involve transfer from elsewhere. It is perhaps for 
this reason that thd Hamiltohian derivative of an invariant gives a quantity 
of gr^iter significance for us than, fyr example, the ordinary derivative. The 
Hamiltonian derivative h*vs a creative quality, and thus stands out in our 
mirjds as an active agent working in the passive field of space-time. Unless 
this idiosyncrasy of out' practical outlook is understood, the Hamiltonian 
method with its casting away of boundary integrals appeal's somewhat arti¬ 
ficial; but it is actually the natural method of deriving physical quantities 
prominent in our sur€^y of the world, because it is guided by those prin¬ 
ciples which have determined their prominence. The particular form of the 
Hamiltonian method known as Least Action, in which special search is made 
for Hamiltonian derivatives which vanish, does not appear at present tinndmit 
of any very general application. In any base it.seems better adapted to give 
neat mathematical formulae than to give physical insight; to grasp thm 
equality or identity of two physical quantities is simpler than to ponder over 
the,behaviour of the quantity which is their difference—distinguished though 
it may be by thc*important property of being incapable of existing! 

According to the views reached in this chapter the law of gravitation 
0^ = 0 is not to be regarded as an expression for the natural texture of the 
continuum, which can only be forcibly broken at points where some extraneous 
age.-tt (matter) is inserted. The differentiation of occupied and unoccupied 
space arises from our particu laa out look on the continuum, which, as explained, 
above, is such thkt the Hamiltonirui derivatives of the principal invariant (r 
stand out as active agents against the passive background. It is therefore 
the regions in ■yhich theseAlerivatives vanish which are regarded by us as 
unoccupied; and the law G^)= 0 merely eapibspes *the discrimination made 
by this process. t » , 

. Among the minor points discussed, jve have’considered Ihe speed of pro¬ 
pagation of gravitational ihfluence. ft is presumed that the speed is that* 



148 * 


RETROSPECT 


CH. IV 64 


of light, but this does not appear to have been established rigorously. Any 
absolute influence must be measured by an invariant, particularly the in¬ 
variant JSJ”®*. The propagation of this invariant does not seem to have 
been investigated. ' • 

The ordinary potential energy of a weight raised to a height is not counted 
as energy in our theory and does not appear in our energy-tensor. It is found 
superfluous because the property of our energy-tensor has been formulated 
as a general law which from the absolute point of view is simpler than the 
formal law of conservation. The potential energy and momentum needed 
if the formal law of conservation is preserved is qot a tensor, and must be • 
regarded as a mathematical fiction, not as representing any signifitpntf con- 
ditniK of the world. The pseudo-energy-tensor t* gan be created and destroyed 
•at will by changes of coordinates; and e\$n in a world containing no attracting 
matter (flat’space-time) it does not necessarily varysh. It is therefore im¬ 
possible to regard-it as of a nature homogeneous with the proper energy- 
tensor."* 
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CURVATURE OF SPACE AND TIME 


65. Curvature of a foyr-dimenslonal manifold. 

In th^ general Riemannian geometry admitted in our theory the limy 
be any 10 functions of th# four Coordinates 

A four-dimensional continuum obeying Riemannian geometry can be 
represented graphically a$ a surface of four dimensions drawn in a Euclidean 
hyperspace yf a sufficient number of dimensions. Actually 10 dimensions.are 

required, corresponding to the number of the y M „. For let (y,, y 3 , y . f/ m ) be 

rectangular Euclidean coordinates, artd (a 1 ,, a:,, .r 3 , ar t ) parameter^on fhe'sur- 

face ; the equations of the surface will be of the form 

• . 

yi =/, (^i, «r®, .!/10 “./'ll) (-Cj, ac a , .r 4 ). a 

•Far an interval on the surface, the Etudidean geometry of the y s gives 
-(is 2 = dyi 1 + dy.,‘ + dy, 1 + ... + dy\ a 


(V* 

VW* Wi 


0/»y 


+ ... + 


, (S/i 3/i , , <f»\ 2 dje (Lc 

(Ij'i ” - dx, d.r.j 1 “ 


4* 


Equating the coefficients fo the given functions y^, we have 10 partial differ¬ 
ential equations of the form , 

<\fx df df u , _* . 

Kr, ! '* y ’ 

to be satisfied by the 10/’s. Clearly it would not be possible to satisfy thes* 
equations with less than-*i0 f s excepfm special cases. 

.When we use the phrase “curvature” in connection with space-time, we 
always think of *it as embedded in this way in a Euclidean space of higher 
dimensions. It is not suggested that the* Jiigher* space has any existence; the 
purpose of the representation iij to picture more vividly the metrical pro¬ 
perties of the world. It must be remembered too that a great variety of 
foui^dimenshonal surfaces in 10 dimensions w^ll possess the same metric, i.e. be 
applicable to one another by bending without stretching, and any one of these 
can be chosen to'represent the mc'tric of space-time.^ Thus a geometrical pro¬ 
perty of the chosen representative surface need not necessarily be a property 
belonging intrinsically to tHe space-time continuum. 

A four-dimensional surface free Bo twist about ir/six additional dimensions 
has bewildering possibilities. We consider first the simple case in wpich the 
surface, or at least a small portion of^ if, can be drawn in EAielidean space of 
five dimensions. * * 
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Take a point pn the surface as origin. Let (#,, x*, x„ x t ) be rectangular 
coordinates in the tangent plane (four-dimensional) at the origin; and let the 
fifth rectangular-axis along the normal be z. Then by Euclidean geometry 

— ds 7 =•' dx , J + dx^+.dx, 7 + dx, 7 + dz? .(65 - l), 

imaginary values of ds corresponding^ usual to real distances in space. The 
four-dimensional surface will bo specified by a single equation between the 
five coordinates, which we may take to be c « 


= /(*!. 


Xn. 


«»)• 


If the origin is a regular point this can be expandedin powers of the x’s. The 
deviation from the tangent plane is of the second order compared with dis- • 
tances parallel to the plane; consequently z does not contain linear^terais in 
the .’■’s. The expansion accordingly starts with a homogeneous quadratic 
. function, and the equation is of the form 

*• ’. 2 U'Uv't'H&v . . ..(652), 

correct to the second order. For a fixed value of z the quadric (65 - 2) is called 
the indlcatrix. 

The radius of curvature of any normal section of the surface is fouud' by 
the well-known method. If t is the radius of the indicatrix in the direction of 
the section (direction cosines l u 4. 4. 4). the radius of curvature is 

= t 7 = _1_ 

^ 2 2 ' 

In particular, if the axes are rotated so as to coincidp^with the principal axes 
of the indicatrix, (G5’2) becomes 

2,z = fa: r, 2 + fax, 1 + far . 7 + k t x t 7 ./(65'3), 

and the principal radii of curvature of the surface are the reciprocals of 

fa, h, ‘ 1 * 

Differentiating (65 - 2) 

dz = Uy.yTpdxy, dz 7 '~g^x„dx.. a^-x,dx T . 

Hence, substituting in (651) 

— ds‘ = dx x 7 -f dx, 7 + dx, 7 + dx,- + (a^a rr x h x a ) dx t dx, 

f , 

for points in the four-dimensional cpMtintium. ‘Accordingly 

1 Ovt 5:3 ffy 4“ ttpyQa, X^X a .(65 4). 

Hence at the origin the g^ are Euclidean; their first derivatives vanish ; 
and their second derivatives are given by k * - 

• d 7 g. 


dxfadx. 


-(U^Ct^ T »f- ItffyC f^ T ), 


by (35-5). 

Calculating the Riomann-Christoffel tensor by (34 5), sinfte the first deri 
vatives vanish, 




; I ( 


2 \dfadx, dXadx. 


. &S ”i. 

dx,dXp 


\ 

dx^dxj 


y&op ...(65 51). 
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Hence, remembering that the g* have Euclidean values -y m , 

** — — On, («n + a,, + Oja + <*«) + G,,a„ .(65'52). 

In particular . • 

(? u = — ti„ («„ + (ijj + «aj + fi M ) + + a\ t + a’,, + a 2 ,, 

,, = («’» - «»««) + (o’u ~ + (a 2 ,, - «„«„).(65-53). 

Also 

0 = <f’Gn, = — (?,* — G. n - d M - G u 

• # 

= — 2 ((a 2 ,j - a u a*,) +(p*, a — aft a*,) + («’„ - a,, « M ) + (a\ a - « 2a a. B ) 

+?««- a^aj + (a 2 *- o»a«)i ..(65-54). 

Whejj the principal axes are taken as in (65‘3), these results become 

• <?11 — - k, (k 2 +f> 4 - k t ) | • j»J 

' , G n = - K & + *-, + *j); etc. I i. ((5 ’ C f ) 

and G = 2^.-,i- 2 + + k l k i + I',!-, + k a k t ■+■ k 3 k t ) (fjo'O). 


* The invariant (r- has thussa comparatively simple interpretation in terms 
of ^he principal'radii of curvature. It m a generalisation of the welPknown 
invitriant for two-dimensional surfaces 1 /p’,p„, or k,^. But this interpretation 
is only possible in the simple case of five dimensions. In general five dimensions 
are not sufficient to represent even the small portion of the surface near the 
origin ; for if we set = 8 in (6.V55), we obtain k M =■ 0, and hence by (05'51) 
iip„„p = 0. Thus it is not possible to represent a natural gravitational field 
(Gn k = 0, /? MV »pT^0) in iwe Euclidean dimensions. 

In the more general oitso we continue to call the invariant G the (Jaussian 
curvaturh although the interpretation in terms of normal curvatures no longer 
holds. It is convenient also to introduce a ijuantity called the radius of 
spherical curvature, viz. the radius of a hypersphere which has the same 
Gaussian curvature as the surface considered *. * 

Considering tht! geometry of the gent-raj ease, in 10 dimensions the normal is 
a sjx-diinensional continuum in which we can take rectangular axes z,, z a , ... z„. 
The surface is then defined by six e<piations which near the origin take the 
form • , • • 

2z r = U,nJ>'n ! r, (r = 1, 2 ... 6). 

The radius of curvature of a normal section in the direction L is then 

• r 

„ * ^ _t*___ . 1 

P ~ 2 >J(z* + z? + ... \ z/) f {(a^,lj,)‘ + • • • -f- (<hnv l nhY) ' 

It js, however, of little profit to develop the properties of normal curvature, 
which defend on the surface chosen to represent the ’metric of space-time 
and are not intrinsic in the metric itself. We therefore follow a different plan, 
introducing the radius of spherical curvature tvfiiclr has invariant properties. 

* A irypersphere of four dimensions is by definition a four-dim&jsional surface dnyvn in five 
dimensions so that (65-0) applies to it. Accordingly if its radius is R, wI have Oa«12/B s , For 
three dimensions G=s6/fJ 2 ; for two dimensions 0 = 2//f 4 . ’ • 
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Reverting for the moment to five dimensions, consider the three-dimensional 
space formed by the section of our surface by «, = 0. Let (?<„ be its Gaussian 
curvature. Then G { „ is formed from 0 by drt>pping all terms containing the 
suffix 1—a dimension which no longer; enters*into consideration. Accordingly 
G — (7(i) consists of those terms of G which contain the suffix 1; and by (65-53) 


and (65'54) we have * 

k(G- (7 (I) ) = - G u ...(65-71). 

Introducing the value g n — — 1 at the origin 

G n - hUnG = \’Gn) ....».,..(65-72). 


This result obtained for five dimensions is perfectly general. From the • 
manner in which (65‘4) was obtained, it will be seen that each of the sspc z’v will 
mahs^ contributions to g v , which are simply additive; we'have merely to sum 
, 0’^a„<r, L at, for the six values ofcontributed by the-six terms dz r -. All the 
subsequent'steps involve linear equations and the work will hold for six z s 
just as well as for one z. Hence (64'72) is true in the general case when the 
representation requires 10 dimensions. * < , * 

Now consider the invariant quadric . c. * 

€ • 

(G lly ~^g lly G)dx IIL dx, = 3.,.(65-81). 

. Let p, be the radius of this quadric in the ,r, direction* so that = (p,, 0,6,0) 
is a point on the quadric ; the equation gives * 

(Gn — Jyn (7) pi* — 3, 

so that by (65 72) (?,„.= .1.(65-82). 

pi 

But for a hypersphere of radius R of three dimensions (Ic, = k\ = k 3 = 1/R ; 
h, disappears) the Gaitbsian curvatbro is 6 /R*. Hence p, is the radius of 
spherical curvature of the three-dimensional section of the world perpendicular 

4o the axis a.-,. * 

1 \ • 

Now the quadric (65-81) is invariant, so that thfc axis x l may be taken in 
any arbitrary direction. Accordingly we See that— « 

The radius of thq quadric ( G^ v — ■aJy.yGj dx^dp:, — 3 in am/ direction is equal 
to the radius of spherical curvature of the corresponding three-dimensional 
section of the world: * 

Wo call this quadric the quadric of curvature. . t 

- 

66. Interpretation of Einstein’s law of gravitation. 

"We take the latqr form of Einstein’s law,(37 - 4) 

= \g m .Vv...(661) 

in empty space, \ being a univ ersal constant at .present unknown but sp small 

as not to upset the agreement with observation established for the original 

form (7A = 0. Wp at once obtain' G = 4X, and hence ■ * 

• «> 








66, 66 INTERPRETATION OF EINSTEIN’S LAW OF GRAVITATION 153 
Substituting in (65‘81) the quadric of curvature becomes # 

-—- 3, 

or ' *— ds?zj3/\ .,.(06-2). 

That is to say, the quadric of curvature is a sphere of radius \/(3/X), and the 
radius of curvature in every direction* and at every point in empty space has 
the constant length V(3/\). • 

Conversely if the directed radius of curvature in empty space is homo- 
% geneous and*isotropic Einstein’s law will hold. 

* The statement that thq radius of curvature is a constant length requires 
more ^corpideration before its full significance is appreciated. Length is'not 
absolute, and*the result can oply mean constant relative to the material stands ds 
of length* used in all oufmeasurements*and in particular in those measurements 
which verify O hv = Xg^. ,In order to make a direct comparison the material 
unit must be conveyed to the place and pointed in the direption of the length 
to be measured. .It is true that we often use indirect methods avoiding*actual 
traifgftT or orientation ; but the justification of these indirect methods is that 
they give the same result as a direct comparison, and their validity depends 
on tfie truth of the fundamental laws of nature. We are here discussing the 
most fundamental of theseelaws, and to admit the validity of the indirect 
. methods of comparison at this stage would land us in a vicious circle. Ac¬ 
cordingly the precise statement of our result is that the radius of curvature 
at any point and in any direction is in constant proportion to the length of a 
specified material unit placed at the same point and orientated in the same 
direction. , 

This becomes more illuminating if we’invert the cbmparison— m 

The length of a specified material structure'bears a constant ratio to the * 
radius of curvature? of the world, at the'place and in the direction in which it 

lies ..’.(tid'd). 

• 

The law no longer appears to have any reference to the constitution of an 
empty continuum. It is a law of materia?structure showing what dimensions 
a specified collection of moleculns must take up in order, to adjust itself to 
equilibrium with surrounding conditions of the world. 

-The pqpsibility of the existence of an electron* in space is a remarkable 
phenomenon which we do not yet understand. The details of its structure, 
must be determined by some unk’nown set of equations, which apparently 
admit of only two discrete, solutions, the one giving a negative electron and 

the other a positive electron or proton. If we solve these equations to find 

, • • . * • 

* For .brevity I use the phrase “radius ol curvature in a direction ” to mean the (adiua of 
spherical ourvature of the three-dimensional sect^ov of the world at right aniftes to that direction. 
There is no other radius of curvature aisociated with a direction likely to be oonfused with it. • 
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the radios of the electron in any direction, the result must necessarily take 
the form 

radius, of electron in given direction = numerical constant x some 
function of the conditions in the space into which the electron 
was inserted. 

And since the quantity on the left is a directed length, the quantity on the 
right must be a directed length. We have just found one directed length 
characteristic of the empty space in which the electron was introduced, vjz. 
the radius of spherical curvature of a corresponding section of the world. 
Presumably by going to third or fourth derivatives of the other independent.* 
directed lengths could be constructed ; but that stems to involve an unlikely 
complication. There is strong ground then for anticipating thajfc the solution 
of the unknown equations will be 1 1 

• rpdius of electron in any direction = numerical constant x radius of 
curvature of space-time in that direction. 

This leads at once to the law (66 - 3}. 

As with the electron, so with the atom and aggregations of atoms forming 
the practical units of material structure. Thus we see that Einstein’s law of 
gravitation is the almost inevitable outcome of the use of material measuring- 
* appliances for surveying tho world, whatever may be the actual laws under 
which material structures are adjusted in equilibrium with the empty space 
around them. 

Imagine first a world in which the curvature;*cferred to some chosen 
(non-material) standard of measurement, was nob-isotropic. An electron in¬ 
serted in this would need to have the same anisotropy in order that it might 
obey the same detailed,conditions of equilibrium as a symmetrical electron in 
an isotropic world. The same anisotropy persists in any material structure 
^formed.of these electrons. Finally when we measure the world, i.e. make com¬ 
parisons with material structures, thv,-anisotropy <y>curs on both sides of the 
comparison and is eliminated. Einstein’s law of gravitation expresses the 
result of this elimination. The symmetry and homogeneity expressed by 
Einstein’s law is' not a property of r the external world, but a property of the 
operation of measurement. 

From this point of view it is inevitable that the constant A. cannot be 
zero; so that empty space has a finite radius of curvature relative to familiar 
standards. An election could neyer decide how large it ought tb be unless 
there existed some length independent of itself for it to compare itself with. 

It will be notiefed that our rectangular 4 coordinates (x,, x it x 3 , x t ) in this 
and the previous section approximate to Euclidean, not Galilean, coordinates. 
Consequently x t is imaginary time, and 0 (t)t is not in any real direction 
in the world. There is no radius of curvature in a real timelike direction. 
This dbes not tpean that our discussion is limited to three dimensions; it 
, includes all directions in the four-dirhensional world outside the light-cone, 
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and applies to the space-dimensions of material structures^ mo ving with any 
speed up to the speed of light The real quadric of curvature terminates at 
the light-cone, and the mathematical continuation of it lien not inside the 
cone but in directions of imaginary timq which do-not concern us. 

By.consideration of extension in timelike directions we obtain a confirma¬ 
tion of these views, which is, I think, not Entirely fantastic. We have said that 
an electron would noj, know h(jw large it ought to be unless there existed in¬ 
dependent Jengths in space for it to measure itself against. Similarly it* would 
not know how long it ought to exist unless there existed a length in time for 
% ^t to measure itself against. But there is no radius of curvature in a time-like 
direction ^ so the electron does not know how long it ought to exist. Therefore 
it just goes op existipg indefinitely. 

The alternative laws of gravitation discussed in § 62 would be obtained if 
' the radiils of the unit of material structure adjusted itself as a definjte fraction 
not of the radius of curvature, but of other directed lengths (of a more com¬ 
plex origin) characteristic of empty space-time. 

56 it waS necessary to postulate that the gravitational field dud to an 
ultimate particle of matte* has symmetrical properties. This has now been 
justified. We have introduced a new and far-reaching principle into the 
relativity theory, viz. tlmt symmetry itself can only be relative; and the 
particle, which so far as mechanics is concerned is to bo identified with its 
* gravitational field, is the standard of symmetry. We reach the same result if 
we attempt to define sywrmetry by the propagation of light, so that the cone 
<ls = 0 is taken as the standard of symmetry. It is clear that if the locus 
ds = 0 ha? complete symmetry about an axis (taken as the ax(s of t) ils 1 must 
be expressible by the formula (38'12). , • 

The double-linkage of field and matter, matter and field, will n<5w bo 
realised. Matter is derived from the fundamental tensor r/ M „ by the expression 
O' — ^gl.0 ; but it 'is nutter so derived which is initially used to measure 
the fundamental tensor g^. We have in this section considered one simple 
consequence of this cycle—the law of gravitation. It needs a broader analysis 
to follow out the full consequences, ard ttys will be attempted in Chapter VII, 
Part II. 

67. Cylindrical and spherical space-time. 

According to the foregoing section A, does iv>t vanish, and there is a 
small but finite curvature at eyery point yf space anef-time. This suggests 
the consideration bf the shape and «ize of the world as a whole. . 

Two foams of the world have been suggested— *• 

(1) Einstein^ cylindritaf world. Here the space-dimensions correspond 
to a sphere, but the*time-dimension is uncui;vtxl. * 

(2) De Sitter’s spherical world. Here all dimensions are spherical; but 

since it* is imaginary time which is homogeneous with the syace-coorflinates, 
sections containing real time become hyperbolas ihstead of circles. ’ , 
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We must despribe these two forms analytically. A point on the surface of 
a sphere of radius R is described by two angular variables # <f>, such that 
* • — ds a = R* (d8* + sin’ 8dtp}). ^ 

Extending this to three dimensions, Ive have three angular variables such that 

-ds'^R* { d x 3 + «in»x id# + sin 3 6dtp 1 )} .(6711). 

Accordingly in Einstein’s form the interval is given by 
• ' d« 2 = - R^dx 1 - IV sin 3 X (^ J + sin 3 8d<p>) + dt* ......(6712). 

Of course this form applies only to a stirvey of the world on the grand 
scale. Trifling irregularities due to the aggregation of matter into stars and,* 
stellar systems are treated as local deviations which can be disregarded. 

^ Proceeding from the origin in any direction, /iy is the distance determined 
by measurement with rigid scales. But the measured tyea of a sphere of radius 
R% is not jrwR.'x 1 but 4-trR 2 sin 3 x- There is not so much elbow-room ih distant 
parts as Euclid supposed. We reach a “greatest sphfcre ’’ at the distance fn-i?; 
proceeding furtheV, successive spheres contract and decrease to a single pmnt 
at a distance ttR —the greatest distance which can exist. ' * ^ 

The whole volume of space (determined by rigid scales) is finite and equal 
to 


J 4ttR* sin 8 x . Rd% — 2 tt 1 RP .(67 2). 


Although the volume of space is finite, there is no boundary; nor is there any 
centre of spherical space. Every point stands in the*same relation to the rest 
of space as every other point. 

fo obtain dp Sitters form, wo generalise (6711) to four dimensions (i.e. a 
spherical four-dimensional surface drawn in Euclidean space of five dimensions). 
Wo Have four angular variables w, f, 8, <p, and 

- ds 1 = R‘ [dm 3 + sin 3 o> { d f + sin 3 f(d<? 3 + sin 3 Odp 2 )}].. .(67-31). 

In order to obtain a coordinate-systole*whose physical interpretation is more 
easily recognisable, wc make the transformation 

cos to = cos y cos it, 
cot f ■— cot x sm d. 

which gives ‘ sin y = sin t sih 

. . ■ J. >.(67-32). 

- tan it = cos f tan to) > ' 

Working out the Results of th ; s substitution, we obtain 

ds 2 = - R*dx* - R? sin* y (dff* + sib 3 8dp 2 ) + R- cos 3 ' x ■ dt*. . .(67-33). 

So far as space (*, 8, p) is concerned, this agrees with Einstein’s form 
(67-12); but the variable t, which will be regarded as the ““time”* in this 
world, has different properties! For a clock at rest (y, 8, ‘p = const.) we have 

c ds = R cos xdt .(57-4), 

c * The velocity of light at the origin is now II. In the nsital units the time would be Rt. 
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so that the “ time ” of any cycle is proportional to sec . The clock-beats 
become longer and longer as we recede from the origin; in particular the 
vibratiwis of an atom become slower. Moreover we can detect by practical 
measurement this slowing down of atomic vibrations, because it is preserved 
in the transmission of the light to us. The coordinates (67 33) form a statical 
system, the velocity of light being independent of t ; hence the light-pulses 
are all delayed in traosmissiomby the same “ time” and reach us at tip) same 
intervals of. t as they were emitted. Spectral lines emanating from (Kstant 
sources at rest should consequently appear displaced towards the red. 

*. At the “ horizon " X~ i 7r < any finite value of ds corresponds to an infinite 
dt. It.takes an infinite “ tifhe ” for anything to happen. All the processes of 
nature have cpme to a standstill so far as the observer at the origin can hg^e 
evidence of them. . . 

But tfe must recall that by the-syrAmetry of the original formula ((17'31), 
any point of space and tftnef could be chosen as origin with similar results. 
Th%s there can be no actual difference in the natural phenomena at the horizon 
and atjhe origin* The observer on the horizon docs not perceive the stoppage 
.—in fact he has a horizon of his own at a distance \irll where things appear 
to hijn to have Cbme to a standstill. 

Let us send a ray of fight from the origin to the horizon and back again. • 
(We take the double journey because the time-lapse can then be recorded by 
*a single clock at the origin ; the physical significance of the time for a single 
journey is less obvious.) ,% Setting ds — 0, the velocity of the light is given by 


0*= - H-dx 1 + IP cos- x dt 1 , 
so that dt = ± secxdx, 4 

whence t = ± log tan (jV + J^) ...*.^.( i 67<6). 

This must be taken between the limits x = 0 and-Jw; and again with reversed 
sign between the limits ^■n and 0. 't’hf ^result is infinite,‘and the journey can 
never be completed. 

f)e Sitter accordingly dismisses the paradox of the arrest of time at the 
horizon with the remark that it only, affects events which .happen before the 
beginning or after the end of eternity. Bift we shall discuss this in greater 
detail in § 70. * 


66. Elliptical space. 

The equation (67-11) for sphprical*space,which appears in both de Sitter’s . 
and Einstein’s fortn of the interval, can also be construed as representing a 
slightly modified kind of space cAlled “elliptical space. *Jrom the modern 
standpoint the name is ratftor unfortunate, and does not in any way suggest 
its actual nature. We can approach, the prpbknn of elliptical spaco in the 

following way— , 

Suppose that in spherical space the physical-processes gejing on at every 
point are exactly the same As those going on at the antipodal point, so thdt « 
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one half of the world is an exact replica of the other half. Let ABA'S be 
four points 90° apart on a great circle. Let us proceed from S, via A, to B\ 
on continuing the journey along BA' it is impossible to tell that we are not 
repeating the journey B ' A 'already performed. We should be tempted to think 
that the arc B'A was in fact the immediate continuation of AB, B and B' 
being the same point and only represented as wide apart through some fault 
in our projective representation—just as in a Mercator Chart we see the same 
Behriflg Sea represented at both edges of the map. We may leave to the 
metaphysicist the question whether two objects can be exactly alike, both 
intrinsically and in relation to all surroundings, and yet differ in identity;* 
physics has no conception of what is meant by thib mysterious differentiation 
ot. identity; and in the case supposed, physics would unhesitatingly declare 
that the observer was re-exploring the t sume hemisphere. 

' Thus the spherical world in the (ftrse 1 considered docs not consist of two 
similar halves, but of a single hemisphere imagined' to be repeated twice over 
for convenience of projective representation. The differential geometry is‘the 
same as for a sphere, as given by (07T1), but the connectivity is different: just 
as a plane and a cylinder have the same differefitial geometry but different, 
connectivity. At the limiting circle of any hemisphere there is a cross-con¬ 
nection of opposite ends of the diameters which it'is impossible to represent 
graphically; but that is, of course, no reason against the existence of the 
cross-connection. 

This hemisphere which returns on itself by croS.^eonnectioils is the type 
of elliptical space. In what follows we shall not need to give separate con¬ 
sideration to elliptical space. It is sufficient to bear in mind that in adopting 
spherical space we may be lepresenting the physical world in duplicate; for 
example, the volume 2v' i li‘ already given may refer to the duplicated world. 

». The difficulty in conceiving sphericator elliptical space arises mainly be¬ 
cause we think of space as a continuum in which objects are located. But it 
was explained in § 1 that location is not the primitive conception, and is of 
the nature of a computational result based on the more fundamental notion 
of extension or distance. In using* the ''word ''space ’’ it is difficult to repress 
irrelevant ideas; therefore let us abandon the word and state explicitly that 
we are considering a network of intervals (or distances, since at present we 
are not dealing with time). The relation of interval or distance between two 
points is of some ti*anscendentab character comparable, for example, with a 
difference of potential or with a chemical affinity; the reason why this par¬ 
ticular relation is always associated with geometrical ideas must he sought in 
human psychology rather than in its'intrinsic nature. W$ apply measure- 
numbers to the interval <as wO should apply them to any Other relation of the 
two points; and we thus obtain a network with a number attached to every 
chord of the net. We could then make a string model of the network, the 
* length of each string corresponding to the measure-number of the interval. 
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Clearly the form of this model—the existence or non-existence of unexpected 
cross-connections—cannot be predicted a priori ; it must bo the subject of 
observation and experiment. It may turn out to correspond to 4 lattice drawn 
by the mathematician in a Euclidean space; or it'may be cross-connected in 
a way which cannot be represented in a lattice of that kind. Graphical repre¬ 
sentation is serviceable -as a tool but is dangerous as an obsession. If we can 
find a graphical representation which conforms to the actual character of the 
network, w« may employ it; but we must not imagine that any considerations 
as to suitabjlity for graphical representation have determined the design of 
\the network. From experience we know that small portions of the network 
do adpiit gf easy representation as a lattice in flat space, just as small portions 
of the earth’s surface can be mapped on a flat sheet. It does not follow (Jiat 
the.whole earth is flat, or that the \yhole network can be represented in a 

space without multiple connection.* • » , 

• . 8 

•^6©. Law of gravitation for curved space-time. . 

By means of*t)he results (435) the qpn he calculated for either Einstein’s 
or d»Sitter’s forms of the wqrld. l)e Sitter’s equation (t>7 - 33) is of the standard 
form with x substituted for r, and 

e* = ll\ e? = li 1 sin 2 x/x 1 , e" «= It 2 cos- 
thus X' = 0, // = 2 cot x ~ ~lx< e' = - 2 tan x, 

u" = — 2 cosec 3 y_ + 2/x 3 , v" = — 2 see 3 
Hence by (43 5) we find after an easy reduction 

3, G. a = - 3 sin 3 x , G.u = - 3 sin 3 x si n 3 9, G u = 3 cos 3 x- 
These are equivalent to . • 

6V„ = .*. 

De Sitter’s world thus corresponds to the revised form of the law of gravitation* 

• * • 

G “ Xg^ V) 

3 


and its radius is given by 


X = 


K 


.(69 12). 


Einstein’s form (67T2) gives similarly* 

e A = R-, R‘ sin 3 xlx*’ e “ ~ 1 > 

from, which by (43‘5) , 

<?,?«- 2, = — 2 sin 3 .*, (J„ = - ? sin 3 * sin 3 fa G u « 0 ...(69 21), 

* G = (i/tt 3 . ; .(69 22> 

It is not possible to reconcile these values with the law G HV = Xp M », owing to 
the vanishing ol» G u . Einstein’s form cannot bo the natural form of empty 
space; .but it may Aevertheless be the actual firm of the world if the matter 
in the world is suitably distributed. To determine the, necessary distribution 
we.must calculate the energy-tensor (54;7l) ’ 7 

— %TrT ll .**Gp. r — l l gn,Q + Xg lu ,. 
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We find * -87rr n “(-j£+*■)&. 

— 87r T a = -g- -KX^ g a 

— 8v Tz, = + X j g^ 

Since X is still at our disposal, the distribution of this energy-tensor is inde¬ 
terminate. But it is noted that within the stellar system the speed of matter,* 
whether of molecules or of stars, is generally small compared with the velocity 
°f light. Xhere is perhaps a danger of overstressing this evidence, since astro¬ 
nomical research seems to show that thp greater'the scale of our exploration 
the' mqre divergent are the velocities 4 ; thus the spiral nebulae, which are 
perhaps the most remote objects observed, have s'pefcds of the order 500 km. 
per sec.—at least'ten times greater than the’speeds observed in the steWhr 
system. It seems possible that at still greater distances the velocitict-may 
increase further. However, in Einstein’s solution vte assume that the average 
velocity of the material particles is always small compared with the velocity 
of light; so the general features of the world correspond to 

T n -T a =T a = 0, T u -p, T = p „, 

where p„ is the average density (in natural measure) of the matter in space. 

Hence by (69 3) , ^Po = jp ■ •.((59 4). 

Accordingly if M is the total mass in the universe, we have by (07'2) 

, M =» 27r 2 7i : ‘p 0 

=*£? tR .(60-5). 

, U can scarcely be less than 10"* kilometres since the distances of some of the 
globular clusters exceed this. Remembering tliatAhe gravitational mass of 
the sun is 1'5 kilometres, the mass of the matter in the world must be eoui- 
valent to at least a trillion suns, if Einstein’s form of the world is correct. 

It seems natural to regard de Sitter’s and Einstein’s forms as two limiting 
cases, the circumstances of the actual world being intermediate between them. 
De Sitter’s empty world is obviously intended only as a limiting case; and 
the presence of stars and. nebulae must modify it, if only slightly, in the 
direction of Einstein's solution. Einstein’s world containing masses far ex¬ 
ceeding anything imagined by astronomers, might be regarded as the other 
extreme—a world containing as much matter as it can hold. This view denies 
any fundamental cleavage of the theory in regard to the two forms, regarding 
it as a mere accident, depending ,011 the amount of matter which happens to 
have been created, whether de Sitter’s or Einstein’s form, is the nearer ap¬ 
proximation to tl.e truth. But this compromise has been strongly challenged, 
as we shall see. 
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70. ^Properties of de Sitter’s spherical world. . 

If in (67 - 33) we write 


we obtain 
where 


r ■= Ji sin 

da * => — t -'dr* — Ydff 1 -* r s sin* 6d$>* + ydP 1 


•(701), 


and the customary unit of t has been restored. This solution for empty space 
has already been givfen, equation (45 (i). ' 

We haVe merely to substitute this value of 7 in the investigations of 
§§ 38, 39, in order to obtain the motion of material particles and of light-waves 
•in de Sitter’s empty world v Thus (39 31) may be written 
• ,» d*r I 7 ' (dry* (d<f>Y . , , fdtV 

• ** 2 7 ? ' 7 U) + i77 (da) " °' * 


Whence 
dhr 
. da 


p-i (£)■ —- 0 - — (!)' ■ 

O'— 


£tf- a particle at rest 

* dr % 


(70*21). 


Hence 


d<i> 
da 
d-r 

<o = * Xr 


.(70-22). 


Thus a particle at rest will not remain at rest unless it is at the origin; 
but will be repelled.from the origin with an acceleration increasing with the 
distance. # A number of particles initially at rest will tend to scatter, unless 
their mutual gravitation is sufficient to overcomp this tendency. 

It can easily be verified that there is ho such tendency in .Einsteins World. 
A particle placed anywhere will remain at rest* This indeed is necessary for 
the self-consistency^ of Einstein’s rfblutjon,- for he requires the world to be* 
filled with matter having negligible velocity. It is sometimes urged against 
de Sitter’s world that it becomes nort-statical as soon as any matter is inserted 
in it. But this property is perhaps rather in favour of de gutter's theory than 
against it. * *. 

One of the most perplexing problems of cosmogony i.f the great speed of 
the spiral nebulae. Their radial velocities'average about 600 km. per sec. and 
thryA is a great preponderance of velocities ofi recession 4j-om the solar system. 
It is usually supposed that thesft are the in fist remote objects known (though ’ 
this.view is opposed by some authorities), so that hose if guy where we might 
look for effects due to a general curvature of the world. De Sitter’s theory 
gives a double Explanation of this motion of ^recession; first, there is the 
general*tendency to’ scatter af cording to ecfhation tfr0‘22); second, there is 
the general displacement of spectral lines to the fed in’distant objects vine to 
the.slowing down of atomic vibrations (07 4) whicfi would be 7 erroneously in- 
terpreted as a motion of recession. 


1 , • 


it 
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The most extensive measurements of radial velocities of spiral nebulae 
have been made by Prof. V. M. Slipher at the Lowell Observatory. He has 
kindly prepared- for me the following table, containing many unpublished 
results. It is believed to b6 completedip to date (Feb. 1922). For the nebulae 
marked (*) the results have been closely confirmed at other observatories; 
those marked (f) are not so accurate as the others. The number in the first 
column refers to the “ New General Catalogue,’^ Memoirs,R.A.S., vol. 49. One 
additional nebula N.o.c. 1700 has been observed by Pease, who found a large 
receding velocity but gave no numerical estimate. • 

Radial Velocities of Spiral Nebulae 


+ indicates receding, - approaching . 


N. li.JC. 

K. v. 

I)uc. 

Rad. Vel. 

, N.O.C. 

a. a. - 

Dec. 

Rad. Vel. 

c 

• h in 

o / 

km. per sec. 

t . 

h m 

O / 

km.'per sec 

221 

' 0 38 

+ 40 20 

- 300' 

4151* 

12- 6 

+ 39 51 

+ 980 

221* 

O 38 

■ +40 50 

- 300- 

4214 

12 12 

+ 36 46 

+ 300 

2J8+ 

0 47 

+ 47 7 

+ 050 

4258 

12 15 

+ 47 45 

+ 500 • 

104 

1 5 

+ 35 17 

- 25 . 

4382t 

12 21 

+ I'd' 38 

+ 500, 

f)84t 

1 27 

- 7 17 

+ 1800 

• 4449 

12 24 

+ 44 32 

+ 2.35 

598* 

1 29 

+ 30 15 

- 200 

4472 

12 25 

+ 8 27 

+ 850 

930 

2 24 

- 1 31 

+ 1300 

4480+ 

12 27 

+ 12' 50 

+ 800 

1023 

2 35 

+ 38 43 

+ 300 

4520 

12,30 

+ 89 

+ 58CT 

1068* 

2 39 

- O 21 

+ 1120 

4565+ 

,12 32 

+ 20 20 

+ 1100 

2083 

8 48 

+ 33 43 

+ 100 

4594* 

12 30 

- 11 11 

+ 1100 

28411 

9 10 

+ 51 19 

+ GOO 

4049 

12 40 

+ 12 0 

+1090 

3031 

9 49 

+ 09 27 

- 30 

4730 

12 47 

+ 41 33 

+ 290 

3034 

9 49 

+ 70 5 

+ 290 

4820 

12 hr. 

+ 22 7 

+ 150 

3115+ 

10 1 

- 7 20 

+ 600 

5005 

13 7 

' +37 29 

+ 900 

3368 

10 42 

+ 12 14 

+ 940 

5055 

l!l 12 

+ 42 37 

,+ 450 

3379* 

10 43 

+ 13 0 

+ 780 

5194 

13 20 

+ 47 30 

+ 270 

3489t 

10 50 

+ 14 20 

.+ 000 

5195+ 

13 27 

+ 47 41 

+ 240 

3521 

11 

+ 0 24 

+ 730 

5236+ 

13 32 

-29 27 

+ 500 

3023 

11 15 

+ 13 32 

+ 800' 

5800 

15 4 

+ 56 4 

+ 650 

3627 
4111 + 

11 10 
12 3 

+ 13 20 
4 43 31 

'+ 050 
+ 800 

7331 

22 33 

+ 33 23 

+ 500 


€, 


The great preponderance of positive (receding) velocities is very striking; 
but the lack of observations of southern nebulae is unfortunate, and forbids a 
final conclusion. Fven if these alsot-shoV a preponderance of receding veloci¬ 
ties the cosmogonical difficulty is perhaps not entirely removed by de Sitter’s 
theory. It will be seen that two}: .nebulae (including the great Andromeda 
nebula) are approachjng with rather high velocity and these velocities happen 
, to be exceptionally \tell determined. In the full formula (70 - 21) there are no 
terms which under any reasonable conditions encourage motion towards the 
origin§. It is therefore difficult to account for these motions even as excep¬ 
tional phenomena; on the other hand an approaching velocity of 300 km. per 
sec. is about the limit oecasiohally attained by-individual stars or star clusters. 

X N.o.c. 221 an^ 224 may probably be coanted as one system. The two approaching nebulae 
are the largest spirals in the sky., > 

§ We are limited the region in whioh (1 -1 \r s ) is positive since light cannot cross the barrier. 
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The conservation of energy is satisfied in de Sitter’s world; but from the 
practical standpoint it is abrogated in large scale problems such as that of 
the system of the spirals, since these are able to withdraw kinetic energy 
from a source not generally taken into account. 

'h dry hi c 3 _ 

7 \r 3 d<f>) r* y 

* . * * 

becomes on substituting for y * 

b 


Equation (39 44) . - 




or writing « - 1 /,- . (; (+ , 

Whence differentiating 


da \* 

) +«’ 


c'-l 

’~ Id 


— A -t- 


Id u a 


d*u 


+ u “ - 


JX. 


•(703). 


^ dip ' 1 Id 

Th^srbit. is the same as that of a- particle under a repulsive force varying 
directly as the distance. (This applies only to the form of the orbit, not to 
the.velocity in the orbit.) For the motion of light the constant of areas h is 
infinite, and the tracks of light-rays are the solutions of 


d-u 

dV + U 


= o, 


i.e. straight lines. DeterminStion of distance by parallax-measurements rests 
on the assumption that light is propagated in straight lines, and hence the 
method is exact in this system of coordinates* In far as the distances of 
celestial objects are determined by parallaxes or parallactic motions, the 
coordinate r will agree with theis accepted distances. This result -may bt» 
contrasted with the? solution for the fie)?I of a particle in § 3K where the coordi¬ 
nate r has no immediate observational significance. Radial distances deter¬ 
mined by direct operations with measuring-rods correspond to ]{%, not r. 

The spectroscopic radial velocity is not exactly equivalent to dr/dt, but 
the divergence is unimportant. A pulse of light emitted by an atom situated 
at r = /£ siny at time t will reach the observer at the origin at time t', where 
by (£7-5) ^ . . 

?'==<* logtan(j»r +J x ), 

_ • • 

so that for the time-interval between two pulses • 

* , 

dt' = dt + sec x^X 




-( 


sec x + sec 2 x 


d \ 

dt 


j ds, 


by £67-33) 


♦ . • 


11— 2 
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neglecting the sqaare of the velocity of the atom. If dt„' is the time for a 
similar atom at rest at the origin, 

dt!. . d% t 

^-secx + a* ' X f t 


1 dr 


-secx + sec > X ~ RTt> 


(70-4). 


The first term represents the general shift to the red dependent on position 

and not on velocity. Assuming that it has been allowed for, the remaining # 

* • dir dv 

part of the shift corresponds to a velocity of sec J y ,.- instead of 


dt 


dt ' 


The 


correction is scarcely of practical.importance. 

• The acceleration if\r found in (70 22), if continued for the time By taken 
by the'ligh't from the object to reach the origin, you Id cause a change of 
velocity of the order jXr 2 or r-jll 1 . The Doppler effect of this velocity would 
be roughly the same as the shift to the red caused by thevdovving down of 
atomic vibrations. We may thus regard- the red shift for distant objects at 
rest as an anticipation of the motion of recession which will have been attained 
before we receive the light. If do Sitter’s interpretation of the red shift in 
the spiral nebulae is correct, we need not regard' the deduced large motions 
of recession as entir.ely fallacious; it is true that the nebulae had not these 
motions when they emitted the light which is now .examined, but they have 
acquired them by now. Even the standing still of time on-the horizon becomes 
intelligible from this point of view; we are supposed to be observing^ system 
which has now the velocity pf light, having acquired it during the infinite 
time *hich has elapsed‘since the observed light was emitted. 

The following paradox is cometimes found puzzling. Take coordinates for 
an observer A at _rest at the origin, and let B bo at rest at the time t at a 
considerable distance from the origin.’ The vibrations of an atom at B are 
slower (as measured in the time t) than those of an atom at A, and since the 
coordinate-system is static tjiis difference will.be detected experimentally by 
any observer who measures the frequency of the light he receives. Accordingly 
B must detect the difference, and conclude that the light from A is displaced 
towards the violet relatively to his stitndard atom. This is absurd since, if we 
choose B as origin, the light from A should be displaced towards the red. The 
fallacy lies in ignoring what has happened duYing the long time of propaga¬ 
tion from A to B or, B to A ; during this time the two observers have ceased 
to be in relative rest, so that compensating Dopple- effects are superposed. 

To obtain a clearer geometrical idea of de Sitter’s world, -we consider only 
one dimension of space, neglecting the coordinates 9 and <j>. Then by (67 81) 


—i ds* — R* ( dar + sin’ o> df*) = R? (dy* — cos’ ydt 1 ) 
= dx 3 + dy* + dz*, 
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where 


x <m R sin a> bos f •« R cos % sin it, 
y « R sin a> sin f ■» R sin %, 


t = R cog to = R cos ^ cos it, 
and a - ® 4- y* + ** ■* .ft®. 

It will be seen tfrat real values ftf % and t correspond to imaginary 
values of a> and if, and accoijlingly for real events x is imaginary and y and 
z are rcah Introducing a real coordinate f = — ix, real space-time # will be 

represented by the hyperboloid of one sheet with its axis along the axis off, 

• 

, y® + 3® - £® = ft®, 

the geometry being of the Galilean type 

• ds f = df® — dy‘ — dz 2 . 

. 

YVe have • r = ft fin x.~ 

^ tanh t — — i tan it *= — ir/z — g/z, 

so Jjiat the sp’dbe-partitions are made Hy planes perpendicular to the’axis of 
y, and the time-partitions I>y planes through the axis of y cutting the hyper¬ 
boloid into lur.es. 

The light-tracks, ds *= 0, are the generators of the hyperboloid. The tracks 
of undisturbed particles ate (non-Euclidean) geodesics on the hyperboloid; 
and, except for y — 0, the space-partitions will not be geodesics, so that 
particles do not reread? at rest. 

The eoordinate-frama (r, t) of a single observer does not cover the whole 
world. The range from / = — oo to < = +oo corresponds V> values of f /2 
between ± 1. The whole experience of any one observer of infinite longevity 
is comprised within a 90° lime. Changing the origin we can have another 
observer whose experience covers a different hfne. The two observers cannoj 
communicate the hon-o#erlnpping parts yf their experience, since thero are 
no^light-tracks (generators) taking # the necessary course. 

A further question has been raised, Is do Sitter’s world really empty ? In 
formula (70'1) there is a singularity at,r = \/(#/X) simihxr*to the singularity 
at r — 2m in the solution for a particle of matter. Must we not suppose that 
the former singularity also indicates matter—a “ mass-horizon ” or ring of 
peripheral snatter necessary in order to distend tjm empty region within. If 
so, it woifld seem that de Sittyr’s wtirld ciynnot exist without large quantities 
of matter any rnftre than Einsteinis; he has merely swept the dust away into 
unobserved corners. * • 

A singularity of ds 1 floes not necessarily indicate material particles, for 
we can introduce «or remove»such singularities by pinking transformations of 
coordinates. It is impossible to know whether to blame the world-structure 
or the*inappropriateness of the coordinate-system. In a finite region*wc avoid 
this difficulty by choosing ti coordinate-system initially appropriate—how thi#t 
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is done is very little understood—and permitting only transformations which 
have no singularity in the region. But we can scarcely apply this to a 
consideration ot the whole finite world since all the ordinary analytical trans¬ 
formations (even a change of origin) introduce a singularity somewhere. If 
de Sitter’s form for an empty world is right it is impossible to find any 
coordinate-system which represents Pile whole of real, space-time regularly. 
This is no doubt inconvenient for the mathematician, but I do not see that 
the objection has any other consequences. 

The whole of de Sitter’s world can be reaehed by a, process of continuation ; 
that is to say the finite experience of an observer A extends over a certain 
lune; he must then hand over the description to B whose experience is partly 
overlapping^and partly new; and so on by overlapping Junes. The'equation 
G„ v = rests on the considerations of § 66 ,* and simply by continuation of 
•this •equation from point to point we jirriye at de Sitter’s complete world 
without encountering any barrier oi* mass-horizon.. . 

A possible indication that there* is no real mass in de Sitter’s world i<i‘ 
afforded by a calculation of the gravitational flux (6T4). By (636) this is 

47 rr a Sy' — ^ Sy) dt, 

since dt can no longer be replaced by ds. On substituting for y it is found 
that the flux vanishes for all values of r. It is true that as we approach the 
boundary dtjds becomes very great, but the complete absence of flux right up 
to the boundary seems inconsistent with the existence of a genuine mass- 
horizon. 

|) 

I believe thefi that the mass-horizon is merely an illusion of the observer 

at the origin, and^that it continually recedes as we move towards it. 

« 

v 71. Properties of Einstein’s cylindrical world. 

Einstein does not regard the relation (69 5) 

M = \irR - f?rX~* .(71 -l ) 1 

as merely referring to the limiting gase *vhen *the amount of matter in the 
world happens to be sufficient to ma*ke the form cylindrical. He considers it 
to be a necessary relation between X and M ; So that the constant X occurring 
in the law of gravitation is p function of the total mass of matter in the world, 
and the volume of space is conditioned by the amount of matter fcontained 
in it . 

The question at once' arises, By what mechanism can the value of X*be 
adjusted to correspond with M ? The creation of a new stellar system in a 
distant part of the world would have to propagate to us, not‘merely a gravi¬ 
tational field, but a modification of the law of gravitation itself. We cannot 
trace the propagation of any.such influence, and the dependence of X upon 
distant masses looks like sheer action at a distance. 
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But the suggestion is perhaps more plausible if we look at the inverse 
relation, viz. if as a function of X. If we can imagine the gradual destruction 
of matter in the world (e.g. by coalescence of positive and negative electrons), 
we see by (711) that the radiifs of syace gradually contracts; but it is not 
clear what is the fixed standard of length by which R is supposed to be 
■ measured. The natural standard of leftgth in a theoretical discussion is the 
radius R itself. Choosing it js unit, we have M = J 7 r, whatever the number 
of elementary particles in the world. Thus with this unit the mass of a particle 
must be inversely proportional *to the number of particles. Now the gravi¬ 
tational mass is the radius of a sphere which has some intimate relation to 
the structure of the particle; and we must conclude that as the destruction 
of partidPs proceeds, this sphere must swell up as though some pressure were 
being relaxed. We nnght frry t?i represent this pressure by the gravitational 
flux (§ 611) which proceeds from nvcjy particle; but I doubt whether that 
leads to a satisfactory solution. Howevdr that may be, the idea that the 
pvticles each endeavour to monopolise all space, and restrain one another by 
a mutual pressifre, seems to be the simplest interpretation of (71 1 ) if "it is to 
be ifccepted. » 

We do not know whether the actual (or electrical) radius of t.hv particle 
would swell in the same proportion—by a rough guess I should anticipate 
that it would depend on th*e square root of the above ratio. But this radius, 
* on which the scale of ordinary material standards depends, has nothing to do 
with equation (711);,*txl if we suppose that it remains constant, the argu¬ 
ment of § 6 (i need not bo»affected. 

In favour of Einstein’s hypothesis is the fact that among,the constants of 
nature there is one which is a very large pure number; this is typified by the 
ratio of the radius of an electron to its gravitational mass = 8 . K) 4 '. It is diffi¬ 
cult to account for the occurrence of a pure nuiflbcr (of order greatly different 
from unity) in the•seheiye of things ;.J»ut this difficulty would he removed if 
we could connect it with the number of particles in the world—a number 
presumably decided by pure accicfent*. There is an attractiveness in the 
idea that the total number of*the }*irti<jles may play a part in determining 
the constants of the laws of nature; we can more readily admit that the laws 
of the actual world are specialised by the accidental circumstance of a par- 
ticidar number of particles occurring in it, than t^hut they are specialised by 
the sameffiuinber occurring as a mysterious ratio in theifine-grained structure 
of the continuum. « 

"In Einstein’s world one diruction is uncurved and «this gives a kind of 
absolute time. £)ur criticJwho has been waiting ever since § 1 with his blank 
label “true time’’.will no dopbt seize this opportunity of affixing it. More- 

* Tfce square of 9*. 10 u might well be of the same order as the*total number of positive and 
negative electrons. The corresponding radius # i* 10 14 parsecs. Bat the fesult is considerably 
altered if we take the proton insttad of the electron as the mdre fundamental structure. » 
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over absolute velocity is to some extent restored, for there is by hypothesis a 
frame of reference with respect to which material bodies on the average have 
only small velocities. Matter is essential to the existence of a spac#-time 
frame according to Einstein’s view; and it ifc inevitable that the spa6e-time 
frame should become to some extent materialised, thereby losing some of the 
valuable elusiveness of a purely aethbrial frame. It has been suggested that' 
since the amount of matter necessary for Einstein’s worhj greatly exceeds that 
known* to astronomers, most of it is spread uniformly through space and is 
undetectable by its uniformity. This is dangerously like restoring a crudely 
material aether—regulated, however, by the strict injunction that it must on/ 
no account perform any useful function lest it upset the principle of relativity. 
We may leave aside this suggestion, which creates unnecessary difficulties. 

I think that the matter contemplated in Einstein's theory is ordinary stejlar 
matter.' Owing to the irregularity of distribution of stars, the actual form of 
space is not at all a smooth sphere,'and the formulae are only intended to give 
an approximation to the general shape. • *>' 

The Lorentz transformation continues to hold for a limited region. £j>nce 
the advent of the general theory, it has been recognised that the special theory 
only applies to particular regions where they*, can be treated as constants, so 
that it scarcely suffers by the fact that it cannot be applied to the whole 
domain of spherical space. Moreover the special principle is now brought into 
line with the general.principle. The transformations of the theory of relativity 
relate to the differential equations of physics; and Our tendency to choose 
simple illustrations in which these equations arc in'egratle over the whole of 
space-time (as simplified in the mathematical example) is responsible for much 
misconception on this point. > 

Tfie remaining features of Einstein’s world require little comment. His 
spherical space is commonplace comparer^ with de Sitter’s. Each observer’s 
coordinate-system covers the whole world; so that,the fields of their finite 
experience coincide. There is no scattering force to cause divergent motions. 
Light performs the finite journey round the world in a finite time. There is 
no passive “ horizon,” and i« partipulai* no mass-horizon, real or fictitious. 
Einstein’s world offers no explanation of the red shift of the spectra of distant 
objects; and to the astronomer this must appear a drawback. For this and 
other reasons I should bej, inclined to discard Einstein’s view in favour of 
de Sitter’s, if it were aot for the fqct that the former appears to otter a distant 
hope of accounting for the occurrence of a very large pure number as one of 
the constants of nat*re. 

r■ 

73. The problem of the homogeneous sphere. . 

For comparison with the results for naturally curved space, we consider a 
problem' in which* the curvature is due to the presence of ordinary matter. „ 
j The problem of determining fits 8 at points within'a sphere of fluid of uniform 
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.(72-1), 


density has been treated by Schwarzschild, Nordstrom .and do Donder. 
Schwarzschild’s solution* is 

* ds' “ — e k dr* — r 3 sin* 0d<f>* 4- e”dt , < ' 

where e* = 1/(1 — a?-*) * 1 

< - i (3 \/(l - ««*>- VU - 

and a and a are constants. . 

• • 

The foynulae (46‘9), which apply to this form of ds, become on raising one 
suffix . • • 

. ‘ -8^77 = e~ x (i'7'--(e > '- 

— 8t rTV = e~+ (5 v" — J XV + J i/* + {v — X')/r) 


8 w 5 P,». 


■ 87rTV 


— 8ir7V*= e” A t~ >-7'' — (e* — 1 i/r'l 

We find from (72’l)»that > * * 

^ («* -.1 )/»•*= 4X'//-; Ji/'' -* JW+ Ji/ S = \vjr. 

Hei«* 7V = 7? = 7’,* e-* (U' - V)/r 


.(72-2). 


2 V = 7'/=7’ s *^|-/(^' 


.(72-31), 


y 1 , _ 

,-<4 - 


87T 


‘J\7r = 3«/87r .(7232). 


Referred to the coordinate-system (>\ d, <£), 7’/ represents the density and 
TV, 7V, TV the stress-system. Hence SellwnrzschiId’s solution gives uniform 
density and isotropic, hydrostatic pressure at every point. 

On further working otft (72 01 ), we find that the pressure is 

« - - 7’ • _ « 1§ < l “ a,J,)i -» (l ~ a " a)i( ’ . (72-4) 

1 * fS ' 7r {?. (l — afct 3 ) 4 — ^ (1 — a/ *) 4 ! • % 

We see that the pressure vanish's at r = a, and would become negative if, 
we attempted to cofitinu# the solutioi» t f>eyynd r — a. Hence the sphere r => a 
gives the boundary of the Huid. If jt is desired to continue the solution out¬ 
side the sphere, another form of <Z.s* must be taken corresponding to the 
equations for empty space. • • * ^ * 

Unless a> <J(8/9a) the pressure will everywhere be finite. This condition 
sets an upper limit to the possible size of a,fluid sphere of given density. The 
limit* exists because the presence of dense matter increases the curvature of 
space, and Snakes the total voluyie of^pace smaller. Clearly the volume of the 
material sphere cAnnot be larger titan the volume of space. • 

■ , • * • 

* Scliwarzschild’u solution is »f (ftnsiderable interest; but I do not think that he solved exactly 
the problem which hs intended to solve, viz. that of an incompressible fluid. For that reason 1 do 
not give the arguments *hich led to the solution, but son tent myself with discussing what dis¬ 
tribution of matter his solution represents. A full account is given by de Donder, La Oravifique 
Eintteinitnne, p. 169 (dauthier-Villars, 1921). The origibal gravitational equations ar*»used, tho 
natural curvature of space being considered negligible compared with that supei posed by the 
material sphere. 
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For spheres which are not unduly large (e.g. not much larger than the 
stars) this solution corresponds approximately to the problem of the equi¬ 
librium of an Incompressible fluid. The necessary conditions are satisfiisd, viz. 

(1) The density is uniform. c 1 

(2) The pressure is zero at the surface. 

(3) The stress-system is an isotropic hydrostatic pressure, and therefore' 
satisfies the conditions of a perfect fluid. “ 

(4f The pressure is nowhere infinite, negative, or imaginary. J 
Further equation (72'4). determines the pressure'at any distance from the^ 
centre. • ° 

t 

But the problem is only solved approximately, and the materipInhere dis¬ 
cussed is hot strictly incompressible nor is.it a^ perfect fluid. 'The values of 
1\\ Tft 7V 1 , T t 4 refer to the particular coordinates usCtl; these are arbitrary 
and d« nofi-correspond to natural measure.' So long as the sphere is small, the 
difference does n<;t amount to much ; but for large spheres the solution ceases 
to correspond to a problem of any physical importance sinc^.it does not r’Jfer 
to natural measure. It is unfortunate that the solution breaks down fo^ large 
spheres, Jbccause the existence of a limit to the size of the sphere is one of the 
most interesting objects of the research. 

Clearly we need a solution in which the density referred to natural measure 
is constant throughout; i.e. T constant, instead of 7’ 4 4 constant. The condition, 
for a perfect fluid also needs modification. (But it would be of considerable 
interest to find the solution for a solid capable of supporting non-isotropic 
stress, if the problem of the fluid proves too difficult.) So far as J know, no 
progress has been made with the exact solution of this problem. It would 
throw interesting light on the manner in which the radius of space contracts 
as the size of the sphere continually increases. 

If it is assumed that Schwarzsch(ld’s’result 

a < v'(8/9a) 

is correct as regards order of magnitude, the radius of the greatest possible 
mass of water wxHdd be 37(1 millioq kiigmetras. The radius of the star Betel- 
geuse is something like half of thi§; but its density is much too small to lead 
to any interesting applications of the foregoing result. 

Admitting Einstein’s,modification of the law of gravitatioq, with A de¬ 
pending on the totaL'amount of rp at ter-in the world, the size of the greatest 
' sphere is easily determined. By (69 4) R\ — lj4,7rp 0 , from which It (for water) 
is very nearly 300 millihn kilometres. 
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73. The electromagnetic equations. • 

In the classical theory, the electromagnetic field is described by a scalar 
’potential and a vector potential (F, G, II). The electric force ( X , I, Z) 
and the magnetic force (a,* /3, 7 ) are derived from these according to the 
equations' % , 

• • 3d> dF 

. d\ dt 

• • dii bo\ 

Ju ’d z) 

*• # 9 

TlKs classical theory does not consider any possible interaction between the 

gravitational and electromagnetic fields. Accordingly these definitions, to¬ 
gether with Maxwell’s equations, are intended to refer to the case in which no 
field of force is acting, i.c. to,Galilean coordinates. We take a special system 
/>{' Galilean coordinates and set 

... *s = (F, G, II, d>) .(7321) 



for that system. Having decided to make a contravariant vector we can 
find its components in any other system of coordinates, Galilean or otherwise, 
by the usual transformation law ; but, of course, wb cannot tell without investi¬ 
gation what would be the physical interja-etation of those components. In 
particular we must not assume without proof that the components of in ■ 
another Galilean system would agree v’th Xhe new F, ft, II, <I> determined 
experimentally for that system. At tj>e present stage, we have defined in all 
systems of coordinates, but the equation (73 21) connecting^it with experi¬ 
mental quantities is only knowiT to hdld f<\ one particular tlalilean system. 
Lowering the suffix with Galilean we have 

= (— F, — G, •— II, 4>) .(73-22). 

• • 9 ^ 

® y T * d/Cy • 

Let the tensor = = ; — =— .v*« ,J ) 

as in*(32'2). * * • 

Then by*(731) . * 

* ,- _ d*i _ da, _ 9 ( — F) _ d& _ y 

14 dz t *dz } dt * dx‘ 

' — _ —- 1 = ^ H) _ ^ , 

a dxf dx.j %z 9 y 
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Accordingly t^e electric and magnetic forces together form the curl of the 
electromagnetic potential. The complete scheme for F„, is 

F„>m o -y 0 c -X .( 73 * 41 ). 

i—*■ a 7 0 1 —a — Y 


Utfing Galilean values of cf L '‘ to raise the two suffixes, 

0 -7 0 X .'...(73-42). 

7 0 — a Y 

-0 a 0 Z " ‘ 

- X - Y o 

Let p be the density of electric .charge and <r x ,ar y , cr z the density of electric 
current. We set . 

, J* - Wx, CTy, <r z , p) .. ;; .(73-9J-. 

Here again we must not assume that the components of J* will be recognised 
experimentally as electric charge and current-density except in the original 
system of coordinates. 

The universally accepted laws of the electromagnetic field are those given 
by Maxwell. Maxwell’s equations are 

a z dY _a« a a; _ dz = _ ?0 dv^dx * y 

dy a? a t ’ dz d‘ r a< ’ dx ay dt ’ 


dy d0 _ dX 
dy dz dt <Tjc ' 


da dy _ a Y d0 da _ 8Z 
dz dx dt <Ty ’ dx dy dt ^~ <Te 

.(73-62), 

a x dY a z .» oeo . 

W, + a, +-&- f . ,7:hi:i - 


a. a., 1 * <■ . . —'■ 

£ + . <”«>. 

The Heaviside-Lorentz unit of chr.rge‘is used so that the factor 47r does not 
appear. The velocity of light is as usual taken to be unity. Specific inductive 
capacity and magnetic permeability are merely devices employed in obtaining 
macroscopic equations, and do not occur in the exact theory. * 

It will be seen by reference tcr(73'41) and (73 42) that Maxwell's equations 
arc equivalent to J 1 


^ i w ^ 

dx„ dx M 


r + ^ = ° ..• •••(73'71), 

= «/<*.(73-72). 


The first comprises the four equations (73 61) and (73 64); and the second 
’ comprises (73 62) and (73 63). 
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On substituting F^, = dtcjdx, — dx y /dx y in (73-71) it will bo seen that the 
equation is satisfied identically. Also (73'72) is the simplified form for Galilean 
coordinates of {F»'),= J> Hence Maxwell’s laws reduce to the) simple form 

*- J i t-% .< Wi »- 

F r = J* *.(73-74), 

which are tensor equations. * 

By (51'o2) the second equation becomes 

•. 4- = >.v.(73-75). 

• cx ¥ 

Owing t<» ’the antisymmetry of $' 1 ’’, d 1 '$ l * ¥ /dx l ,dx y vanishes, the tennis in the 
summation cancelling in pairs. Hence 

’•S3' 1 


dxjbx v dx y 


■ 0 .*.(73*76), 


whwnce, by (5112), • ( J '*)„ = 0.(73-77). 

The4ivergence of the charge-and-current* vector vanishes. 

For our original coordinates (73 77) becomes » 


• --J . 0<T v , 9cr 2 , dp . 
dx d;/ ?s dt 


■ 0.(73-78). 


•If the current is produced l>y the motion of the charge with velocity (</, v, w), 
we have <r x , a,,, cr z = pu^pv, pw, so that 

’ d (pu) d (pv) d (pw) dp 
• dx ?)i/ dz dt ’ . 

which is the usual equation of continuity (cf. (57171)), showing that elejctric 
charge is conserved. * 

It may be noted that even in non-Galilean coordinates the chargc-and- 
current vector satisfies th« strict law of.vonservation 


d'y 

dx y 


= 0 . 


This may be contrasted with the material ehergy and momentum which, it will 
be remembered, do not in the geis-ral case satisfy 


dZZ' 

9j'„ 


0, 


so that it becomes*necessary to supplement them by the pseudo-energy-tenSOr 
t* (§ 59) in*order to maintain tlie formal law. Both T&' and J <* have the 
property which ii| the relativity theory we recognise as the natural generali¬ 
sation of conservation, via. T 0, ./(l =»().,’ • 

If the charge is i moving with velocity 

t 

dx dy, 'dz 
' dt’ dt’ dt’ 









THE ELECTROMAGNETIC EQUATIONS 


CH. VI 


17*4 




we have 


J =p Tt 




_ ds(dx dy 
~ ip Jt\Ts\ts' 


t s).< 7 ?' 81 )- 

The bracket constitutes a contravariant vector; consequently pds/dt is an 
invariant. Now ds/dt represents the FitzGerald contraction, so that a volume' 
which would be measured as unity by an observer moving with the charge 
will bh measured as ds/dt by an observer at rest in the coordinates chosen. 
The invariant pds/dt is the amount of charge in this volume, i.e.,unit proper- 
volume. . ! 

/J o • 

p ° = p dt ’ * 


We write 


so that pn is the proper-density of the charge. ‘If A* is the velocity-vector 
dx'jds, of the charge, then (73'81) becomes 


J» = p 0 A» .;.(73-82).. 

Cfinrge, unlike mass, is not altered by motion relative to the observer. This 
follows from the foregoing result that the amount of charge in an abs<*!utely 
defined volume (unit proper-volume) is an invariant. The reason for this 
difference of behaviour of charge and mass will be understood by reference to 
(53'2) where the FitzGerald factor ds/dt occurs squared. 

For the observer 8 using our original system of Galilean coordinates, the 
quantities k m , F m „ and </ M represent the electromagnetic potential, force, and 
current, according to definition. For another observer 'S' with different velocity, 
wc have corresponding quantities k^'/F'^, J'*, obtained by the transformation- 
laws; but we have not yet shown that these are the quantities which S' will 
measure when he makes experimental determinations of potential, force, and 
current relative to his moving apparatus. Now if S' recognises certain measured 
quantities as potential, force, and current it must be because they play the 
same part in tho world relative to him, as and «/* play in the world 

relative to S. To play the same part moans to have the same properties, or 
fulfil the same relations or equations. But *>', F „ r and «/'** fulfil the same 
equations in S"s coordinates as **1’, F^/ and /j* do in S’s coordinates, because 
the fundamental equations (73 - 73), (73'74). and (73"77) are tensor equations 
holding in all systems of coordinates. The fact that Maxwell’s equations are 
tensor equations, enables fts to make the identification of *•„, F h ,, ./<* with the 
experimental potential, force, and turren't in aU systems of Galilean coordinates 
aifd not merely in the system initially chosen. 

In one sense our proof is not yet complete. There are other equations 
obeyed by the electromagnetic variables which have not yet been discussed. 
In particular there is the equation which prescribes the motion of a particle 
carrying a charge in .the electromagnetic field. We shall show in | 76 that 
this also is of the tensor form, so that.the accented variables continue to play 
the same part in S ''s experience which the unaccented variables play in S’s 
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'experience. But even as it stands our proof is sufficient to show that if there 
exists for S' a potential, force, and current precisely analogous to the potential, 
force, and current of S, these must be expressed by F'^„ J*.\ because other 
quantities would not satisfy the Aquations already obtained. The proviso must 
clearly be fulfilled unless the special principle of relativity is violated. 

When an observer uses non-Galileafi coordinates, he will as usual treat 
them as though they were Qalilcan and attribute all discrepancies to the 
effects of tlje field df force which is introduced. and J * will be identified 

with the potential, force, jind cifrfent, just as though the coordinates were 
•palilean. These quantities will no longer accurately obey Maxwell’s original 
form of the equations, bulr will conform to our generalised tensor equations 
(73’73) rtnfl ^73’74). The replacement of (7372) by the more general form 
(7374) extends the "cjassicart equations to the case in which a gravitational 
field of force is acting in addition to t^e electromagnetic field. ^ • 

. 74. Electromagnetic waves. . 


(a) Propagation of electromagnetic potential. • 

It is well known that tjie electromagnetic potentials F, G, IT, <t> arc 1 not 
determinate. They are concerned in actual phenomena only throifgh their 
curl—the electromagnetic force. The curl is unaltered, if we replace 


-F, - G, 


• dV 
H, <i> by -F+ , 

f.T 


„ ?>v 

— G + - , 

0'J 


-1T + 


dV 

dz 


d> + 


?! V 

dt ’ 


where V is an arbitral^ function of the coordinates. The latter expression 
gives the same field of electromagnetic force and may thus equally well be 
adopted for the electromagnetic potentials. • 

It is usual to avoid this arbitrariness by selecting from the possible ^allies 
the set which satisfies • 


a F dG . dll a<i> ’ 

* •?#"*" og a/ + ,a t 

Similarly in general coordinates we wmove the arbitrariness of by imposing 
the condition 

* .....(74-1). 

When the boundary-condition a^ infinity is added, the value of becomes 
completely determinate. .. • 

By (7374) and (73'3) . * . 

. •/„ = (FS)« *= = .r’ (KeU * _ ■ 

• # .(742) 

* • * = Tf* («•»«.- * 0 .* + Uii*u k -) by (34 3) 


The operator y* 8 (. 
« 0. *Hence 


1 'f* ~ (fli* + GJ 1 k,. 


,)p* has been previously denoted by Q. Also, by (74'1) 

• • , 


D — •'M 


(74-31)/ 
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In empty space tfyis becomes ? . 

□ = 0 .(74-32), 

showing that /i^-is propagated with the fundamental velocity. * 

If the law of gravitation (?*„ = Xg^, for curved space-time is adopted, the 
equation in empty space becomes 

(□ + A)*„ = 0..(74-33). • 

(b) c Propagation of electromagnetic force. * * . 


To determine a corresponding law of propagation of we naturally try 
to take the curl of (74'31)' but care is necessary since the order of tKe operations, 
curl and □ is not interchangeable. * 

By (74;2) 

JHV ~ ff 1 ' (Kpflav r 

» ’* lP (KfiP ya tcpiuia) ~ g a (fpiya^ipF Bp ya K m Bp va K ty B*^y a Kg t ) 

by (34-8) 

„ =f 8 («»f>r- Kfh^U ~ <f* (B% a F.p - Bp va F,f 

tP^ i K b‘P K Pny + ByRv *e)« — Bpya, t “ — GyF,y. «t' 

Hence , 

'fny — Jyy. — g a * (tfiyp — Ky H ff — hfipyK, + BrfyK, — Ji’yBfy K,) a 

- (Jfy^ - By ,, at ) P« - GIF V + %F.y. 

But by the cyclic relation (34(5) 

Bpiyy + B'^yg -f -fits* = 0. L • 

Also by the antisymmetric properties 

(B llm -B,. MV )F» = 2B llin . F«. 

Hence the result reduces to 

„ = if* («»y - *,mW - (t; F,y. + GIF'y - 'IB^F", 

so that □/;, = J„ - Jy^-BUi, + G’yF.n + 2!)^F~ .(74-41). 

In empty space this becomes „ 

E\F li y=2B ll y a 'F'° .(74-42) 

for an infinite world. For a curved world undisturbed by attracting matter, 
in which fr' = \f ,- B hya , = (X (g H yg at — g^g„), the result is 

(□ + ^X) F„y = 0 .(74-43). 

It need not surprise us that the. velocity of propagation of electromagnetic 
potential and of electromagnetic force is not the same (cf. (74 33) and (7443)). 
The former is not physically important since it involves, the arbitrary con¬ 
vention «“ = 0. 

But the result (7442) is,,I think, unexpected. It shows that the equations 
of propagation of electromagnetic force involve the Riemann-Christoffel tensor; 
and therefore this is not one of the phenomena for which the ordinary (Jalilean 
‘equations can be immediately generalised by the principle of equivalence. 
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'This naturally mains us uneasy as to whether we have done«right in adopting 
the invariant equations of propagation of light (da = 0, SJds = 0) as true in 

all circumstances; but the investigation which follows is reassuring. 

• • 

(c) ^Propagation of a wavefront. * 

The conception of a “ ray ” of lighten physical optics is by no means 
elementary. Unless the' wave-front is of infinite extent, the ray is an abstrac¬ 
tion, and to appreciate its meaning a full discussion of the phenomena of 
interference fringes is necessary.. We do not wish to enter on such a general 
discussion tuJre; and accordingly we shall not attempt to obtain the formulae 
fbr the tracks of rays of light for the case of general 'coordinates ah initio. 
Our course .will be to reduce the general formulae to such a form, that the 
subsequent wrtrk will.follow tjie ordinary treatment given in works on physical 
optics. . 

The fundamental’equation treated m tire usual theory of electromagnetic 

waves is 

% 

% 

which is the form taken by = 0 in Galilean coordinates. When thfti region 
of space-time is not flat ,we cannot immediately simplify in this way; 

but we can make a considerable simplification by adopting natural coordinates 
/it the point considered. In that case the 3-index symbols (but not their 
derivatives) vanish, and % 

i tP 11 (#<,)«/• 


(?- - ^*v = 0.(7-15*1), 

\d< a d.f 1 9i/ J df) 




(>‘k, 

d.f. d. 


“a.,’ 


a d.f 


K, 


Hence the law of propagation □*„ = () becomes in natural coordinates 

f i)' 1 9 a 9 ,J 9 5 , 0 . 

.(74-52). 


/9 j _ 

V9f J dx 1 * ; 


9f a ' df 0 z 1 ) S.r« 

^t first sight this does not look‘very promising for a justification of the 
principle of equivalence. We cpnnot make all the derivatives 9 (/a/ 3, fj/9ir a 
vanish by any choice of coordinates, sin's:: these determine the Rietnann- 
Christoffel tensor. It looks as though the law of propagation in curved space¬ 
time involves the Ricmann-Christotfel tensor, and consequently differs from 
the law in flltt space-time. But the inner multiplication by g af saves the 
situation. It is possible to choose coordinates such that g afi d (/a/3, e\j?x a vanishes 
for a(l the sixteen possible combinations of /a and e \ Fqp these coordinates 
(74'52) reduces to (74'51) % and the usual solution for flat space-time will 

apply at the pointfconsidered. . 

* ’ . • 

* According to (36-55) it is possible by a transformation to increase 3 {/a/3, «}/3x„ by an 
arbitrary qaantity «*£ a . Symmetrical in /a, p anil a. The siiteensquantitiesg 0 ^**^ (/x, « = f, 2,3,4) 
will net have to fulfil any conditions qf symmetry, rfhcf may be chosen independently of one another. 
Hence we can make the right-hand side of (74-52) vanish by an apprfpriate transformation. 

• *. * 12 * 
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A solution of<7451), giving plane waves, is 

• . Kp =» A m exp (lx + my + nz — ct) .(74'53). 

A. 

_ c 

• • • ^ 

Here A„ is a constant vector; l, m, n afe direction cosines so that l a + m 3 + n'= 1. 
Substituting in (74 51) we find that it will be satisfied if c’= 1 and the first 
and second derivatives of l, m, n, c vanish. According to the usual discussion 
of this equation (l, m, n) is the direction of the ray and c the velocity of 
propagation along the ray. . , 

The vanishing of first and second derivatives of (l, rn, n) shows that the 
direction of the ray is stationary at the point considered. (The light-oscillf*- 
tions correspond to F^, (not *>) and the direction of the ray would not 
necessarily agree with (l, m, n ) if the first derivatives did not vanish ; conse- • 
quently the stationary property depends on the vanishing of second derivatives 
as well.) further the velocity c along°the ray is unity. " 

It follows that in any kind of c space-time the ray is a. geodesic, and the 
velocity is such as. to satisfy the equation <is — 0. Stated, in this form', the 
result deduced for a very special system of coordinates must hold for all 
coordinate-systems since it is expressed invariantly. The expression for the 
potential (7453) is, of course, only valid for the special coordinate-system. 

We have thus arrived at a justification of tig) law for the track of a light- 
pulse (§ 47 (4)) whjch hits been adopted in our previous work. 


(d) Solution of the equation []#** = </ M . t 

We assume that space-time is flat to the order of approximation required, 
and accordingly adopt Galilean coordinates. The equation becomes 




- vv* = >, 


of which the solution (well known in the theory of sound) is 

c „) _ 1 fff, ao tiZdodX 


.(74-61), 


where r is the distance between (;e, y, z) and (f, y. f). 

The contributions to of each element of charge or current are simply 
additive; accordingly we shall consider a single element of charge de moving 
with velocity /!<*, and determine the part of *** corresponding to it. By (73’81) 
the equation becomes 

. 

1 w 

where all quantities on the right are taken for. the timo t—r. ' 

For an infinitesimal clement we may take p constant and insert limits of 
integration; but these'limits rrfust be taken fbr the time t — r, and this intro- 
ducesran important factor representing a kind of Doppler effect. If the element 
of charge is bounded by two planes, perpendicular to the direction of r, the 
limits of integration are from the front plane at time t — r to the rear plane 
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At time t — r — dr. If tv is the component velocity in the direction of r, the 
front plane has had time to advance a distance v r dr. Consequently the 
instantaneous thickness of the element of charge is less than the distance 
between the limits of integration in thp ratio 1 —‘tv; and the integration is 
over a volume (l-v r ) -1 times the instantaneous volume of the element of 
charge. Hence ,• 

jf 

Writing as usual 0 for the FitzGerald factor dt/ds, (74 02) becomes 

!_.(74-71). 

l4wr£tl-«*r)Jt-r \ inr (1 - tv) J,_ r V 

In most "applications the motion of the charge can be regarded its uniform 
during the time of propagation of thy potential through the distance r. In 
that case , . * • * • 

* fr (1 — (’r)lf-r = f r j(. 

the present distance being less than the antedated distance by v r v. The result 
then becomes * 


k* 


= \ = <"•_ *■ w - V\ .(74-72). 


(47 TV0 


47T)- 


(74-72). 


It* will be seen that the scalar potential <I> of a charge is unaltered by 
uniform motion, and must beVeekoned for the present position of the charge, 
not from the antedated position. 

The equation (74'71 )%an be written in the pseudo-tensor form 


A*de 


■(748), 


* \4stt A’ Uf jt*n m =o .* 

where II* is the pseudo-vector representing the displacement from the charge 
(?. V> £• T ) to the point (x, y , z, t) whew k* is reckoned. The condition 
It' R a = 0 gives 

- (.* - fu - (y - ’ir - o, 

so that t — t — r. 

Also" A'll, = - /3u {x - £) - 0v (y - ?;) - 0tv (z - ?) 4- 0 (t - r) 

- ~ 0v r r + 0r * \ 

— r0{\ — v r ). 

A finite displacement It* is not a vector in the general theory. Wc call it 
a pseudo-vector because it behaves as a vector for Galilean coordinates and 
liorentz transformations. Thus tke equation 1(74-8) does not admit of applica¬ 
tion to coordinates other than Galilean. . 

• • ^ 

75. The Xioredtz transformation of electromagnetic force. 

The Lorentz tr!in$formatinn for an observer inovjng relatively to 8 with 
a velocity u along the a>-axis is ^ 

* = q On - ux t ), a- £ ' = x. Jt ir,'.= x s , i«' = q (<r«- m-,) ...(7,?-l), _ 

where * q = (1 — u J ) _ . 

. . 12 — 2 . 
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We use q instead of 0 in order to avoid confusion with the component 0 of 
magnetic force. 

We have ' • » 

_ fa* ’ ^3i — t 

cta’i <fo 4 dx t dx, ( ’ dx a dx s .' '' 

and a II other derivatives vanish. 

To calculate the electromagnetic force for S' in terms of the force for iS, 
we apply the general formulae of transformation (2321). Thus , 

i = F'» = ^ —’’ F°? 

, VtTfl 

_ j' ;r i tfag ji,j dfl'i era 

1 0a 1 , 3a' 2 (lr 4 0a; 2 

. ,=qy-qvY. 

Working out the other components similarly, thfe result is 

W' = W, Y' = q(Y-Uy), Z' = q(ZfV0)\ ' • 

«'*=«, 0' = q {0 + uZ), y = 5 (7 — u F*} J . ( >J) ’ 

which are the formulae given by Lorentz. 

The more general formulae when the velocity of the observer S' is (u, v, w) 
become very complicated. We shall only consider the approximate results 
when the square of the velocity is neglected/In that case q — 1 , and the 
formulae (75'3) can be completed by symmetry, viz. 

X' = X-w0+vy) '• 

a' -aW-i . <7M) ' 


.(751). 


78. Mechanical effects of the electromagnetic field. 

According to the elementary laws, a piece of matter carrying electric 
charge of density p experiences in an electrostatic field a mechanical force 

pX, VpY, pZ <* 

per unit volume. Moving charges constituting electric currents of amount 
(or*, <x y , a z ) per .unit volume are acted on by a magnetic field, so that a 
mechanical force »" 

ya-y - 0a z , aa z jycTxt 0<r x - aer y 

per unit volume is experienced. ' 

Hence if (P, Q,R) is the total mechanical force per unit volume 
P = pX + ya r) -0<r z 

. •. Q = pY + aa z - ya x - . (7C1). 

R = pZ + 0<T X — 0L(Ty J 

The rate at which the,mechanical force does work is 

a » S r <TzX + <r y Y + <r z Z. J 

•The magnetic'part of the force doe? no work since it acts at right angles to 
the current of qjharged particles. 
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By (73'41) and (73‘5) we find that these expressions are.equivalent to 

, (P, Q, It, - S) - F„J’. 

We demote the vector F^J’ by Raising the suffix with Galilean we 
have 

(P, Q, fi, S) = - A<* *» - P*,.P.176 2). 

The mechanical force wil), change the momentum and energy, of the 
material system; consequently the material energy-tensor taken aloi*e will 
no longer be conserved. .In order to preserve the law of conservation of 
momentum and energy, we must reeognise that the electric field contains an 
electromagnetic momentum.and energy whose changes are equal and opposite 
to those ef the material system*. The whole energy-tensor will then consist 

of two parts, M" due’ty the matter and A'* due to the electromagnetic field. 

• * 

We keep the notation for t»ho whole energy-tensor—the thing which 
is always conserved, and i8 therefore to be.identified with 01 — ^g^O. Thus 

* •. ‘ Tl = + El .(7<Wi). 

Smce P, (J, It, S measure the rate of increase of momentum and energy 
of the material system, they may be equated to dAl^/dtr, as in (53‘82). Thus 

* dx. 

f Phe equal and opposite change of the momentum and energy of the electro¬ 
magnetic field is aecoi'dfngly given by 

• * 9A > ' ’, 

• — = +/(/*. 
ox. 

These equations apply to Galilean or to natural coordinates. We pass over to 
general coordinates by substituting covariant derivatives, so as to obtain the 
tensor equations • . • 

MV = - Af* = - AT.(7(3-4.), 

which are independent of the coordinates used. This satisfies 

TV « (M*' + AV), = 0: 

Consider a charge moving with velocity (u, v, w). We have by (75'4) 
pX' = pX — ( pw) /3 + ( pv) > 

= ftX - <r t @ + 

= P. * 

. • • 

• _ • 

* Notwithstanding ^he warning conveyed by the fata of potential energy (§ 59) we are again 
running into danger ify generalising energy so .as to conform to an assigned law. I am not sure 
that the danger is negligible. But we are on stronger grotihd now, because we know that there is a 

world-tenaqr which satisSes the assigned law TV — 0; whesons pie potential energy was introduced 

' • 

to satisfy d®*ldx r = 0, and it was only a speoulat*re\>ossibility plow found to be untenable) that 
there existed a tensor with that proporty. • 
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The square of the velocity has been neglected, and to this order of app rox i raa ' 
tion p' = p. Thus to the first order in the velocities, the mechanical force 
a moving chafgfe is (p’X', p'Y', p'Z’); just as the mechanical force on a'charge 
at rest is (pX, pY, pZ). We obtain tie force on the moving charge either by 
applying the formula (761) in the original coordinates, or by transforming to 
new coordinates in which the charge is at rest so that <r x , * y> <r 2 = 0 The' 
equivalence of the two calculations is in accordance with the principle of 
relatifity for uniform motion. ’ * 

If the square of the velocity is not neglected, no such simple relation 
exists. The mechanic/xl force (mass x acceleration) will not be exactly the sam# 
in the accented and unaccented systems of cdoi'dinates, since the mass and 
acceleration are altered by terms involving the square of tha velocity. In 
. fact we could not expect any accurate, relation between* the mechanical force 
(1 , Q„R) and the electric force (X,Y, 3) indifferent systems of coordinates; the 
former is part of a vector, and thejatter part of a tensor of the second rank. 

perhaps it might have been expected that with the 'advent of the electron 
theory of matter it would become • unnecessary to retain a separate material 
energy-tensor M <*■’, and that the whole energy and momentum codld bo 
included in the energy-tensor of the electromagnetic field/ But we cannot 
dispense with M* ¥ . The fact is that an electron must not be regarded as a 
purely electromagnetic phenomenon ; that is to say, something enters into its 
constitution which is not comprised in Maxwell’s theory of the electromagnetic 
field. In order to prevent the electronic charge from dispersing under its own 
repulsion, non-Maxwellian “binding forces” arc necessary, and it is the energy, 
stress and momentum of these binding forces which constitute the material 
energy-tensor M*". 

t 

77. The electromagnetic energy-tensor. 

To determine explicitly the valde of A’* we hjve to rely on the relation 
found in the preceding section 

K. = /V = F^J" = l\ y V v ° .(77*1). 

The solution of this differential equation is 

A; = -.(77*2). 

To verify this we take the divergence, remembering that covariant dif¬ 
ferentiation obeys tjic usual distributive law and that p* i 3 a coin tant. 

K. - - - F»F^ + \ k (F?F+ + W„,) 

= -F7F^ a - F™F^ + y;F^F^ . by (2G 3) 

= - F?F„ - f F*‘F wi - i F^F^. + i F°h^ 
by changes of dummy suffixes, 

. ' * = W + + + 

by the antisymmetry of F^". 
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It is easily verified that 
+ Fg IUt - 


: + ?5l. + ^., 0 ' 


. p <>F„ 

• 1 dx,t ' dz, T d-c M t . 

by (30'lj) and (7371); the terrrfs containing the 3-index symbols mutually 
cancel. 

• Hence B^m FYF^ J'F„, 

agreeing with (77'1). * , 

It is of,interest to work out the components of the energy-tensor^(77 - 2) 
in Galilean coordinates by.(7341) and (73 42). We have 


F a1 F^ = 2 (a s + /9 s + 7* - - F* - Z*) .(77-3), 

7?; = $ (V-/9'-y , ) +J(A'*- F*- Z') .(77 41), 

*' * * • Q\ = a /3fXY ..."( 77 - 42 ), 


fiZ-yY .;..*...(77-43),. 

K -1 (* + /8* + r) + tU' + F- + Z»).*(77*44). 


The*last gives t.Jie energy or mass of the electromagnetic field; the Jdiird 
expression gives the momentum; the first, two give the stresses in the field. 
In alf cases these formulae agree with those of the classical theory. 

Momentum, being rate of How of mass, is also the rate of How of energy. 
In the latter aspect it is oftey called Poynting’s vector. It is seen from (77'43) 
that the momentum is the vector-product of the electric and magnetic forces 
—to use the terminology of the elementary vector theory. 

From Ep we can form a scalar E by contraction, just as T is formed from 
T\ 1. The invariant density T will be made up of the two parts E and M, the 
former arising from the electromagnetic field aiyl the latter from the matter 
or non-Maxwellian stresses involved in the electron. ‘It turns out, however, 
that E is identically zero, so that the electromagnetic field contributes nothing 
to the invariant density. The invariant density must be attributed entirely 
to the non-Maxwellian binding stresses* Contracting (77 - 2) 

* B = - F»'F'„ + \ <JlF"F« = 0.(77-5), 

since o'* = 4. • . • 

The question of the origin of the inertia of matter presents a very curious 
paradox. We have to distinguish— 

the invariant mass rn arising from the # in variant density T, and 
the relative mass M ariging from tl*e coordinate Mensity T u . 

As we have seen, t*he former cannot’be attributed to (he electromagnetic field. 
But it is gitnerally .believed jhat’the latter—which is tfie ordinary mass as 
understood in posies—arises solely from the electromagnetic fields of the 
electrons, the inertia of mattenbeing Simply Uie*epergy of the electromagnetic 
fields contained in jt. It is probable that this yiew, whiejr arose in consequence 
of tf. J. Thomson’s researches", is correct; so that ordinary *>r relative mass 
* Adi. Mag. vol. 11 (1881), p. #29. 
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may be regarded as entirely electromagnetic, whilst invariant mass is entirely 
non-electromagnetic. 

How then ‘does it happen that for an electron at rest, invariant maSs and 
relative mass are equal, and indeed synonymbus ? « 

Probably the distinction of Maxwellian and non-Maxwellian stresses as 
tensors of different natures is artifidial—like the distinction of gravitational- 
and inertial fields—and the real remedy is t« remodel^ the electromagnetic 
equations so as to comprehend both in an indissoluble connection. But so 
long as we are ignorant of the laws obeyed by the non-Maxwelliap stresses, it 
is scarcely possible to avoid making the separation. From the present pointf 
of view we have to explain the paradox as follows 0 — 

Taking an electron at rest, the relative mass is determined solely by the 
component E u ; but the stress-components of E* v make a contribution to E 
which exactly cancels that of E u , so that -E = 0., These stresses are balanced 
by non-Maxwellian stresses M n , ..'. ; the balancing being not necessarily 

exact in each element of volume, but exact for the region round the electron 
taken as a whole. Thus the term which cancels E u is itself cancelled, and E u 
becomes reinstated. The final result is that the^ntegral of T is equal to the 
integral of E u for the electron at rest. 

It is usually assumed that the non-Maxwclliart stresses are confined to 
the interior, or the close proximity, of the electrons, and do not wander about 
in the detached way that the Maxwellian stresses do, e.g. in light-waves." 
I shall adopt this view in order not to deviate too Widely from other writers, 
although I do not see any particular-reason for believing it to be true*. 

If then all .non-Maxwellian stresses are closely bound to the electrons, it 
follows that in regions containing no matter E^ is the entire energy-tensor. 
Then (54'3) becomes 

Gl-l&G^-airE; ...(77-6). 

Jontracting, lr ='SttE = 0, 

and the equation simplifies to 

1 • fw=-<S7.(77-7) 

for regions containing electromagnetic fields but no matter. We may notice 
that the Gaussian curvature of space-time is zero even when electromagnetic 
energy is present provided there are no electrons in the region. 

Since for electromagnetic energy the invariant mass, m, is zero, and the 

relative mass, AI, is finite, the equation (1*2'3) 

« «• (> 

M = mdt/ds 

shows that ds/dt is zero. Accca-dmgly free electromagnetic energy must always 
have the velocity of li^ht. 

, * We may evade the difficulty by extending the definition of electrons or matter to include all 
1 regions where Maxwell’s equations are inadequate (e.g. regions containing qnanta). 
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78. *The gravitational field of an electron. 

This problem differs from that of the gravitational field of a particle (§ 38) 
in thlit the electric field spreads through all space, and consequently the 
energy*tensor is not confined to*a poin^ or small sphere at the origin. 

•For the most general symmetrical field wo take as before 

< 7 n = - A g a = - r 1 , fa = - r* sin’ 0, g u - e" .(78-1). 

Since the electric fi<*ld is static, we shall have 

* # 

F, G,.H = at,, « 2 , k-j = 0 , 

.and K t will be a function of r only. Hence the onty surviving components of 
F m „ arc , 

* • _ = - F h = «;.(78-2), 

the accent denoting*differentiatfon with respect to r. Then 
F i, =g u #"F u .=- J e- (A+ *' ) A- 1 \ 
and 5 *' =*F J ' V — g = — e~j (A+,,) »•’ sin 0. k,'. 

HJhee by (73 7^) the condition for no electric charge and current (except at 
the singularity at the origin) is . * . 

- sin 0 ^ (e-« < A * "> rV) = 0 ..’.(78-3), 

so that * *•/ = .(78-4), 

• » 

where e is a constant o£ integration. 

Substituting in {77'2) we find 

. e\ = -e\ — eI = e\-\c-'-k:* . 

. -ae •'.. 

By (77'7) we have to substitute — S 7 r/ 4 \,„*for zero on the right-hand side ol # 
(38(>l-38'<>4). 'I'ln? fir^teand fourth equations give as before A.' = — v ; and the 
second equation now becomes 

e' (l + rv) - l = - 8 vg. n E\ 
r ‘ * — 47 re 1 /r s . 

Hence writing e“ = 7 , 7 4 - 17 ' = 1 — 4t re'-'/r’, 

so that >'7 ■= »• + 4t re*/>' — 2 m, 

.* • 
where 2 m»is a constant of integration. * * # 

Hence the gravitational field due to an electron is given by 

. ds 2 = — 7 _l dr- •» r’d # 2 — r 2 sin’ 0d<$ 2 + 

• # • 

• , • , 2 »l 47Tt’ ... 

with • 7—1 -+ —.(786). 

. . . • r 1 * 

* . • • 

This result appears to have been first given by Nordstrom. I have here 
followed the solution as given by G. B. Jeffery*". * 

* Hroc. Hoy. Hoc. vol. '.I9x, p. *123. 
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The effect of the term iire'/r* is that the effective mass decreases as r 
decreases. This is what we should naturally expect because the mass or energy 
is spread throughout space. We cannot put the constant m equal to* zero, 
because that would leave a repulsive force oh an uncharged particle varying 
as the inverse cube of the distance; \>y (55 8) the approximate Newtonian 
potential is m/r — 2* 

The ponstant m can be identified with the re ass and 4 ire with the electric 
charge # of the particle. The known experimental values'for the negative 
electron are • • 

m = 7.10~“ cm., 

27T€ 2 * 

= l-5.10~ ,s cm. 

. m • . 

• • • 

Thq quantity a is usually considered to-be pf the order of magnitude: of the 
radius «f the electron, so that at all-points outside’tfye electron mjr is of order 
10 -40 or smaller. Since \ + v = 0, (78‘4) becomes 



/ 

which justifies our identification of 47re with the electric charge. . 

This example shows how very slight is the gravitational effect of the 
electronic energy. We can discuss most electromagnetic problems without 
taking account of the non-Euclidean character which an electromagnetic field 
necessarily imparts to space-time, the deviations froth JEuclidean geometry 


being usually so small as to be negligible in the casts we have to consider. 

When r is diminished the value of 7 given by (78'G) decreases to a minimum 
for r = 2 a, and then increases 'continually becoming infinite at r = 0. There is 
no singularity in the electromagnetic and gravitational fields except at r = 0. 
«lt is thus possible to have an electron winch is strictly a point-singularity, 
but nevertheless has a finite mass and (fharge. • . 

The solution for the gravitational fieW of an uncharged particle is quite 
different in this respect. There is a singularity at r = 2m, so that the particle 
must have a finite perimeter not le^ thab 4irm. Moreover this singularity is 
caused by 7 vanishing, whereas for the point-electron the singularity is due 
to 7 becoming infinite. 

This demonstration tlntt a point-electron may have exactly the properties 
which electrons are observed to haVe is a useful corrective to the general belief 
thret the radius of an electron is known with certainty. But on the whple, 
I think that it is mote likely that an electron is !j. structure of finite size ; our 
solution will then only be valid until we enter the substance of the electron, 
so that the question of a singularity at tHe .origin does not arise. 

Assuming that we <jo not encounter the substance of tfie electron putside 
the Bphere r — a, 1 the total energy of the electromagnetic field beyond this 
Yadius would be epual to the mass of the electron determined by observation. 
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• , , 

For this reason a is usually taken as the radius of the electron. If it is 
admitted that the electromagnetic field continues undisturbed within this 
limit* an excess of energy accumulates, and it is therefore necessary to suppose 
that there exists negative enefgy in the inner portion, or that the effect of 
the singularity is equivalent to a negative energy. The conception of negativo 

• energy is not very welcome according til the usual outlook. 

Another reason for believing that the charge of an electron is distributed 
through a’volume of radius roughly equal to a will be found in the investiga¬ 
tion of § 80. Accordingly I am*of opinion that the point-electron is no more 

• than a mathematical curiosity, and that the solution (78'(>) should bo limited 

to values of r greater thad a. 

% • 

• • * 

791 Electromagnetic action. 

• • * * 

The invariant integral • 

e 

A~ijF'"F r </-gdT ..(191) 

» 

is called the action of the'eloctromagnetic field. In Galilean coordinates it 
becomes by (773) , 

Jett fjJ l (a 1 + + i‘ - A’* - P - Z‘) dxdydz .(7!h2). 

Regarding the magnetic energy as kinetic (T) and the electric energy as 
potential (V) this is of t.Tie form 

l(7’-V)dt, ■ 

i.e. the tithe-integral of the Lagtangiau function*. The derivation of the* 
electromagnetic equaPiflhs by the stationary variation of this integral has been 
investigated in the classical rosea' .dies of Larrnorf. 

Wc shall now show that t^he two most important electromagnetic tensors, 
viz. the energy-tensor /!>* and the cWUrge-and-current vector ./*, are the 
Hamiltonian derivatives of the potion, the formulae beiqg 

t£-U ..(79-31), 

• • • • 

= ’.-.(T8-S2). • 

• 

* la dynamics theft are two integrals wl!ich have jhe statioigiry property under proper restrio- 
tions, via. fTdt and j(T - V)dt. The first of these is the action as originally defined. In the 
generaI*theory the term has been applied to both integrals somewhfLt indiscriminately since there 
is 1 no dear indication of energy which must b* reckoned as potential. , 

f Aether and Hatter, Chapter vi. 
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First consider gmall variations Bg^,, the remaining constant. The F M „ 
(but not the F'*’) will accordingly remain unvaried. We have then 

$ (F^F^ J~^~g) = F“’F„ B (V -^) + F^„s/-g.B(sTtf>) 

= F"F„ s/-~g . ^3. + Faa F„ V -g (<r Bg'f + g’*Bg»') 

= ^-g {- hF*’ F ar g yfi Bg p > 4-2F^ F^ tg *} • 

* = 2 V -~g . By* {- ig y , F"F, r + F*„ F h ,\ 

~-*E+'J~g.Bff* by (77-2) 

= 2E r W ~g.Bg yfi by (&'2). . • 

From this (79 31) follows immediately. « , * 

JJexfc consider variations B/c^, the ^/remaining constant. We haVte 

B (Fp’Fh, s/ - g) — 2F'* V V —~r/. BF» y '■ ■ 

- /d(Si< H ) d(B/c y )\ 

L;) 

• _4JV. V 

vx v € 

owing to the antisymmetry of F'* 1 ’ r 

'=-4 £ (F>- V -~j) 8« y + 4 A ( s/~g. Bk>). 

The second term can be omitted since it is a complete differential, and 
yields a surface-ihtegral over the boundary where the variations have to vanish. 
Hencti t • 

$ J F* p F My V — gdr =f — 4 (F llr s/—g). Bk^cIt 

= — 4 j" J^B/Cp . si — gdr 

by (73'75). This demonstrates (7!K!2). 

In a region free from electrons + 

> T< ip — E** = C. 

Hence by (60 43) and (79'3,1) 

~-(f?-47rF<‘'F MV ) = 0 .(79-4). 

In the mechanical theory, neglecting electromagnetic fields, we found that 
the action 0 was stationary in regions containing no matter. We now see 
that when electromagnetic fields ase included, the quantity Which is stationary 
is 0 — 47rFs-F M „ Moreover it is .stationary for variations Bk^ as well as Sg Hy , 
since when there are no electrons present J ** must be zero. 

The quantity Q — 4 irF^’F*, thus appears to be highly significant from the 
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physical 'point of view, in the discrimination between matter (electrons) and 
electromagnetic fields. But this significance fails to appear in the analytical 
expression. Analytically the combination of the two invariants 0 and F» ¥ F„ ¥ 
—the 4 one a spur, aud the other a square of a length—appears to be quite 
nonsensical. We can only regard the present form of the expression its a 
■ stepping-stond to something simpler, ht will appear later that 0 -4 irF^’F^, 
is perhaps not the exact expression for the significant physical quantity; it 
may be an approximation to a form which is analytically simpler, iy which 
the gravitational and electromagnetic variables appear in a more intelligible 
• combination. 

Whereas material and»gravitational actions are two aspects of the samo 
thing, electromagnetic action stands entirely apart. There is no gravitational 
action associated witji an electromagnetic field, owing to the identity E «= 0. 
Thus any material or gravitational potion is "additional to electromagnetic 
action—if “addition ” is. appropriate in connection with quantities which are 

apparently of dissimilar nature. 

• • 

&0. Explanation of the mechanical force. 

% 

Why does <\ charged particle move when it is placed in an electromagnetic 
field 1 We may be temfited to reply that the reason is obvious; there is an 
electric force lying in wait* and it is the nature of a force to make bodies 
move. -But this is a confusion of terminology; electric force is not a force in 
the mechanical sense -fif the term; it has nothing to do with pushing and 
pulling. Electric force describes a world-condition essentially different from 
that des8ribed by a mechanical force or stress-system; and the discussion in 
§ 7(5 was based on empirical laws without theoit-tical.explanation 

If we wish for a representation of the state of the aether in terms of 
mechanical forces, we must etnplqy the sCress-system (77'41, 77‘42). In fact, 
the pulling and p Ashing property is'described by the le.nsor not by F^. 
Opr problem is to explain why a somewhat arbitrary combination of the 
electromagnetic variables F hW should have the properties of a mechanical 
stress-system. * “ % 

To reduce the problem to its simplest form we consider an isolated electron. 
In an electromagnetic field its worlddjne does not follow a geodesic, but 
deviates aceording to laws which have been determined experimentally. It is 
worth noticing that the behayiour'of an‘isolated electron has been directly 
determined by experiment, this being one of the few cases in which micro¬ 
scopic laws have Ijeen fountj immediately and not infernSi hypothetically from 
macroscopic experiments. We want to know what the electron is trying to 
accomplish by deviating from the’geodesiy—what k condition of existence is 
fulfilled, which makes the four-dimensional structure oj" an accelerated electron 
a jiossible one, whereas a similar structure range*d along a geodesic track would 
be an impossible one. * • • 
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The law which has to be explained is* 
{cPujfi f « i dx a dx B 

-d^+W'^dsd-a 


— m 


-br = F»,J’ 


■(mi 


which is the tensor equation corresponding to the law of elementary electro¬ 
statics 

Xe. 


d'3k 


dt' 

Let*Te be the velocity-vector of the electron (A* = dx^jda), and p 0 the 
proper-density of the charge, then by (73-82)* 

> = .(8021), * 


and 


t + £ ~ A ' <** v-(^). 


iis in (33"4). 

Considering the verification of (80T) by experiment we remark that X or 
F M „ refers to the applied external field, no attention being paid to the possible 
disturbance of this field caused by the accelerated electron itself. To distin¬ 
guish this we denote the external field by F’ The equation to be explained 
accordingly becomes 

mA'(A») r = -F\(p l> A'), 

or, lowering the suffix p, 

mA'A „„ = - F'„eA" .(803). 

We have replaced the density p 0 by the quantity e for the reason explained in 
the footnote. 

Consider now the field due to the electron itself in its own neighbourhood. 
This is determined by (74 41) 

■ □ F„ = ./ M * - - G'J\ V + Gl F~. 

The discussion of § 78 shows, that, we may safely neglect the gravitational 
'field caused by the energy of the electron or of the external field. Hence 
approximately 

I 1 ^ flV A „ J Jyfl* 

The solution is as iq (74-7 2) 


-/ 


de ( i —* d 

47 rjdr 

{A fly A yfi 


1 

4t7-)8 


>/* 


.(80-4), 


if all parts of the electron have the same velocity A 11 . This result is obtained 
primarily for Galilean coordinates; but it is a tensor equation applying to 
all coordinate-systems provided that fde//3r is treated as«>an invariant and 
calculated in natural measure. We shall reckon it in proper-measure and 
accordingly drop the factor /3.. 

* In this ivud a succeeding.equation I have a quantity on the left-hand^ide and a dmsity on 
the right-hand aide. I-trust to the reader to amend this mentally. It would, I think, only make 
the equations more confusing if I attempted to indicate the ameudment symbolically. 
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Now'suppose that the electron moves in such a way^that its own field 
on the average just neutralises the applied external field F'„, in the region 
occupied by the electron. The value of F+, averaged for alL trhe elements of 
charge > constituting the electroif is given by 


eF m 


== 47T (/1 '“' 


. a ‘ m )[j 


A.y 


de x de. 


where 1/a is an average Value of l/r, s for every pais of points in the electron. 

'•We may leave indeterminate the exact weighting of the pairs of points in 

taking th^ average, merely noting that a will be a length comparable with 

the radius of the sphere throughout which the charge (or the gnivter part of 

it)-is spread. * • 

If this value of F„ y is equal an*d opposite to F yv , we have * . 

1 , ,« a 
• - A ,„) 


-eA^F'^ = .' A" {A, 

‘t7T 




4 t Tit 


.(80-5), 


beatuse 


A'A, m r A „ </!•% - i (A,A-)„ = J (1 ) M = 0, 


the septan? of the length of A velocity-vector being necessarily unity. 

1 Tln^result (80'5) will agree with (803) if the mass of the electron is 




Ana 


.(80f>). 


The (Tbserved law of motion of the electron thus corresponds to the condi¬ 
tion that it can be under no resultant eleetrofnagnetic field. We mupt not 
imagine that a resultant electromagnetic force has anything of a tugging 
nature that can deflect an electron. ,Jt nevef- gets the chance of doing anything* 
to the electron, because*if the resultant field existed the electron could not 
exjst—it would be an impossible structure. 

The interest of this discussion is that it has led us to one of the conditions 
for the existence of an electron, whi<fli tint ns out to be of a simple character— 
viz. that on the average the electromagnetic force throughout the electron 
must be zero*. This condition is elearjy fulfilled for a symmetrical electron 
at rest in no field of force; and the same corylitiorpapplied generally leads to 
the law of motion (801). . ’ * * 

For the existence of an electron, non-Maxwollian stresses are necessary, 
and we are*not ye^ in a position To state the laws of theSe additional stresses. 
The existence o£»an electron contradicts the electromagnetic laws with which 
we have to work at present,#o that from tjie‘presept standpoint an electron 
at rest^in no external field of force is a miracle. Our calculation shows that an 

.* The exact region of zero force is not dete^fniued. The essential point fa that on some critical 
surface or volume the field has to*be symmetrical enough to give no resultant. * 
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electron in an external field of force having the acceleration given bf (801) is 
precisely the same miracle. That is as far as the explanation goes. 

The electromagnetic field within the electron will vanish on the aterage 
if it has sufficient symmetry. There appears to be an analogy between this 
and the condition which we found in $ 56 to be necessary for the existence of 
a particle, viz. that its gravitational field should have symmetrical properties. 
There is. further an analogy in the condition determining the acceleration in 
the tw q cases. An uncharged undisturbed body takes such a course that 
relative to it there is no resultant gravitational field; similarly an electron 
takes such a course that’relative to it there is no resultant electromagnetic^ 
field. We have given'a definite reason for the gravitational symmetry of a 
particle, viz. because in practical measurement it is itself the Standard of 
symmetry ; I presume that there is an analojgous explanation of the electrical 
' symmetry of an electron, but it has not yet been t formulated. The following 
argument (which should be compared with §§ (i-t, 66) will show where the 
difficulty occurs. ' 

The analogue of the interval is the flux F hv dl S M \ As the interval between 
two adjacent points is the fundamental invariant of mechanics, so the flux 
through k small surface is the fundamental invariant of electromagnetism. 
Two electrical systems will be alike observationally if, and only if, all corre¬ 
sponding fluxes are equal. Equality of flux can thus be tested absolutely; and 
different fluxes can be measured (according to a conventional code) by apparatus 
constituted with electrical material. From the flux wc can pass by mathe¬ 
matical processes to the charge-and-ctwrent vector, aud this enables us to make 
the second contact between mathematical theory and the actual worW, viz. the 
identification of electricity. We should now complete the cycle by showing 
that with electricity so defined apparatus can be constructed which will measure 
the original flux. Here, howevbr, the analogy breaks down, at least temporarily. 
The use of electricity for measuring electromagnetic, fluxes requires discon¬ 
tinuity, but this discontinuity is obtained in practice by complicated conditions 
such as insulation, constant contact differences of potential, etc. We do not 
seem able to reduce the theory of electrical measurement to direct dependence 
on an innate discontinuity of electrical charge in the same way that geometrical 
measurement depends on the discontinuity of matter. For this reason the last 
chain of the cycle is incomplete, and it does not seem permissible to deduce 
that the discontinuous unit of electric charge must become the standard of 
electrical symmetry in the same way that the discontinuous unit of matter 
(turned in different orientations) becomes the standard of geometrical sym¬ 
metry. 

According to (80‘6) the mass of the electron is e s /47r«, where a is a length 
comparable with the radius of the elec f ron. This is in conformity with the 
usual view as to (Jie size of an el’ectron, and is opposed to the point-electron 
suggested in § 78 as an alternative. But the mass here considered is a purely 
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electromagnetic constant, which only enters into equation^ in which electro¬ 
magnetic forces are concerned. When the right-hand side of (801) vanishes, 
the electron describes a geodesic just as an uncharged partidle would; but 
m is nojv merely a constant multiplier v^iich can bd removed. We have still to 
find the connection between this electromagnetic mass 

• m, — &fitir<i .(80’7l) 

and the gravitational (i.e. gravitation-producing) mass m rJ , given by 

. • m„ds — f(? J — qdr ...(H0'72). 

Since we believe that aU negative electrons are precisely alike, mjm, will 

be a constant for the negative electron; similarly it will be a constant for the 

positive electron.' Ehyt positive Sail negative electrons are structures of very 

different kinds, and it does not follow, that mjm , is the same for botli. Am a 
• • • ' • 
matter of fact there is no .ex-peri mental evidence which suggests that tile ratio 

is tjie same for both. Any gravitational field perceptible to observation is 

caused by practically equal numbers of positive and negative electrons, sfi that 

no opportunity of distinguishing their contributions occurs. If, however, we 

admit that the principle of conservation of energy is universally valid in cases 

where the positive and negative electrons are separated to an extent never 

yet realised experimentally, H is possible to prove that injm, is the same for 

•both kiqjls. 

From the oquatioiv*(8()'l) we deduce the value of the electromagnetic 
energy-tensor as in §§ 7b, 77 ; only, A>r will not be expressed in the same 
units nja the whole energy-tensor (r'„ — £//* ({, since the mass appearing in (80 p 1) 
is in, instead of in,,. In consequence, the law for empty space (77'G) must be 
written . 

G: - a = - 8tt (- F'°d\.:+ \ &F+F+) .(80 8). 

• a ,,tr • * # 

0 • 0 • 

We can establish this equation firstly by considering the motion of a positive 
eleCtron and secondly by considering a negative electron. Evidently we shall 
obtain inconsistent equations rti thu*two cases unless m,Jin, for the positive 
electron is the same its for the negative electron. Unless this condition is ful¬ 
filled, we should violate the law of conservation of energy'and momentum by 
first converting kinetic energy of a negative electron* into free electromagnetic 
energy and'then reconverting the froe energy*into kinette energy of a positive 
electron. • , 

Accordingly ni g jm, is a constant of nature ancf it may be absorbed in 
equation (80 8) b\£ firoperly choosing the unit of 

* . • 

81.' Electromagnetic volume. • * 

If a#, is any tensor, the determinant j a„„ Ids transformed according to the 
law. • * 

| | — J" \ Cl ; # 


• . K. 
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ay (48 8), whence follows as in (49’3) that 

jv^a^l )<*r.(8V1) 

for any four-dimensional region is an invariant. » 


We have already considered the case = g^,, and it is natural now to 
consider the case Since the tensor g» v defines the metric of space- 

time, and the corresponding invariant is the metrical volume (natural volume) 
of the legion, it seems appropriate to call the invariant ' 

V e = j^(\ F„\)dr .‘.(81-2) t 

the electromagnetic volume of the region. The resemblance to metrical volume 
is purely analytical. 

Since j | is a skew-symmetric determinant of even order, it is p. perfect 


square, and (81‘2) is rational. It easily reduces to 

V t = J(F a F u + F 3l F it + F a F u )dr .:.(81-31). * 

In Galilean coordinates this becomes' 

I 

V,=j(aX + 0r+yZ)dT ...(81 32). 


It is somewhat curious that the scalar-product.of the electric and magnetic 
forces is of so little importance in the classical theory, for (81-32) would seem , 
to be the most fundamental invariant of the field, i^art from the Tact that 
it vanishes for electromagnetic waves, propagated in the-absence of any bound 
electric field (i.e. remote from electrons), this invariant seems to haye no sig¬ 
nificant properties. Perhaps )t may turn out to have greater importance when 
the study of electron-structure is more advanced. 

From (81"3l) we have 

the summation being for all permutations "bf the suffixes 



Hence V f reduces to a surface-integral over* the boundary of the region, and 
it is useless to consider its wariations by the Hamiltonian method. ,The electro¬ 
magnetic volume of u region is of the nature of a flux through' its three- 
dimensional boundary. * 

82. Macroscopic equations. " * 

For macroscopic treatment^the distribution and motion of,the electrons are 
averaged, and the equivalent continuous’distribution is described by two new 

quantities - - * 

* the electric displacement, P, Q, R. 
the magnetic induction, a, b,‘c, 
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the electric force, X, Y, Z, 

* the magnetic force, a, 7 . 

These a*e grouped cross-wise to form thiitwo principal electromagnetic tensors 


0 

c 

-b 

X 


-. c 

0 

a 

Y 


b 

— a* 

6 

Z 


-X, 
- Y 
-Z * 

0 


H = 0 
7 

-e 

-p 


-7 

0 

a 

-Q 


/9 

— a 
0 

-R 


P 

Q 

R 

0 


(S21). 


.fnow plays the part previously taken by F*“\ but it is no longer derived 
from by a mere raising *f suffixes. The relation between the two tensors 
is given liyth.e constitutive equations of the material; in simple .cases it is 
specified by two constants,‘the specific inductive capacity k and the per¬ 
meability /i. # , • • • , 

Equations (73’73) and*(73'74) are replaced by 

* F - . 

% vVm.:.( 82 - 2 ). 

= j 

These represent* the usiqd equations of the classical theory. It should be 
noticed that dll/dy — dO/dz i.^now a, not a. 

In the simple case the constitutive equations are 

(P, Q, 7Q*= K(X, V, Z)\ (a, 6 , c)-/*(«. A 7 ).( 82 :} ). 

so that 


11", PL" ■■■ IP 


' = {F'\ F" ... f“); 
P 


11", IP", II" = K(F. H , F", F»). 


These simplified equations are not of tensor form, and refer only to coordinates 
with respect to which the material is at rest, for general coordinates the 
constitutive equations must be of the form , 

•* 11 ^ =//’)>■* F«t, 

whure jp” is a tensor. 

The law of conservation of qlectrie charge can be deduped from lit" m J* 
just as in (7376). * 

The macroscopic method is introduced for practical purposes rather than 
as a contribution to the theory, and there’seems to be no advantage in de¬ 
veloping it jhVther here. The chief theoretical interest lies in the suggestion 
of a possible generalisation of Maxwell's theory by admitting that the covariant 
and contra variant electromagnetic tensors may in certain circumstances be 
indepe’ndent* tensors* e.g. iqside the electron. This is the tnisis of a theory of 
matter developed «by G. Mie. 
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• CHAPTER VII 

WORLD'GEOMETRY . 

« 

J’AiiT I. Weyl’s Theory 

03. Watural geometry and world geometry. 

Graphical representation is a device commonly employed in dealing witlf 
all kinds of physical quantities. It is most ofteh used when we wish»to set 
before ourselves a mass of information in suf h a way that the eye ckti take it 
in at a.glance; but this is not, the only use. We do not always draw the graphs 
on a sheet, of paper; the method js also serviceable when the representation 
is in a conceptualmathematical space of any number of dimensions and pos¬ 
sibly non-Euclidean geometry. One great advantage is that when the graphical 
representation has been made, an extensive geometrical nomenclature becomes 
available for description—straight line, gradient, curvature, etc.—and a self- 
explanatory nomenclature is a considerable aid in discussing an abstruse 
subject. 

It is therefore reasonable to seek enlightenment by giving a graphical 
representation to all the physical quantities with which we have tcfdeal. In 
this way physics becomes geometrised. But graphical representation does not 
assume any hypothesis as to the ultimate nature of‘the quantities represented. 
The possibility of exhibiting the whole world of physics in a unified geometrical 
representation js a test not of the nature of the world but of the ingenuity of 
the mathematician. 

There is no special rule for representing physical quantities such as electric 
force, potential, temperature, etc.; we may draw the isotherms as straight 
lines, ellipses, spheres, according to convenience of illustration. But there,are 
certain physical quantities (i.e. results of operations and calculations) which 
have a natural graphical representation ; we habitually think of them graphi¬ 
cally, and are almost unconscious that theye is anything conventional in the 
way wo represent them. For example, measured distances and directions are 
instinctively conceived by us graphically; and the space in whiqh we repre- 
, sent them is for us actual space. These quantities are not in their intrinsic 
ntfture dissimilar from other physical quantities which are not habitually repre¬ 
sented geometrically. If we eliminated the human, element (or should we not 
say, the pre-human element ?) in natural knowledge the device of graphical 
representation of the results of measures or estimates of distance would appear 
just as artificial as the graphical representation of thermometer readings. We 
cannot predict that a superhuman intelligence would conceive of distance in 
' the way we conceive it; he' would perhaps admit That our device of mentally 
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’ plotting fhe results of a survey in a three-dimensional space is ingenious and 
scientifically helpful, but it would not occur to him that this space was more 
actuai than the po space of an indicator-diagram. . • 

In our previous work we have studied this unsophisticated graphical repre¬ 
sentation of certain physical quantities, under the name Natural Geometry; 

• we have slightly extended the idea by She addition of a fourth dimension to 
include time; arfd we have found that not only the quantities ordinarily 
regarded as geometrical but also mechanical quantities, such as force, ifpnsity, 
energy, are fully represented in thisnatural geometry. For example the energy- 
censor was found to be made up of the Gaussian curvatures of sections of actual 
space-time ((>572). But th^ electromagnetic quantities'introduced in the pre¬ 
ceding chapter have not as yet been graphically represented ; the vector was 
supposed to exist in itcfual space, Sot to be the measure of any property of actual 
space. r f bus up to the present tho.geometrisatidn of physics is not complete. 

Two possible ways of,generalising our geometrical outlook are often. It 
mai^be that the•Rievnannian geometry assigned to actual tfpace is not exact; 
and that the trift) geometry is of a broader kind leaving'room for the Sector 

to, play a fundamental part and so receive geometrical recognition as one 
of the determining eharactci?i of actual space. For reasons which will appear 
in tl*o course of this chapter, I do not think that this is the correct' solution. 
The alternative is to give al>our variables, including a suitable graphical 
•representation in some new conceptual space—not actual space. With sufficient 
ingenuity it ought to heJ^ossible to accomplish this, for no hypothesis is implied 
as to the nature of tlie quantities so represented. This generalised graphical 
scheme may or may not be helpful to the progress of our .knowledge ; we 
attempt it in the hope that it will render the interconnection of electromag¬ 
netic and gravitational phenomena more iptelligible. 1 think'it will be found 
that this hope is not disappointed. • * 

In Space, Time' aro^ (iniritatiou,. Chapter XI, Weed’s non-Iliemannian 
geometry has been regarded throughout as expressing an amended and 
exact Natural Geometry. That was the original intention of his theory*. 
For the present we shall contiiftie too develop it on this ifnderstanding. But 
we shall ultimately come to the second alternative, as Weyl himself has done, 
and realise that his non-Riemanfiian geometry is not to be applied to actual 
space-time ; jt refers to a graphical representation «of that relation-structure 
which is tAe basis of all physics, and b<*th electromagnetic and metrical 
variables appear in it as interrelated. Having arrived at this standpoint we" 
pass* naturally to the more general geometry of relationostructure developed 
in Part II of this»cfmpter.’ 

• Thy .original paper J,Bnlin. SitzipigzUeritrhtr, 30 May f918) is rather obscure on thin point. 
It statea the mathematical development of the corrected llicmanman geometry—“the physical 
application is obvious, v But it is explicitly stated that the absence irf an electromagnetic field is 
the necessary condition for Einstein’s theory tojjewalid—an opinion which* I think, is no longer 
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We have then to distinguish between Natural Geometry, which is the* 
single true geometry in the sense understood by the physicist, and World 
Geometry, which is the pure geometry applicable to a conceptual graphical 
representation of all the quantities concerned in physics. We may perhaps go 
so far as to say that the World Geometry is intended to be closely descriptive 
of the fundamental relation-structure which underlies the various manifesta¬ 
tions of. space, time, matter and electromagnetism; that statement, however, 
is ratfyer vague when we come to analyse it. Since the graphical representation 
is in any case conventional we cannot say that one piethod rather than another 
is right. Thus the two geometries discussed in Parts I and II of this chapter 
are not to be regarded as contradictory. My reason for introducing the second 
treatment's that I find it to bu more illuminating and far-reaching^ not that 
I reject the first representation as inadmissible. 1 .' ' 

• In the following account of Weyl's theory I have not adhered to the author’s 
order of development, but have adapted it to the-point o°f view here taken up, 
which sometimes differs (though not, I believe, fundamentally) from that \yhich 
he adopts. It may-be somewhat unfair to present a theory from the wrong 
end—as its author might consider; blit I trust that my treatment has not 
unduly obscured the brilliance of what is unquestionably the greatest advance 
in the relativity theory after Einstein’s work. • 

84. Non-integrability of length. 

We have found in § 33 that the change 8/l„ of a f vector taken If f parallel 
displacement round a small circuit is " 

5 A^biA^-A^dS" 

* * ' = 4 B^.A'dS" .(841). 

Hence. A^hA^ = { B„ vc ,A^A'dS VJ = 0, 

since is antisyihmctrieal in jx and e. t . 

Hence by (264) 81 „ is perpendicular to and the length of the vector 
A M is unaltered by its parallel displacement round the circuit. It is only the 
direction which changes. A • 

We endeavoured to explain how this change of direction can occur in a 
curved world by the example of a ship sailing on a curved ocean (§ 33). Having 
convinced ourselves that ‘there is no logical impossibility in the result that the 
direction changes, wv cannot very well see anything self-contradictory in the 
length changing also. It is true that we have just given a mathematical proof 
that the length does not change ; but that ftnly means that a change of length 
is excluded by conditions which have been introduced, perhaps inadvertently, 
in the postulates of Riemannlan geometry. \^e can construct a geometry in 
which the change of length occurs, without landing ourselves in a contradiction. 

In fne more general geometry, wp have in place of (84*1) 

■ SA>=\'B^,A'dS’~ 


(84-21), 
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where • is a more general tensor which is not antisymraetrical in fi and 
e. It will be antisymrnetrical in v and a since a symmetrical part would be 
meaningless in (8421), and disappear owing to the antisymmetry of dS™. 
Writing . 

= i ~ * Fm - J 

* . . = i (^«. A'dS” .(84 22f 

where R is antis/mmetrical, ajpd F symmetrical, in n and e. 

Then the change of length l is given by s 

. 6(P) = 2A' l '8A lt *= F IA „,A l ‘A'dS” r .(84-3), 

Ivhich does not vanish. 

T® obtain Weyl’s geometry we must impose two restrictions on F„ m : 

0*) F^„ is of the special,form //„, F „, 

(i>) F„ is theVurl of a vector.. 

The second restriction is iogiculty necessary. We have expressed theplmiige 
cf a vector taken round a*circuit by a formula involving a surface bounded by 
the circuit. We # inay choose different surfaces, all bounded by the same circuit; 
and these have to give the same result fol It is easily seen, as in Stokes’s 
theorem, that these results ^ill only be consistent if the eo-factor of dS" r is a 
curl, 

Ihe first restriction is not imperatively demanded, and we shall discard it 
Jn Par^H of this chapter. It has the following effect. Equation (8P3) becomes 

v 8(1'*) = F„.ff lu A»A'.dS'* 


so that 


&0- 2 ) = F^.ij^A^A' .(US’* 

= F y ,l , dtf'" r , 

Bl . „ 

l I F„ 1T d& ¥,r .(84'4). 


T he change of length is proportional to the original length anci is independent 
of the direction of the vector; whereas in tiie more general formula (84'3) the 
change of length di'poqde on the direction.. 

.One result of the restriction is that zero-length is still zCro-length after 
parallel displacement round a circuit. If we have identified zero-length at one 
point of the world we can transfer it without ambiguity fo every other point 
and so identify zero-length everywhere. Finite lengths cannot he transferred 
without ambiguity; a route of parallel displacement mus£ lie specified. 

Zero-length is of great importance in .opticid phenomena, because in 
Einstein's geometry any element of- the thick of a ligVpulse is a vector of 
zero-length ; so that if there were no definite zero-length a pulse of light would* 
not know what track it oug^t to'takc. It is because Wifyl’s theory makes no 
attempt to re-inlerpret tfiis part of Einstein’s theory that an absolute zero- 
length is required, and the restriction (a) is # therefore inqiosed. 

• , ,* restriction is thaHengths at the same point but in 

different orientations become comparably without ambiguity. The a/nbiguity 
is limited to the comparison of lengths at different places. • ' • 
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8A. Transformation of gauge-systems. 

According to the foregoing section it is not possible to compare lengths 
(except zero-letigth) at different places, because the result of the comparison 
will depend on the route tttken in bringing thh two lengths into juxtappsition. 

% In Riemannian geometry we have taken for granted this possibility of 
comparing lengths. The interval at*any point has bfen assigned a definite 
value, which implies comparison with a standard; it dj,d not occur to us to 
question how this comparison at a distance could be made. We htive now to 
define the geometry of the continuum in a wa^ which recognises this difficulty. 

We suppose that a definite but arbitrary gauge-system has been adopted? 
that is to say, at every point of space-time a standard of interval-lengt^h has 
been set up, and every interval is expressed jn terms of. the sti\n3al»i at the 
point where it is. This avoids th'e ambiguity invofved irv transferring jnteryals 
frofn one pqint to another to compare 'with*a singje standard. 

Tate a displacement at P (coordinates, &■„) and transfer it by parallel dis¬ 
placement to an infinitely near point P' (coordinates, -f dx M ). Let its initial 
length measured by the gauge at P be l { and its final length measured by the 
gauge at P be l + dl. We may express the change of length by the forfhula 


d (log l) = Kfidx^ ..(85'1), 

where represents some vector-field. If we altdr the gauge-system we shall, 
of course, obtain different values of l, and therefore of «;• 


It is not necessary to specify the route of transfix - for the small distance 
P to P’. The difference in the results obtained by taking different routes is 
by (84'4) proportional to the area enclosed by the routes, and is tflus of the 
second order in dx^. As PP* is taken infinitely small this ambiguity becomes 
negligible compared with the first-order expression 

Ouc system of reference can how be .varied in two ways—by change of 
coordinates and by ('Range of gauge-system. The belrqvidur of g^ and for 
transformation "of coordinates has been fully studied ; we have to examine how 
they will be transformed by a transformation of gauge. 

A now gauge-system will be obtained Soy altering the length of the standard 
at each point in the ratio X, where X is an arbitrary function of the coordinates. 
If the standard is decreased in the,ratio X, the length of a displacement will 
be increased in the ratio X. If accents refer to the new system . ^ 


. ds =Xds .! . v .(85'2). 

The components cLc #of a displacement wilLnot be changed, sinca we are not 
altering the coordinate-system, thus ' „ 

, , dr/ = <?x M .. t .:.(85 3). 

Hence < g'^dx^dxj = ds'^ — X*ds 5 = X^g^dx^dx, = X^g^dx^ dxj, • 

' « 

»so that • g' h . = X'g„, .*..(85 41). 
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It follows at once that g' = \ l g . 

g’<" = \-g>" . 

V — g' . dr = A 4 V — g . dr — 
Again, »by (85T) K^'dx^ = rf (log k)~d {log (\l)} 

• _ = d (log /).+ d (log X) 

• ' * , 3(logX) , 

. - day 

Or, writing, . 4>^=logX . 


(85-42), 

(85-43), 

,(85-44). 


(85-51), 


Ihcn *y'= *y+f^ .».(85-52). 

, • day 

The burl of ** has an important property ; if 

„ _ f)*y _ ?k. • 

* . * 

we see by (85 52) that F h „ — *.■.(85(5), 

so'tl^at is independent of the gauge ..system. This is-only true of (tie (in¬ 
variant tensor; if we raise one i>r both suffixes the function X is introduced 
by (85 43). 

ft will be seen that tht- geometry of the continuum now involves 14 functions 
which vary from point to pdlnt, viz. ten </ M „ and four *y . I hose may he sub- 
"jectedNtk transformations, viz. the transformations of gauge discussed above, 
anil the transformation?«of coordinates discussed in Chapter II. Such trans¬ 
formations will not alter any intrinsic properties of the world ; but any changes 
in the r/,,\nd *y other than gauge or coordinate transformations will alter the 
intrinsic state of the world and may reasonably be ^expected to change its 
physical manifestations. • 

The question then arises, How will the change manifest itself physically if , 
wo alter the *y ' AM tlj*phenomena of mechanics have Been traced to the (/„,,, 
so that presumably the change is not shown in.mechanics, or at least the 
primary effect is not mechanical. We are left with the domain of electro¬ 
magnetism which is not expressible hi teyns of alone;’and the suggestion 
arises that an alteration of *y may appear physically as an alteration of the 
electromagnetic field. ,. 

We have*seen that the electromagnetic field is dinscribed by a vector already 
called *y, and it is an obvious step to identify this witl*»the «y introduced in 
Weyl’s geometry.* According to observation the physical condition of the worlif 
is not completely defined by .the and an additional vector must be specified; 
according to theoretical geometry the nature of a continuum is not completely 
indicated by the* g^, and an additional vectoi* jnust be specified. The con¬ 
clusion is irresistible that the two vectors are to be identified. 

Moreover according to (85-52) we carj change**y to *y + 3^>/day by ft change 
of gauge without altering fche intrinsic state of the world. It was explained‘ata 
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the beginning of § 74 that we can make the same change of the electromagnetic 
potential without altering the resulting electromagnetic field. 

We accordingly accept this identification. The *7, and of the present 
geometrical theory will be the electromagnetic potential and forceof Chapter VI. 
It will be best to suspend the convention /c£ = 0 (74 - l) for the present, since 
that would commit us prematurely t« a particular gau^e-systetn. 

It must be borne in mind that by this identification the electromagnetic 
force becomes expressed in some natural unit whose relation to. the C.G.S. 
system is at present unknown. For example the cpnstant of proportionality 
in (77'7) may be altered.’ is not altered by any change of gauge-system 
(85'fi) so that its value is a pure number. The question then arises, How many 
volts per centimetre correspond to = 1 in any given coordinate,-system ? 
The problem is a difficult one, but we shall*give»a rough and rather dubious 
estimatfe injj 102. ' ’ , 

1 db not think that our subsequent discussion-will ad'd anything material 
to the present argument in favour o'f the electromagnetic interpretation o| 

The eU.se rests entirely on the apparently significant fact, that! on removing an 
artificial restriction in lliemannian geoiiietry, we have just the right number 
of variables at our disposal which are necessar/ for a physical description of 
the world. • 


86. Gauge-invariance. 

It will be useful to discover tensors and invariantsSvhjch, besides possessing 
their characteristic properties with regard to transformations of coordinates, 
are unaltered by any transformation of gauge-system. These wilf be called 
in-tensors ami in-invarignts. ' 

There are other tensors or invariants which merely become multiplied by 
a power of \ when the gauge is ’'altered., These will be called co-tensors and 
co-invariants. ' , «, * 

Change of gauge is a generalisation of change of unit in physical equations, 
the unit being no longer a constant but an arbitrary function of position. We 
have only one unit’to consider—tht>.unit of interval. Coordinates are merely 
identification-numbers and have no reference to our unit, so that a displace¬ 
ment iLi'h is an in-vector. It should bo noticed that if we change the unit-mesh 
of a rectangular coordinave-systjem from one mile to one kilometre, we make 
a change of coordinates not a change of gauge., The distinction is more obvious 
when coordinates other than Cartesian are used. The most’ confusing case is 
that of Galilean coordinates, for then the special values of the g^, fik the length 
of side of unit mesh as equal to the unit of interval; and it is not easy to keep 
in mind that the displacement between two corners of themesh is the-number 
1, whilst the inteival between them is 1 kilometre. 

According to»<85‘6) the electromagnetic force F^, is an in-tensor. F* r is 
"only a co-tensor, and F^,Fer a co-invariant. 
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Transforming the 3-index symbol [fiv, <r] by an alteration of gauge we have 

by (85-41) 

r v 1 . • 

fej + -jt; - ter) 

. x,r •, , 0X a , SV , 3X» 

*. = . A &“'■ ^ + dec, + ?~r M " ig * ¥ ?t, 

# • 

. • = V [up, <t] + X s (+ <7 - 3W</>.) 

by (85 51).* Wo have written <£* = . 

* 

Multi pty through by r/*“ = X -, </ <r *; we obtain 

•* , . 

Im*'. <*)'*= \pv< «! .(80-1). 

Let \{/j.p, aje \nv, aj J -y>»*-fy**-*" .w —(86‘2\ 

• Then by (8&1) and (85-52) 

* ^ «}' =*&■“', «} .‘.(8fi - 3). 

•fhe “generalised 3-indox symbol ’’ *j fiv, a) has the “ in- ” property, being 
unaltered by any gauge jtransformat ion. It is, of course, not a tensor. 

We shall generally indicate by a star (*) quantities generalised from cor- 
. responding expressions in ltiemannian geometry in order to be independent of 
(or covariant with) tln^^gauge-system. The following illustrates the general 
method of procedure: 

Let ^ be a symmetrical in-tensor; its divergence (5l"31) becomes on 
gauge-transformation . 

a ~ l u :\* </-<,)-1 ( x - wj * < v ^) 

X* v — <j <« , 

. - r-yZ^*' ~ iA ^ + A *-h%r' A "'* ■ i Z 

= A;, + 4,A^<f>,- Aft. 

Hence by (85'52) the quantity 

•A;,m Al, - 4 A^tc, + Ak 0 .(«6'4) 

is unalteretl by any gauge-transformation, *ind is accordingly an in-vector. 

This operatioti may be called in-covariant differentiation, and the result it 
the’m-divergence.^ . • • 

The result is«nodified*if A* v is the in-tensor, so that A 1 ^ is a co-tensor, i he 
different associated tensors aje not‘equal ly^fuftdamental in Weyls geometry, 
since only one of them can be an in-tensor. 

Unless expressly stated a final suffi$ will indicate ordinary covariant (not 
in-covariant) differentiation. 
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87. The generalised Riemann-Chrlstoffel tensor. 3 

Corresponding to (34 4) we write 

e l •+’*{/*«'>«} *{«'. «{ + ^ e) - •[pv, a} *(a<r, e] 

..(87-1). 

This will be an in-tensor since tKe starred symbols are all independent of 
the gauge; and it will be evident when we reach (87'4)tthat the generalisa¬ 
tion hnri not destroyed the ordinary tensor properties. * 

We consider the first; two terms; the complete expression oan then be 
obtained at any stage by interchanging v and a and subtracting. The ad* 
ditional terms introduced by the stars are by (86 2) « 

m 

~ dx ~ 'j* K » + flW**) + (-'/>« — $£«(»'+ 9*0**°-) (av, %} ' 

. * 

+ + {^< «) +{-gl*o-gl + </***“) (-gl- gl «. + < 7 «,#*) 

« 3/c. 3/e* 0</ M „ V , , , • , , _ 

= f/s 7 9yy ^?-*-*• iMV.eJ - \<rv, e) e\ K « € \ 


- k, [n<T,e] -gl{ficr,a} K a 4- k’ [/z<r, v] + r/'^K, k„ + g[g h yK a K’ “ 

$ v K v (J v tCpKg g 9v KyK ff naffv 'b [jfn<r ...(87 2), 

which is equivalent to , 


.ok ' . S 

9y - d" f J , ( K^ ) (7 (* C )tf d" iJv ^ y ^<J {]v$ya ^aJC d" //ya K yV. . . .(87 3). 

[To follow this reduction let the' terms in (87*'2) be numbered in order 
from 1 to 11). It will bo found that the following terms or pairs of terms arc 
symmetrical in v and,cr, arid therefore disappear when the expression is 
completed, viz. 5 and 8, 6, 11, 12 fond 14, 13 and 17, 16. Further 4 and 10 
together give — [v<t, /a] k\ which is rejected for the same reason. We combine 
2 and 9 to give We exchange 7 for its counterpart — rj h , [aa, e) « a 

in the remaining half of the expression, and combine it with 3 to give 

“ AV* (**)»•] ( 

lienee interchanging v and <r, a»d subtracting, the complete expression is 


•JV 


‘ +0h 


M (^y - ~ 9,'“**) + Gjy« *' ~ g h yK«) 


~f~ ((/,, Ky K a t 9vQtiy) K a K< * 4 (ffnaKy 9yy^<G V .. .(87*4). 

^Next set e= cr. We obtain the contracted in-tensor 

•Gy., = Gyy -*F h y + (* M , ~ 4/C^,,) + (K^~ + (* M K, ~ 4 Ky<K,) 

d" (4y M ,> 9yy) K a K a + (*4 K. 9 yyKy K a ) c , 

*® G*. — 2F*. — {td.y + Ky?) — (jyyicl -«2/c m ac, + 2.(87‘5)f. 


) Thermit of Ky is arbiti*»ry ; and in' the generalised theory in Part U'the Ky there Employed 
corresponds to twiee the of ‘these formulae.' This must be borne in mind in comparing, for 
‘fexample, (87 - 5) and'(94-3). ' 
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’ Finally multiply by <f. We obtain the co-invariant 

*<? - G - 6*: + 6*.*«.(87-6). 

The multiplication by gp* reintroduces the unit of gauge, so that *G 
becomas multiplied by X~ % when the gauge is transformed. 

If the suffyc « is lowered in (87 4) t.jje onty part of which is sym¬ 
metrical in fi anfj e is l g^ (dx,/djr„ — dx^fdu-,) = F„, which agrees with the 

condition (a) of Weed’s geometry (§ 84). 

• • 

88. The in-invariants of a'region. 


* There are no functions* of the and at a. point which are in- 
in variants ;^but functions $hich are in-invariant-densities maybe found as 

follows— • ■ • 

_ • • • 

•Since V— g becomes multiplied by V on gauge-transformation we nyist . 
combine it with co-invariants which Hbcoroe multiplied by \~ 4 , 'Hie following 
are easily seen ty be in-invariant-densities: 

nr s-!/ .(K«i). 

. . ,(88 2 ). 


We can also form iminvariant-densities from the fundamental tensor of 
the sixth rank. Let *(*be the second co-covariant derivative of the 
«co-tenSi(H^*7i M , ffp ; the.- spur formed by raising three suffixes and contracting 
will vary as X~ 4 and gif® an in-invariant-density on multiplication by V— g. 
There are three different spurs, according to the pairing of the suffixes, but 
1 believe Shat there aie relations between them so that thoy give only one 
independent expression. The simplest of them is 


tnr (/***{* v-v7 = *p*'7. v- g .<«8-:i). 


If l?l stands for sigiy in-invariant-density, • 

/?lVr ‘ 

taken over a four-dimensional region is a pure number independent of co¬ 
ordinate-system and gauge-system. •Suefc a number denotes a property of 
the region which is absolute in the widest sense of the word; and it seems 
likely that one or more of these numerical invariants of the region must 
stand in a simple, relation to all the physical quantities which measure the 
more general properties of thy world. ThS simplest operation which we can 
perform on a regihnal invariant appears to be that of Hamiltonian differen¬ 
tiation, and* a particular importance will therefore be attached to the tensors 
VI AjWf* 

It has been pointed out by Weyl that yt, ’is onjy in a four-dimensional 

world that a simple set of regional in-invariants of this kind exists. In an 

odd number of dimensions there are nyne; in two dimensions there is one, 

• _ • • • 

*G -J-g ; in six or eight flimensions the in-invitriants ar^rfll very complex' 
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involving derivatives of at least the fourth order or else obviously artificial. 
This may give some sort of reason for the four dimensions of the world. The 
argument appears to be that a world with an odd number of dimensions 
could contain nothing absolute, which would be unthinkable. # 

These conclusions are somewhat modified by the existence of a particularly 
simple regional in-invariant, which srfems to have beep generally overlooked ' 
because it is not of the type which investigators have generally studied.’ The 
quantity 

M-rGfJ)*- . v -(88-4) 

is an invariant by (811) and it contains nothing which depends on thej 
gauge. It is not more irrational than the other in-invariants since o these 
contain V— jg. We shall find later that it is closely analogous to the’metrical 
volume and the electromagnetic voluipe (§ 81)"of the region. It will.be 
called the generalised volume. This t in-invariant would still exist if the world 
had an odd number of dimensions. . 

It^may bo remarked that F* v V— g, or S** 1 , is an in-tensoy-density. Thus 
the factor V— should always be associated with the contravariant tens ir, if 
the formqlae arc to have their full physical significance. The electromagnetic 
action-density shoidd be written 

F„fr', 

and the energy-density 

-F^ + ig^F.^. 

The field is thus characterised by an intensity F hV or a quantity of density 

; both descriptions are then independent of the gauge-system used. 

89. The natural gauge. 

For the most part the laws of mechanics investigated in Chapters III—V 
, have been expressed by tensor equations but not in-tensor equations. Hence 
they can only hold when a particular gauge-system is^ysed, and will cease to 
be true if a transformation! of gauge-system is made. The gauge-system for 
which our previous work is valid (if it is valid) is called the natural gauge ; 
it stands in somewhat the same positionAvith respect to a general gauge as 
Galilean coordinates stand with respect to general coordinates. 

Just as we have generalised the, equations of physics originally found for 
Galilean coordinates, so We coujd generalise the equations for the natural 
gauge by substituting the corresponding in-tensor equations applicable to 
any gauge. But before doing so, we stop to ask whether anything would be 
gained by this generalisation. There is not touch object in generalising the 
Galilean formulae, so long as Galilean coordinates are available; we required 
the general formulae because we, discovered that there are regions pf the 
world where no Galilean coordinates exist. Similarly we shall only need the 
in-tensor* equations of mechanics if tjiere are regions where no natural 
gauge exists; that is to say, if no gauge-system can be found for which 
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’Einsteinformulae are accurately true. It was, I think, the original idea of 
Weyl’s theory that electromagnetic fields were such regions, where accordingly 
in-tedbor equations would be essential. . • 

There is in any case a significant difference between Einstein’s genera¬ 
lisation of Galilean geometry and Weyl’s generalisation of Riemannian 
•geometry. WeTi^ve prosed directly that'the condition which renders Galilean 
coordinates impossible must lyanifest itself to us as a gravitational field of 
force. Thabis the meaning of a field of force according to the definition qf force. 
But we canqot prove that the brt&k-down of the natural gauge would manifest 
jtself as an electromagnetic field ; we have merely speculated that the world- 
condition measured by the \ 4 ect 0 r which appears in the in-tensor equations 
may be ,$ht? origin of electrical manifestations in addition to cruising the 
failure of Riemanr'uati,geometry. 

Accepting the original < view of JVeyl’s theory, the umbigyity in the 
comparison of lengths at a distance has hitherto only shown itself in practical 
experiments by the electromagnetic phenomena supposed to be dependent 011 
it bqt not (so (hr as we can see) immediately implied by it. This lb not 
surprising when we attempt to estimate the order of magnitude of the 
ambiguity. Taking formula (N4 4), dl/l = ^F„dS", we might perhaps expect 
that dl/l would be comparable with unity, if the electromagnetic force F„ 
were comparable with that a* the surface of an electron, 4.10'" volts per cm., 
tmd thl^jjjde of the circuit were comparable with the radius of curvature of 
space. Thus for ordinal* experiments dl/l would be far below the limits of 
experimental detection. Accordingly we can have a gauge-system specified 
by the transfer of material standards which is for all practical purposes 
unambiguous, and yet contains that minute theoretical ambiguity which is 
only of practical consequence on account of its side-manifestation as the 
cause of electrical phenomena. The gauge-system employed in practice is 
the natural gauge-syste^ to which our.previous mechambal formulae apply— 
or rather, since the practical gauge-system is slightly ambiguous and the 
theoretical formulae are presumably exact, the natural gauge is an exact 
gauge with which all practical'gauges agree to an approximation sufficient 
for all observable mechanical and metrical phenomena. 

According to Weyl the natural gauge is determined by the condition 

»’ *Q = 4\ , .*.’. V .(891), 

• # 

where A is a constant everywhere. . 

This attempt to reconcile w theoretical ambiguity of our system of 
measurement with its well-known practical efficiency seems to be tenable, 
though perhaps a little overstrained. But art alternative view is possible. 

This states that— * 

• • * < • • 0 

Comparison of lengths at different places is an t unambiguous procedure 

having nothing to do with parallel displacement of a vector. , 
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The practical operation of transferring a measuring-scale from one place 
to another is not to be confounded with the transfer by parallel displacement 
of the vector representing the displacement between its two extremities. If 
this is correct Einstein’s itiemannian geometry, in which each interval has 
a unique length, must be accepted as exact; the ambiguity of transfer by 
parallel displacement does not affect bis work. No attempt as* to be made to' 
apply Weyl’s geometry as a Natural Geometry; it prefers to a different 
subject of discussion. 

Prof. Weyl himself has come to prefer thfe second alternative.. He draws a 
useful distinction between magnitudes which are deterjnined by persistencf 
(Jieharnmg) and by adjustment {Einstellung ); and concludes that t|je di¬ 
mensions of material objects are determined by adjustment. The siae of an 
electron is determined by adjustment in proportion to the radius of curvature 
of the world, and not by persistence o^ anything a in its past history. This is 
the view taken in § GO, and we have seen that it'has great value in affording 
an explanation of Einstein’s law of gravitation. 

The generalised theory of Part II leads almost inevitably to the second 
alternative. The first form of the theory has died rather from inanition 
than by direct disproof; it ceases to offer temptation when the problem is 
approached from a broader point of view. It now seems an unnecessary 
speculation to introduce small ambiguities of length-comparisons too small 
to be practically detected, merely to afford the satisfaction of geometrising 
the vector which has more important manifestations. 

The new view entirely alters the status of Weyl’s theory. Indeed it is no 
longer a hypothesis, but a graphical representation of the facts, aftu its value 
lies in the insight suggested 1 by this graphical representation. We need not 
now hesitate for a moment over the identification of the electromagnetic 
, potential with the geometrical ve«tor **; the geometrical vector is the 
potential because that is the way in which we elpiose to represent the 
potential graphically. We take a conceptual space obeying Weyl’s geometry 
and represent in it the gravitational potential by the <j hr for that space and 
the electromagnetic potential by <fche for that space. We find that all 
other quantities concerned in physics are now represented by more or less 
simple geometrical magnitudes in Jthat space, and the whole picture enables 
us to grasp in a comprehensive way the relations of physical quantities, 
and more particularly those reactions in wlpch both electromagnetic and 
mechanical variables are involved. Parallel displacement of a vector in this 
space is a definite operation, and may in certain cases have an- immediate 
physical interpretation; thus when an uncharged particle moves freely in a 
geodesic its velocity-vector is carried along by„ parallel displacement ,(83'4); 
but when a material jneastiring-rod is moved the operation is not one of 
parallel displacement, and must be described in different geometrical terms, 
which have reference to the-natural gauging-equation (89T). 
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Whetr in Part II we substitute a conceptual space with still more general 
geometry, we shall not need to regard it as in opposition to the present 
discussion. We may learn more from a different graphical picture of what is 
going on; but we shall not have to abandon anything which we can perceive 
clearly in the first picture. 

We considef now tl\ewgauging-equatk>n *G — 4\ assumed by Weyl. It is 
probably the ond which most naturally suggests itself. Suppose that we 
have adopted initially some other gauge in which *0 is not constant.^ *0 is 
a co-invariant such that wjien the measure of interval is changed in the ratio 
u, *G changes in the ratio /i* -9 . Hence we can obtain a new gauge in which 
*G becomes constant by transforming the measure of the interval in the 

ratio . 

• , • 

By (^7'6) the gadging-e^uation is equivalent to 

• G — (>*“ +•()«„*;* = 4\ .i...(8p'2). 

But by (54 - 72) the proper-density of matter is 




3 > . 

~ 4tt ** 


,*“) ■ 


.(89-3). 


For empty space, or for space containing free electromagnetic fields without 
electrons^),, = 0, so that # 

*:-*.*• .(89-4), 

0 

except wit^yn an electron. This condition should replace the equation k* = 0 
which was formerly introduced in order to make J,he electromagnetic potential 
determinate (74‘1). ' * 

We cannot conceive ol any kind of measurement with clocks, scales, 
moving particles or,light-waves being made inside an electron, so that any 
gauge employed in such* a region must lie purely theoretical having no signi¬ 
ficance in terms of practical measurement. For Ihe sake of continuity we 
define the natural gauge in this regiyn b^ the same expiation *(r = 4\; it is 
as suitable as any other. Inside the electron at* will not be equal to k.k* and 
the difference will determine the* mass of the electron hi accordance with 
(89 3). But it will be understood that this application of (89 , 3) is merely 
conventional; although it appears to refei* to experimental quantities, the 
conditions are such that it ceases to be possible for the experiments to pc ' 

made* by anj; conceivable device. , * , 

• . * 

90. Weyl’B action-principle. 

Weyl adopts an action-density 

‘ A •J-g «(*(?»- «£,. A') </ -</* .... 

the constant a being a pure'number. He makes the hypothesis that it obeys * 

». k. • . • H 
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the principle of stationary action for all variations 8g^ r , which *vanish at' 
the boundary of the region considered. Accordingly 


WA 


= 0 , 




=? 0 


.(90-2). 


Weyl himself states that his action-principle is probably e not realised in 
nature exactly in this form. But the procedure is instructive as showing the' 
kind of unifying principle which is aimed At according, to one school of 
thougkt. * 

Tho variation of *6r a •J — g is 

• 2»G8 (*G V'-g) - *G°8 (V -g), * 
which in the natural gauge becomes by (891) 

• . • 8 \ 8 (f G V-g) - 16‘\ 2 8 (V-g). ‘ * 

Hence, by (t!7-(i) . r ■ r 

1 ,_ t ' * _ 

hx S(A V - g) = 8 {((} - (\kI + 6k* k«- 2\- 0t\ ¥ F^) V-g) . 

’ ' . .(903)* 

where 0 = a/HX. 

The term k*V — g can be dropped, because by (51T1) 


This can be integrated, and yields a surface-integral.<jver the boundary of the 
region considered. Its Hamiltonian derivatives accordingly vanish. 

Again „ ,, 


c ^(* 4 * , v'-^) =p a Kf,8{g a l 3 V - g) + g** V - g( K *8K $ + k^Sk*) 


= ic a Kfl \4 - g (&r 3 + 4y“V 8g^) + 2g* 3 V - g Kfi 8 k* 

•t 

= k*k $ V- g (- + £sr« V'X&W + 2 *° V - g 8 k* 

— V ~"v (—«'*«’■+ 4'7'“’ K*K a ) 8</ M „ + 2 k* V — g 8 k*. 


Hence yi~~ (*«' t “) =,1 (“ + ht/ 1 " K « K '‘) .(90"41), 

■ 'Du* 

fu “ 2 *‘.(90-42). 


Hamiltonian derivatives of the other terms in (90'3) have already been found 
irf (60'43), (79'31) and (79'32). Collecting these results we have 

— = - ((?"’ - 4<T G) - 6 («*•*' - 4<r*.**) - - 2 PE" 


= SirT** — 2/3/?'*- — 6 (/t M /*“’ — \(f k*k*) .1.(90-51) 

„ by (54-71); and* ^ -1 2,* + 40 J» .(90’52). 

/ OA, ♦ 
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If tKe hypothesis (90 2) is correct, these must vanish. The vanishing of 
(90'51) shows that the whole energy-tensor consists of the electromagnetic 
energy-tensor together with another term, which must presumably be identi¬ 
fied w^th the material energy-tensor attributable lo the binding forces of the 
electrons*. The constant 2/3/8 tt correlates the natural gravitational and 
electromagnetic .units^ ^The material ehergy-tensor, being the difference be¬ 
tween the whole'teqsor and the electromagnetic part, is accordingly 

• ’ o * 

.(90 01). 

jHence, multiplying by g„.„' 

• % * p„ = M=- *-*.** .(9002). 

* • * • 

.The.vanishing ot*(90'5^) gives th§ remarkable equation 

. • =«- J/?7>.T...(90-71). 

And since = 0 (7377), we must have ’ 

* • <=o; ...(90-^2), 

agreeing with the original limitation of in (74'1). , 

)Ve see thn*t the formula for p 0 (90'02) agrees with that previously found 
(89'3) having regard to the limitation *£ = 0. 

The result (90 02) becomes by (90'7l) 

’ * • 

This show* that matter cannot be constituted without electric charge and 

current. But since the density of matter is always positive, the electric charge- 

and-current inside an electron must be ^ space-like vector, tTie square of its 

length being negative. It would seem to follow that the electron cannot be t 

built up of elementary qjectrostatic charges, but resolves*itself into something 

more akin to magnetic charges. ’ . 

•It will be noticed that the result (9072) is inconsistent with the formula 

*•«*“ = «“ which we have found for empty spt\pe(89'4). The explanation is afforded 

by (9071) which requires that a charge-and-current vector must exist wherever 

exists, so that no space is really empty., .On Weyl’s hypothesis «*=»0 is the 

condition which holds in all circumstances;.whilst? the additional condition 
§ § * 

= K„K a holding in empty space reduces to the condition*expressed by J* — 0.. 

It is supposed tHht outside what is ordinarily considered to be the boundary 

*. • 3 * . 

of the electron th^rft is a small charge and current . extending as far as the 

• • ’ 

electromagnetic potential extends. • . 

For an isolated electron at rest in Galilean coordinates * 4 = e/r, so that 
k. it* = e'/r 2 . On integrating throughout infinite s*pacj tlie result is apparently 

• . • • 

* I doubt if this is the right interpretation. See the end oltjj 100. . 
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infinite; but taking account of the finite radius of space, the result is of order 
e*JS. By (90 62) this represents the part of the (negative) mass of the electron f 
which is not concentrated within the nucleus. The actual moss was found in 
§ 80 to be of order e’/ a where a is the, radius ‘of the nucleus. The two. masses 
&R and e'ja are not immediately comparable since they are expressed in 
different units, the connection being'made by Weyl’Sconstant /S whose value' 
is left undecided. But since they differ in dimensions of length, they would 
presumably become comparable if the natural unit of length were adopted, 
viz. the radius of the world ; in that case e J /« is at least 10 “ times, e?R, so that 
the portion of the mass outside the nucleus is quite insignificant. | 

The action-principle here followed out is obviously speculative. Whether 
the results are such as to encourage belief in this or some similar law, or whether 
they tend to dispose of it by soinethiijg like a reductio ad absurdum, I will 
leave to the judgment of the reader. There are, howeyer, two points which 
seem to call for special notice— ' 

(1) When we compare; the forms of the two principal energy-tensors 

j-; = _^ { G;-^;(G-2\)}, 

it is rather a mystery how the second can be contained in the first, since they 
seem to be anything but homologous. The connection is simplified by observing 
that the difference between them occurs in llrl/t1r/ M ^(.90 51) accompanied only 
by a term which would presumably be insensible except inside the electrons. 

But the connection though reduced to simpler terms is not Jin any way 
explained by Weyl’s action-principle. It is obvious that his action as it stands 
has ho deep significance; it is a mere stringing together of two in-invariants 
of different forms. To subtract from *G‘ is a fantastic procedure which 

has no more theoretical justification (han subtracting A'‘ from T'J At the 
most we can only regard the assumed form of action A as a step towards some 
more natural combination of electromagnetic and gravitational variables. ' 

(2) For the fihst term of the jjetior, *G 2 W — g was chosen instead of the 
simpler 9 G V — g, because the latter is not an in-invariant-density and cannot 
be regarded as a‘measure of any absolute property of the region. It is 
interesting to trace how this improvement leads to the appearance of the term 
$ (— 2\ •J - g) in (903), so that the cosmical curvature-term in the expression 
for the energy-tensor now appears quite naturally and inevitably. We may 
contrast this with the variation of G V — g worked out in § 60, where no such 
term appears. In attributing more fundamental importance'to the in-invariant 
*G *V —g than to the co-invariant *G V —g, Weyl’s theory makes an undoubted 
advance towards the truth. 

v ' t This must not be confused with mass of thfenergy of the electromagnetic field. The present 
disensaion relates to Invariant matt to whioh the field contributes nothing. 
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t Past II. Generalised Theory 

91. Parallel displacement. 

Lef an infinitesimal displacement k“ at the point P (coordinates, r M ) be 
• carried by parallel displacement to a point P' (coordinates, + d,r^) infinitely 
near to P. The most general po&sible continuous formula for the change of A* 
is of the form ’ # 

dA'^-Y^A'd* .(!) 1 *1), 

fvhere which is not assumed to be a tensor, represents (i t arbitrary 

coefficients. Both A * and dx ¥ are infinitesimals, so that there is no need to 
insert any fepns of higher order^ 

We /ire going t’? builif the theory afresh starting from this notion of 
infinitesimal parallel displacement?; i%i»d by so doing we arrive at a generalisa¬ 
tion even wider than that of Weyl. Our /undamental axiom is that parallel 
displacement has some significance in regard to the ultimate structure of the 
w^rhj—it does not much matter what significance. The idea is that out of the 
whole? group of displacements radiating from P\ we can select one A 11 + dA* 
which has some kind of equivalence to the displacement A u at P. \£e do not 
define the nature of this equivalence, except that it shall have reference to the 
part played by A 11 in the relation-structure which underlies the world of physics. 
“Notice tlvit— 

(1) This equivalence* is only supposed to exist in the limit when P and P' 

are infinitely near together. For more distant points equivalence can in general 
only be approximate, and gradually becomes indeterminate arf the distance is 
increased. It can be made determinate by specifying a particular roi^fco of 
connection, in which case the equivalence is traced step by step along the 
route. * 

(2) The equivalences not supposed to.exist between any world-relations 
otl/er than displacements. Hitherto we have applied parallel displacement to 
any tensor, hut in this theory wo. only use it for displacements. 

(3) It is not assumed that thert is «ny complete observational test of 
equivalence. This is rather a difficult point which will be better appreciated 
later. The idea is that the scheme of equivalence need not be determinate 
obsorvation|illy, and tnay have permissible tragsforinfttions; just as the scheme 
of coordinate-reckoning is not .determinate observatiomtlly and is subject to > 

transformations. * • 

• • 

Lfct PP\ represent the displdbement .d* =»&/•„ whielfon parallel displace¬ 
ment to P' becomes P'P,'; then by (Ol'l) the difference of coordinates of P,' 
and Pj^s . . . . , 

t A 11 + dA M = Bx^ — Yy 9 Bx m dx r , * 

so that the coordinates of P,' relative Jo*P are , • 

dx^ + Bx^ — r^Bx^dx*. . .. *y ... 


».,(91’2). 
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Interchanging the. two displacements, i.e. displacing PP' along PP,, we shall 
not arrive at the same point P, unless # 

r^-rt ..(9i-3). 

When (91'3) is satisfied we have the p&rallelogram law, that if a displacement 
AB is equivalent to CD, then AC is equivalent to BD. • 

This is the necessary condition for what is called* affine geometry. .It is 
adopted by Weyl and other writers; but J. A. Seliouten ini* purely geometrical 
investigation has dispensed with it. I shall adopt it here. 

All questions of the fundamental axioms of a science are difficult. In 
general we have to start somewhat above the fundamental plane and develop 
the theory backwards towards fundamentals as well as forwards tp results. I 
shall defer until § 98 the examination of ht>w fay the axiom of parallel dis¬ 
placement and the condition of affine geometry are essential in translating the 
properties of a relation-structure into m&thematic&l expression ; and I proceed 
at once to develop the consequence^ of the. specification here.introduced. 

By the symmetry condition the number of independent is reduced to 
40, variable from point to point of Space.' They are descriptive of the relation- 
structure'of the world, and should contain all that is relevant t*o physics. Our 
immediate problem is to show how the more familiar variables of physics can 
be extracted from this crude material. , 


92. Displacement round an infinitesimal circuit. r • ’ 

Let a displacement A** be carried by parallel displacement round a small 
circuit C. The condition for parallel displacement ife by (911) 

n 1 VO . 

• v t cx v 

Hence the difference of the iuitial and final values is 

0 A* 


.(92-1). 


dx. 


da-* 


“*'-/« 

■ —Jr 


11 A a dx y 

0 


by Stokes’s theorem ^32'3‘). 
The integrand is‘equal to 


im ( & p,»_9^ .-I* \ , pc ^*_p»* d'd'* 

\jfc va dx. a ’) + ""'dx. „ ” dx, n 

= A'(J- r;. - - F ~ r;,A*+r; B r‘ A* by (92-i> 


1 where 


-*BUA\ • ' 

<0 0 ' 

__p** a. r** a- r 1 * r"' — r M r* 

4> V «v<r ^ 1 w i 0^, 4 ” 1 ks 1 « 1 era 1 w 


.(92-2). 
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Hence 8A»=-lJ[*B?„A'dS’' .%.(9281). 

• 

As in § 33 the formula applies only to infinitesimal circuits.’ In evaluating 
the integrand we assumed that'A* satisfies the condition of parallel displace¬ 
ment (921) not only on the boundary but at all points within the circuit. No 
single value of A* can satisfy this, since^f it holds for one circuit of displace¬ 
ment it will not hold for a second. But the discrepancies are of order pro¬ 
portional to dS'” r , and another factor dS'”’ occurs in the integration; hence^92 - 31) 
is true when the square of the area of the circuit cap be neglected. 

* Writing 1'"’ =* fjcltf’"' for a small circuit, (02*31) approaches the limit 

' *• . .s.(92-32), 

which sKows that *11,,. is a tensor^. Moreover it is an in-tensor, since we have . 
not yet introduced hny gauge. In fact aN quantities introduced at present 
must have the “ in- ” property, for we have not begun to discuss the conception 
ofelength. • . . • 

Vje can form an in-tensor of the? second rank by contraction. With the 
more familiar arrangement of suffixes, . 


*B' =— r* 


d.i 


r* + r° 

4 <rn ~ 4 <j\l 


n« no Til 

^ ra * i’M * aa 


(9241), 




\dx r “* + f v r^ + r^rJL-riit. .(92-42). 


Another contracted in-tertsor is obtained by setting « = fi, viz. 
- 2 *’ =- 


3 |-i« , jo 

dr. m dr. 0 


.(92-43). 


We shall write 


Then 


2 F. 


r -- p*> 

4 p — * »'a * * * 4 

’ = 0r,_sr„ 

’ fix, ’ dr. 


. .(925). 
(9255). 


* It will be seen from (92 42) that* 

.’..m 

so that F.. is the antisymrnetrical part .of *G... Thus ’the second mode of 
contraction of *B’ )ly , does not add anything pot obtainable by the first mode, 
and we need not give F.. separate Consideration. • 

Recording to*this mode of development the in-tensors *B\ ya and *fj M ,*are 
the most fflndameptal measures bf the intrinsic structure of the world. They 

+ Another independent proof that ’ iij^ js a tensor is •btained in equation (94-1); so that if 
the reader is uneasy about the rigifbr of the preceding analysis, ho may regard it as merely 
suggesting consideration of the expression (92-2) and use thg alternative proof that it is a tensor. 

J Here for the first time we make use of ^he symmetrical p^pperty of*r“„. If rj^+I’J^.the 
analysis at this point beoomes highly complicated. 
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take precedence of the g* v , which are only found at a later stage in our theory. 
Notice that we are not yet in a position to raise or lower a suffix, or to define 
an invariant such as *0, because we have no g„. If we wish at this stage to. 
form an invariant of a fouf-dimension^l region we must take its “ generalised 
volume ” 


////*-' 


I} dr, 


which js accordingly more elementary than the Other regional' invariants 
enumerated in § 88 . ' 

It may be asked whether there is any other way pf obtaining tensor^ 
besides the consideration of parallel displacement round a closed circuit. I 
think not; because unless our succession of displacement^ takes back to the 
starting-point, we are left with initial and final displacements at a distance, 
between which no comparabifity exists., . 

ThS equation (92’55) does not prove immediately that is the curl of a 
vector, because, notwithstanding the notation, is not usually a vector. »But 


since *b\ v is a tensor- 


2 F\ 


•s 


9 P 

: ^dxj 0V 


0F k dxp 

dx 


h ?*Y dx/ 


\ 0 

(r 

) dx a ' 



_ dx, 
dx, dxn' dx« 

= J-,( l\ 

OXfi \ dz„ ) 

Now by (2312) V^dXn/dxJ is a vector - . Let us denote it by 2Then 

P' ■= ^ 

. % . *" dx/ dx„' ‘ 

Thus is actually the curl, of a Sector though that vector is not neces¬ 
sarily equal to IY in all systems of coordinates. The general solution of 

1 dV - _ ' dI Y') = _ <W * ’ 

2 vfbY dxj) dxfi dx\' • 

flfl- 


ls 


r.'=,2* a 'v 


dx,' 


.(92-7), 


and since fl need not be an invariant, IY is not a vector. 

93. Introduction of a metric. 

Up to this point*ihe interval Us between Lwo points has not appeared in 
our theory. It will be remembered that the interval is the length of the cor¬ 
responding displacement, and we have to consider how a length (at invariant) 
is to be assigned to a displacement dx,, (a contra variant m-vector). In this 
section we shall assign it by tHe convention 

dp =* g^.dx^dx, ...(95JT1). 

Here g M ', must bd a tenspr, in order, thpt the interval may be an invariant; 
but the tensor is cjvosen by us arbitrarily. 
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The adoption of a particular tensor g„ is equivalent to assigning a particular 
gauge-system—a system by which a unique measure is assigned to the interval 
.between every two points. In Weyl’s theory, a gauge-system is*partly physical 
and partly conventional; lengths in different directions but at the same point 
are supposed to be compared by experimental (opticalj methods ; but lengths 
• at different points are; not supposed tcf be comparable by physical methods 
(transfer of clocks aqd rods) aud the unit of length at each point is laid down 
by a convention. I think'that this hybrid definition of length is undesirable, 
and that length should be treated as a purely conventional or else a purely 
physical conception.. In the present section we treat it as a purely con¬ 
ventional invariant whose properties we wish to discuss,"so that length as here 
defined if rfb£ anythipg which has to be consistent with ordinary physical tests. 
Later oq we shall"consider Row g,, must bo chosen in order that conventional 
length may obey the recogpised physical tests and thereby became physical 
l.ength; but at present the tensor </„„ is unrestricted. * 

Without any'loss of generality, We may take </ M „ to be a symmetrical tensor, 
siffcq any antisymmetrical part would drop out on multiplication by <tx,dx, 
and would be meaningless in (D3T1). 

Let l be the length of a displacement A 11 , so that " 

l*=g h ,A«A' . 

.Move A ** by parallel displacement through dx„, then 

dA» . dA' 


.(9312). 


d(l') 


, . , tM** , , 

+ dxj (Lr ° 

A"-g h ,A>VZ.A'-g„A*V’ n A‘yd*. by (Dl l) 

• * • 

= - g„ n* - g^ r?„) A»pdx.' 


V dx. 


by interchanging difinipy suffixes. • . 

In conformity with the usual rule for lowering suffixes, wo write 

1 1 Pi 

ffg,!- ~ i J av ^ FM' • 

so that 

But d (l 2 J, the difference of two invariants, is,an invariant- Hence the 
quantity iif the bracket is a covariant tenstr’of the thifd rank which is evi¬ 
dently symmetrical in g and v' We denote it by 2K M .,». Thus . • 


r - r 

*■ an, ¥ 1 ay, n 


^ A»A V (dx)* .(93‘2). 


2lv„ 


^ dg„ 

dx a 


— r _ r 

1 an, * L O 


...(93-3). 


Similajly 


2K,,*, 


r 

1 ¥I 


va>t*> 


dx. 
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Adding these and # subtracting (93 3) we have 


Let K Wi(4 .(93'5). 

Then (93'4) becomes ' r M „ i<r = [pr. o] + £<*►,«> • 

so that, raising the suffix, = {mv, oj + S ^ . .(936). 

If K MV>r has the particular form g^.tc,, 6 

■ g iir K 1 ' * 

so that (93'6) reduces.to (86'2) with l™, = *\^v, <rj. ' * 

Thus Weyl’s geometry is a particular case of our general geometry of 
parallel displacement. His restriction K wa =■#,,„*•„is equivalent to that already 
. explained in § 84. • 1 

< t < c , 

04. Evaluation of the fundamental in-tensors. 

In (9241) is expressed in term's of the non-tensor quantities«T*„. 

By means of (93'tl)' it can now be' expressed in terms of tensors g^ v and »S^„. 
Making the substitution the result is 
0 0 

= - $ {m". e S + Sa r W, 6} + {mo-, «} {»-«, e\ - {pv, a) (on, e} 

- -S'*„ + <$v< r {i/ft, ej + si, [/icr, a} - <S“„ [<ra, r} - {fiv, aj " 

■ ija. CM __ eta os * * r 

i & per va pv <ra • 

The first four t^rms give the ordinary Riemann-Christoffel tensor (.34-4). The 
next six terms reduce to , 

-(S^X + iS^X, 

where the final suffix represents .ordinary covariant differentiation (not in¬ 
covariant differentiation), viz. by (30 4), , 

(S'„X = S'„i - ( M o, a) S'„ - (i’O, a) + (w, e) S^. 

Hence = B’„ n - (S^+ (8^), + S%SU - S%S‘„« .(94-1). 


.(93-6). 


Hence 


This form makes its tensor-property obvious, whereas the form (92'41) made 
its “ in- ” property obvious. 

We next contract by setting,« = o and write 

'«;.= 2*„ ...(94-2), 

obtaining *(? w , = (?„, — ( S J„)„ + 2 k,,, — 2/c a >S“„ .(94:3). 

Again, multiplying by g*•, 

*« = (? + 2K + 2*: + 4*. V + S* SI fi .(94-4), 

where we have set Sl t „— — 2\„ ...(94 - 5). 

The difference between (94-5) and (94 2) is that A„ is formed by equating 
“the two symmetpH’al suffixes, and k„ by equating one of the symmetrical 
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suffixes with the third suffix in the S- tensor. and \ M are, pf course, entirely 

different vectors. 

The only term on the right of (94'3) which is not symmetrical in p and v 
is 2*,,,.. We write * . 


i^ = Q„ + (*„, + *,*) - (s;x - 2 K.SI + Sit si .(94-61), 

*?, — *,* .( 94 - 62 ), 

so that • • * *<?„. = .(94-63), 

and R ¥¥ anjl F ¥¥ are respectively its symmetrical and antisyrnmetricaf parts. 
Evidently R^ ¥ and F %¥ will both be in-tensors. 

W,e can also set + F ^„, 

where 224s aotisymmetrical and f is symmetrical, in p and e. We.find that 

* F ¥VV 4 — (K^#,»»*)(r (hiji#,rbi 

« * 
a result which is of‘interest in connection with the discussion <ff § 3^. But 

i? MV <r« and F^l, are not in-tensors, since thfc g ¥¥ are needed to lower the suffix e. 

. By (92 5) ami (93 6) . . 

\ r„ = = {pot, a\+-si 


. , = (l<>g ^ ~ .7) + 2#v ..*(04-7). 

By comparison with (92'7) ave see that the indeterminate function (1 is 
log V — g M which is nothin invariant. 

95. The natural' gauge of the world. 

We nov^ introduce the natural gauge of the world. The tensor g ¥¥ , which 
has hitherto been arbitrary, must be chosen s^ that the lengths of displace¬ 
ments agree with the lengths determined by measurements niadb with material 
and optical appliances. Any apparatus useij to mciisure the world is itself part 
of the world, so that thy natural gauge represents the world as self-gauging. 
This can only mean tHat the tensor <f ¥¥ which defines the natural gauge is 
ndt extraneous, but is a tensor already contained in the world-geometry. Only 
one such tensor of the second Aink ljas been found, viz. *(v ¥V . Hence natural 
length is given by 

The antisymmetrical part drops out, giving . 

Accordingly by (93-12) we must take 

*' . ..(951). 

introducing a universal constant \, in order tp remain free to use the centi¬ 
metre instead of the natural unit of length, whose r^tio to familiar standards 
is unknown. . • . • „ 

The manner in which the tensor«B^ is transferred via fhaterial structgre 
to the measurements made with material structure, ha&*bhen (Jiscussed in' 
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§66. We have to replace the tensor 0^. used in that section by its more 
general form R^,, since G*, is not an in-tensor and has no definite ^value 
until after the gauging-equation (951) has been laid down. The gist of the 
argument is as follows— ’ , ’ , 

First adopt any arbitrary conventional gauge which has no relation to 
physical measures. Let the displacement A 11 represent the-radius in a given 
direction of some specified unit of material structure—e.g. an average electron, 
an average oxygen atom, a drop of water containing 10* molecules at tempera¬ 
ture of maximum density. A * is determined by laws which are in the main 
unknown to us. But just as we can often determine the results of unknowl 
physical laws by . the method of dimensions, after surveying the physical 
constants \\hich can enter into the results, sg we can determine ,tne condition 
satisfied by A ** by surveying the world-tensors a£ our disposal. This method 
indicates Ihpt the condition is 

R^A^A" = constant .*.......•....(9511). * 

If now we begin to.make measures of the world, using the mdius of sucjj a 
material structure as unit, we are thereby adopting a gauge-system in ’.tfhich 
the length l of the radius is unity, i.e. 

1=/ J = ^M' .■.(9512). 

By comparing (9511) and (9512) it follows that must be a constant 
multiple of R^,', accordingly we obtain (951)*. „ 

Besides making comparisons with material units,'we can also compare the 
lengths of displacements by optical devices. We n.ust, show that these com¬ 
parisons will also fit into the gauge-system (951). The light-pulsfj diverging 
from a point of space-time occupies a unique conical locus. This locus exists 
independently of gauge and coordinate systems, and there must therefore be 
an in-tensor equation defining it.. The only in-tensor equation giving a cone 


of the second degree is . ( * 

R^dj:^dx y — 0.(95’21). 

Comparing this with Einstein’s formula for the light-cone 

dA — g^dxfdx, = 0.(95'22). 

We see that again R .(95 23). 


Note however that the optical comparison is less stringent than the 
material comparisonbecause (9q’21) and (9.V22) would be consistent if \ 
were a function of position, whereas the mateiial comparisons require that it 
shiill be a universal constant. That is why Weyl’s theory of gauge-transforma¬ 
tion occupies a position intermediate between pure mathematics and physics. 
He admits the physical comparison of length by optical methods, so that his 
gauge-transformations aiyi limited to those which do not infringe (95 2S); but 

* Note.'hat the isotropy t,f the material unit or of the electron is not necessarily a symmetry 
of form but an independence of orientation. Thus** metre-rule has the required isotropy because 
ft has (conventionally) fiie same length however it is orientated. 
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he does i*>fc recognise physical comparison of length by material transfer, and 
consequently he takes X to be a function fixed by arbitrafy convention and 
not necessarily a constant. There is thus both a physical anti .a conventional 
element in his “ length.” • 

A hybrid gauge, even if illogical, may be useful in some problems, par¬ 
ticularly if we Arp describing the electromagnetic field without reference to 
matter, or preparatory to the ^introduction of matter. Even without matter 
the electromagnetic ‘field -is self-gauging to the extent of (95'23), X being a 
function of position; so ttyit we can gauge our tensors to this extent without 
tackling the problem of matter. Many of Weyl’s in-tensors and in-invariants 
are not invariant for the unlimited gauge-transformations of the generalised 
theory, byt "they become determinate if optical gauging alone is employed; 
whereas the ordinary invariant or tensor is only determinate in virtue of 
relations* to material standards. Iy particular $'*' is not a complete in-tensor- 
density, but it has a'self-contained absolute meaning, because it measures the 
electromagnetic field and at the same time*electromagnetic fields (light-waves) 
suffice to gauge’it. It may be contrasted with which.can only be gauged 
by material standards; F Vv has an absolute meaning, but the meaning is not 
self-contained. .For this reason problems will arise for which Weyl’s more 
limited gauge-transformations are specially appropriate; and we regard the 
generalised theory as supplementing without superseding his theory. 

• Adopting the natural gauge of the world, we describe its condition by 
two tensors <j„ and K"* .If the latter vanishes we recognise nothing but g hr , 
i.e. pure metric. Now metric is the one characteristic of space. I refer, of 
course, to the conception of space in physics and in everyday life—the mathe¬ 
matician can attribute to his space whatever properties he wishes. If K'^does 
not vanish, then there is something else present not recognised as a property 
of pure space; it must therefore be attributed to a “thing*.” Thus if there 
is no “ thing” present, ift. if space is quite empty, =*(), and by (94’<il) 
reduces to In empty space the gauging-equation becomes accordingly 


, Xf/„ .(95'3), 

which is the law of gravitation (37'4). Th*e gauging-equation is an alias of the 
law of gravitation. • 

We see by (6(>'2) that the natural uni£ of length (X= 1 ) is l/VO times the 
radius of curvature of the world in any direction in empty space. We do not 

know'its value, but it must obviously be very large. . * 

One reservation must be 1 n 9 .de with regard to thy definition of empty 
space by the condition K"„=*0. It is possible that we do not recognise K"„ by 
any physical exp*erynent, but only cortain combinations of its components. In 
that ciye definite values of K", would not _ be ^recognised as constituting a 

* Au electromagnetic aeld ie a “thing” ; s^riwitational fieldjs not, Einstein’s theory havjng 
shown that it is nothing more thin the manifestation of the metric. ‘ 
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“ thing,” if the recognisable combinations of its components vanished; just as’ 
finite values of do not constitute an electromagnetic field, if the curl 
vanishes. This .does not affect the validity of (95 3), because any breach of 
this equation is capable*of being recognised by physical experiment, and 
therefore would be brought about by a combination of components of K^, which 
had a physical significance. f •. . 0 

• c . 

9ft. The principle of identification. 

v . 

In §§ 91-93 we have developed a pure geometry, which is intended to be de¬ 
scriptive of the relation-structure of the world. Tfye relation-structure presents 
itself in our experience as a physical world consisting of space, time a$d things. 
The transition from the geometrical description 1 to the physical description 
can only be made by identifying the tensors which measure physical quanti¬ 
ties with tensors occurring in the pure geometry; and we must proceed by 
inquiring first what experimental properties the physical tensor possesses, 
and <then seeking a geometrical tensor which possesses theke properties by 
virtue of mathematical identities. 

If we can do this completely, we shall have constructed out of the primitive 
relation-structure a world of entities which behave in the same way and'obey 
the same laws as the quantities recognised in physical experiments. Physical 
theory can scarcely' go further than this. How the mind has cognisance of 
these quantities, and how it has woven them into its'-Vivid picture of a per¬ 
ceptual world, is a problem of psychology rather than of physics. 

Thu first st<;p in our transition from mathematics to physics is the identi¬ 
fication of the geometrical tunsor with the physical tensor g^, giving the 
metric of physical space and time... Since the metric is the only property of 
space and time recognised in physics, we may be said to have identified space 
and time in terms of relation-structure. We have i\ext to identify “ things,” 
and the physical description of “ things” falls under three heads. 

(1) The energy-tensor 7'* comprises the energy momentum and stress in 
unit volume. This has the property of conservation (2'^)„ = 0, which enables 
us to make the identification 

,-8w7’' = G;-^;(G-2A) .(96-1), 

satisfying the condition of conservation' identically. Here \ might bp any 
constant; but if wo add the usual convention that the zero-condition from 
which energy, momentum and stress are to be reckoned is that of empty space 
(not containing electromagnetic fields), we obtain the condition for empty 
space by equating (961)^to zero, viz. „ • , 

Cl W ‘ ~ 

cBo' that \ must be the same constant as*in (95 3). < 
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(2) The electromagnetic force-tensor F^., has the property that it fulfils 
the first half of Maxwell’s equations 

s ' + « o..(96-2). 

UJ'ff • 0»T|i • 


This will be an identity if is t-fie curl of any covariant vector; we 
accordingly idaifify it ^with the in-tens®r already called F^ y in anticipation, 
which we have sden is the curl of a vector (94 02). 

. (3) The electric* charge-and-current vector J" has the property of con¬ 
servation of electric chargp, viz. • • 

Jl = o. 

The divergence of J* will vanish identically if «/<* is itself the divergence of any 
antisyinqtefrrical contravariant tensor. Accordingly we make the identification 

* *1 • ■ .•'.*....(96-3), 

• • • . • 
a formula which satisfies the remaining hqlf of Maxwell’s equati<*»s. 

. The correctness of these identifications should be checked by examining 
whether the physical tensors thus defined have all the properties which 
eifpariment requires us to attribute t (f them. .There is, howovoi, onfv one 
furthVr general physical law, which is not implicit in these definitions, viz. the 
law of mechanteal force of an electromagnetic field. We can only sliow in an 
imperfect way that our tensors will conform to this law, because a complete 
proof would require more knowledge as to the structure of an electron; but 
‘the discussion of § 80 shows that the law follows in a very plausible way. 

In identifying “^lliAgs” we have not limited ourselves to in-tensors, 
because the “ things” diSfcussed in physics are in physical space and time and 
therefore presuppose the natural gauge-system. The laws of Conservation anti 
Maxwell’s equations, which we have used for identifying “ thipgs, wou(d not 
hold true in an arbitrary gauge-system. . 

No doubt alternative identifications would V conceivable. For example, t 
F^. might be identifier^* with the curl-of \ A f instead of the curl of /r M . 1 hat 
wjnild leave the fundamental in-tensor apparently, doing nothing to justify its 
existence. We have chosen the most obvious identifications, and it seems 
reasonable to adhere to them, linlcsfa crucial test can be llevised which shows 
them to be untenable. Tn any case, with the material .at our disposal the 
number of possible identifications is very,limited. 

97. The bifurcation of geometry electro/fynamlce. 

The fundamental in-tensor *(}„., breaks up into a symmetrical part 
and,an antisyrmnetrical part F^,. The former is or if the natural unit . 

of length <\ = l) # i» used, it*is simply < 7 M „. We have then 

*Gp,.= ffr. + Fp* 

+ T»e curl of X ig not an iu-tenSor, but there is tin obtious reason why an in-tensor should 
be requited. If magnetic flux were measured in practice by comparison with that of f magneton 
transferred from point to point, as a length ^measured by transfer of a stale, then an in tensor 
would bo needed* But that is nort the actual procedure. 
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showing at once how the field or aether contains two characteristics, the 
gravitational potential (or the metric) and the electromagnetic force. These 
are connected,in the most simple possible way in the tensor descriptive of 
underlying relation-structure; and we see in a general way the reason for this 
inevitable bifurcation into symmetrical and antisymmetrical—geonfetrical- 
mechanical and electromagnetic—characteristics. 

Einstein approaches these two tensors from the physical side, having 
recognised their existence in observational phenomena.' We here approach 
them from the deductive side endeavouring to show as completely as possible 
that they must exist for almost any kind of underjying structure. We confirt^ 
his assumption that the interval ds‘ l is an absolute quantity, for it is our in¬ 
invariant llp.dx^day ) we further confirm the well-known property of, F^, that 
it is the curl of a vector. ' . * , • ' 

. We-not only justify the assumption 'thaj. natural geometry is Riemanriian 
geometry and not the ultra-Riemahnian geometry of W'eyl, but we can show 
a reason why the quadratic formula for the interval is necessary. The .only 
simple absolute quantity relating to J.wo points is _ • 

*G llv dx lt dx,. 

To obtaift another in-invariant we should have to proceed to art expression like 

** Mlrpdx^ dx„ dx A dx r . 

Although the latter, quartic expression does theoretically express some abso-. 
lute property associated with the two points, it can scarcely be expected that 
we shall come across it in physical exploration of the world so immediately as 
the former quadratic expression. 

It is the new insight gained on these points which is the chief advantage 
of the generalised theory. 

98. General relation-structure. 

We proceed to examine more minutely the cor.-ceptions on which the 
fundamental axioms of parallel displacement and affine geometry depend. 

The fundamental basis of all things must presumably have structure and 
substance. We cannot describe substanfce; we can only give a name to it. 
Any attempt to do more than give a name leads at once to an attribution.of 
structure. But structure can be described to some extent; and when reduced 
to ultimate terms it appears to Resolve itself into a complex of relations. And 
further these relations cannot be entirely devoid of comparability; for if 
nothing in the world is comparable with anything else, all parts of it are alike 
in their unlikeness, and there cannot be even the,rudiments of a structure. 

The axiom of parallel displacement is the expression of t?ys comparability, 
and the comparability postulated seems to be almost the minimum conceiv¬ 
able. Only relations which are cjose together, i.e. interlocked in the relation- 
structure, are supposed to be comparable, and the conception of equivalence 
'is applied only to »-ne type -of relation. This comparable relation is called 
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displaceJbent By representing this relation graphically we obtain the idea of 
location in space; the reason why it is natural for us to represent this par¬ 
ticular relation graphically does not fall within the scope of physios. 

Thus our axiom of parallel displacement is the geometrical garb of a 
principle which may be called “ the comparability of proximate relations.” 

There is a Certain ljiatus in the arguments of the relativity theory which 
has nev£r been thoroughly explored. We refer all phenomena to a system of 
coordinates; but do not’explain how a system of coordinates (a method of 
numbering,events for identificaftio'n) is to be found in the first instance. It 
pay be asked, Wha^ does it matter how it is found, since the coordinate- 
system fortunately is entirely arbitrary in the relativity..theory? But the 
arbitrariness of the coordinate-srystem is limited. We may appjy any con¬ 
tinuous transfornriatten ; bift our theory does’not contemplate a discontinuous 
transformation of coordinates, suoh as would correspond to a reshuffling of 
the points of the continuum. Thore is something corresponding to an tfrder of 
enumeration of the points which We desire to preserve, when wo limit the 
changes of coorflinates to continuous transformations. ’• * 

I!» seems clear that this order which we feel it necessary to preserve must 
be a structural-order of the points, i.e. an order determined by theh’ mutual 
relations in the world-structure. Otherwise the tensors which represent 
structural features, and hav* therefore a possible physical significance, will 
•become discontinuous with respect to the coordinate description of the world. 
So far as^ know the ofily attempt to derive a coordinate order from a postu¬ 
lated structural relation is that of Robb? ; this appears to be successful in the 
case of th«i ‘‘special” theory of relativity, but the investigation is very 
laborious. In the general theory it is difficult to discern any method of 
attacking the problem. It is by no meaiys obvious tliat the interlocking of 
relations would necessarily be such jis to detenhine ait order reducible to the 
kind of order presumed,in coordinate, cnupieration. I Can throw no light on 
this question. It is necessary to admit that there is something of a jump 
fr<?m the recognition of a comparable relation called displacement to the 
assumption that the ordering *>f points ^y this relation fs homologous with 
the ordering postulated when the displacement is represented graphically by 

a coordinate difference dx u . * 

r _ • * 

The hiatus probably indicates something more than a temporary weakness 
of the rigorous deduction. It means that space and tirneVre only approximate 
conceptions, which must ultimately give way to a more general conceptionof* 
the drdering of events in nature not expressible in ferrn# of a fourfold coordi¬ 
nate-system. It i» iri this direction that some physicists hope to find a solution 
of the contradictions of the quantum theory. II is a fallacy to think that the 
conception of location in space-time based on the oBservation of large-scale 
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phenomena can be applied unmodified to the happenings which involve only ‘ 
a small number of quanta. Assuming that this is the right solution it is use¬ 
less to look for’any means of introducing quantum phenomena into the” later 
formulae of our theory; these phenoiqena have been excluded at the outset 
by the adoption of a coordinate frame of reference. 

The relation of displacement between point-eveijts and “the relation of- 
“ equivalence ’’ between displacements form pajts of one idea, which are only 
separated for convenience of mathematical manipulation. That thd relation of 
displacement between A and B amounts td sUch-and-such a quantity conveys 
no absolute meaning; but that the relation of displacement between A and B 
is “equivalent” to the relation of displacement between C and D is (or at 
any rate may be) an absolute assertion. Thus four points is the piinimum 
number for which an assertion of absolute structural relation can be made. 
The ultimate elements of structure are thur, four-noint elements. By adopting 
the condition of affine geometry (9T3), I have limited the possible assertion 
with regard to a four-point element to the; statement that the four points do, 
or do"not, form a parallelogram. The defence of affine geometry thus rests-on 
the not implausible view that four-point elements are recognised to be .differ¬ 
entiated' from one another by a single character, viz. that they are or are not 
of a particular kind which is conventionally named' pcirallelogramical. Then 
the analysis of the parallelogram property into a double equivalence of AB to 
CD and AC to BD, is merely a definition of what is meant by the equivalence 
of displacements. • * 

I do not lay overmuch stress on -this justification of affine geometry. It 
may well happen that four-point elements are differentiated by .-what might 
be csjlled trapezoidal characteis in which the pairs of sides are not commutable; 
so that we could distinguish an element ABDC trapezoidal with respect to 
i AB, CD from one trapezoidal with respect to AC, BD. I am quite prepared 
to believe that the affine condition may not always b«; fulfilled—giving rise to 
new phenomena not included in this theory. But it is probably best in aiming 
at the widest generality to make the generalisation in successive steps, and 
explore each step before ascending<to the next. 

In reference to the difficulties encountered in the most general description 
of relation-structure, the possibility may be borne in mind that in physics we 
have not to deal with individual relations but with statistical averages; and 
the simplifications adopted may have beedme possible because of the averaging. 

* 

99. The tensor 

Besides furnishing the two tensors p„ r and F„. of which Einstein has 
made good use, our investigation has dragged up from below a- certain 
amount of apparently useless .lumber. We have obtained the fuji tensor 
which has "not been used except in the contracted form—that is to say 
certain co-mponeitll have bteon ignored entirely,"and others have not been 
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considered individually but as sums. Until the problem of, electron-structure 
is more advanced it is premature to reject finally any material which could 
conceivably be relevant; although at present there is no Special reason for 
anticipating that the full tensor will b* helpful in constructing electrons. 

Accordingly in the present state o| knowledge the tensor cannot 
be considered ta be >i physical quantity; it contains a physical quantity 
Two statesof*tho worlcf which are described by different but the 

same are so far as \ye knnw .identical states; just as two configurations 
of events described by different coordinates but' the same intervals are 
identical configurations. If this is so, the Tf. must be capable of other trans¬ 
formations besides coordinate transformations without altering anything in 
the physical conditieji of the wofld. 

• i , 

Correspondingly the tensor K^, can take any one of an infinite series? of 
values without altering the-physical stato # of the world. It would perfiaps be 
possible to show that among these values is g^n", which gives Weyl’s geo¬ 
metry; but I afii not sure that it necessarily follows. It'-has been suggested 
that \he occurrence of non-physical quantities in the present theory is a 
drawback, and 4 , hat Weyl’s geometry which contains precisely the‘observed 
number of “degrees of Ifeedom ” of the world has the advantage. For some 
purposes that may be so, bi»t not for the problems which we are now con¬ 
sidering. # In order to discuss why the structure of the world is such that the 
observed phenomena. appear, we must necessarily compare it with other 
structures of a more general type ; that- involves the consideration of “ non¬ 
physical ” quantities which exist in the hypothetical comparison-worlds, but 
are not of a physical nature because they do itot exist in thy actual v^orhl. 
If we refuse to consider any condition which is conceivable but not actual, 
we cannot account for the actual; can only prescribe it dogmatically. 

As an illustration of what is gained by the broadei? standpoint, we may 

consider the question why the field is described by exactly 14 [lotontials. 

Our former explanation attributed this to the occurrence of 14 variables in 

the most general type of geometry. • Wo *now see that this is fallacious and 

that a natural generalisation of Riemannian geometry admits +0 variables; 

and no doubt the number could*be extended. The rear reason for the 14 

potentials is, because, even admitting a gepmetr/ with 40 variables, the 

fundamental in-tensor of the second rank has 14 variables; and it is the 
• • # 
in-tensor (a measure of the physical state of the world) not the world-geometry 

(an arbitrary graphical representation of it) which determines the phenomena. 

The “ lumber't which we have found can do no harm. If it does not affect 
the structure of electrons or quanta*then we cannot be aware of it because 
we are ^mprovided with appliances for detecting it* if it does affect their 
structure then it is just as well to have, discovered ^t.* The? important thing 
is to keep it out of problems to which it is irrelevant, an^this is easy since* 
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•0^ extracts thq gold from the dross. It is quite unnecessary to specialise 
the possible relation-structure of the world in such a way that the useless 
variables have the Sxed value zero; that loses sight of the interesting result 
that the world will go on just the same if thejr are not zero. , 

We see that two points of view may be taken— 

(1) Only those things exist (in the physical meatring of-tlie word) which' 

could be detected by conceivable experiments.*’ < , 

(2) ° We are only aware of a selection of the things which exist (in ’an 

extended meaning of theword), the selection bein^-determined by the nature 
of the apparatus available for exploring nature. * 3 

Both principles are valuable in their respective spheres. In the earlier 
part of this book the first has been specially useful in purging physics from 
metaphysical conceptions. But when w,e are inquiring Why the structure of 
the world is such that just g^, apd a-* appear and nothing else, we cannot 
ignore the fact that no structure of the world' dbuld make anything else 
appear if we had no cognizance of the appliances necessary for detecting it. 
Therefore there is no need to insert, and puzzle over the cause of, special 
limitations on the world-structure, intended to eliminate everything“which 
physics is unable to determine. The world-structure is clearly not the place 
in which the limitations arise. 


it 

lOO. Dynamical consequences of the general properties of 
world-invariants. • 

We shall apply the method of § 61 to world^invariants containing the 
electromagnetic variables. Let if be a scalar-density which is ^function of 
and their derivatives up to any order, so that for a given region 
/ft 'dr is an invariant. 

It you Id have been possible to .express F^, in terms of the derivatives of ; 
but in this investigation we keep it separate, because special attention will 
be directed to the case in which ft does not contain’ the themselves but 
only their curl, so that it depends on g^, and F „„ only. 

By partial integration we obtaip as in § 6l 

h!StdT-lWtg„-$rlF„ + Q)>hxJ&r .( 1001 ), 

for variations which vanish at the, boundary of the region. Here 


JP* = 


>1JK 




tlK^ 

hK. 


Q "■ 


flK 


and i** is a symmetrical tensor, H* ¥ an antisymmetrical tehs 
We have •, 

, 9( 8 * m ) . 




dx. 


. 1 ..( 100 - 2 ), 
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dx. 


8k ^ 


i 
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rejecting a complete differential, 

. . ■* - 2$?'8k ii by (51-52). 

Hence 

. S/tfrfr =/{'lV*6y„, + <2£7 + Cl**) 8*„} dr .(100-3). 

Now suppose that Jjie 8y MV and 8k ^ arise solely from arbitrary variations 
&e. of the coordinate-system in accordance with the laws of transformation 
of tensors and vectors. The invariant will not be affected, so that its variation 
vanishes. By the same prpcess as in obtaining (01 3) we find that theVhange 
of S/r M , for a comparison of points having the same coordinates a\ in both the 
original and varied systems, is 


Hence 

#• ^ ,0 • 

rejecting a complete differential. Since TiSyf/dr^ = 0 (73-70), this heroines 

{/ , m .(£> + 2.$r)-*.££}• 

Using the previous reduction for 8(01'4), our equation (100"3) reduces to 

0 = J [2% v -V„. (O + 2.&D 4- *.GfJ Sr.dr . (100-41) 

for all arbitrary variatwas 8x a which vanish at the boundary of the region. 
Accordingly we must have identically • 

• K, = + 4^.0 - 4*.Q; 

• • » 

or, dividing by V— g, and changing dummy suffixes, 

,i\ = - kjc-+ **&)• .( 10012 ). 

First consider the case when jf is a function of g^ an<i only, so that 
If 1 = 0. The equation 

= - V*ir; .*.(100-43) 


=« 


8 (8.C.) ffq, 
3,r^ -0.r. 


8a - .. 


(a-+2^r‘) - {*. ($> + 2$r» [ &•: 


(8a-, 


at once suggests the equations of*the mechanical force of-an electromagnetic 
field ' . • 


K* = - K = -r 8;,./-*= - 87. *. 


• • 

It has already become plain that anything recognised in physics as tin 

energy-tensor must be of the nature of a Hamiltoniafi derivative of some 
invariant with rgfipect to g ^,; and the property of conservation has been 
shown to depend <jn this facj.. Wi now see that the general theory of in¬ 
variant also predicts the type of the reaction, of any Such derived tensor to the 
electromagnetic field, viz. that its cqjiswvation is (JisturbtAl by a fondero- 
motive force of the type F*, Uf. • • ® 
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If we identify with the material energy-tensor, H* r must be identified 
with the charge-and-current vectorf, so that 

J» = H? .°.(1(MH4), 

• ( 

which is the general equation given iif (82 - 2). It follows without any further 
specialisation that electric charge must be conserved (= 0). # 

The foregoing investigation shows that the antisymmetric part of the 
principal world-tensor will manifest itself in‘our experience by ( producing . 
the effects of a force. This force will act on a certain stream-vector (in 
the manner that electromagnetic force acts on a charge and cufrent); and 
further this stream-vector represents the flow of something permanently con 1 ' 
served. The existence of electricity and the qualitative nature of electrical 
phenomena'are thus predicted. « \ • ' V 

In considering the results of substituting a particular function for K, it 
has to,be remembered that the equation (l00 - 42) is an identity. We shall 
not obtain from it any fresh law connecting g h „ and‘* M . The final result after 
makipg the substitutions will probably be quite puerile and qnworthy of the 
powerful general method employed. The interest lies not in the idsfttity 
itself but in the general process of which it is the result. Wc have seen 
reason to believe that the process of Hamiltonian differentiation is actually 
the process of creation of the perceptual world around us, so that in this 
investigation we are, discovering the laws of physics by examining the mode 
in which the physical world is created. The identities expressing these 
laws may be trivial from the mathematical point *of view when separated 
from the context; but the present mode of derivation gives the clue to their 
significance in our experience as fundamental laws of nature*. * 

To agree with Maxwell’s theory it is necessary to have = F“‘. Ac¬ 
cordingly by (1()0'2) the invariant K should contain the term - i fl 1 " F^. 
The only natural wqy in which this cafi be combined linearly with other 
terms not containing F H , is in one of the invariants or - \*G^*G*“. 

Wo take ■ . 

K = 

= i % Fj) (ft-* + F *) 

= | (R^R’"’ - F+P») .(100-5) 

by the antisymmetric properties of F H ,. 

The quantity U M /can be expressed as a function of the variables in two 
' ways, either by the gauging-equation 

t This definition of eleotrio charge through the mechanical effects experienced by charged 
bodies corresponds exaotly to the definition employed in practice. Our previous definition of it 
as FJ*’ corresponded to a measire of the Arength of the singularity in the electroinagne'ic field. 

{ Tlie'lefinitive dfveloplacnt of the theory ends at this point. From here to the euli of § 102 
, we discuss certain possibilities whioli may be’on‘.lie track of further progress; but there is no 
certaiu guidance, aiid i/may be suspected that the right clue is'still lacking. 
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’ or by tbfe general expressions (87 5) and (94 61). If the first form is adopted 
we obtain an identity, which, however, is clearly not the flesired relation of 
energy. 

If we adopt the more general expression some care is required. Pre¬ 
sumably ft should be an in-invariant-density if it has the fundamental 
• importance supposed. . t *As written it *is not formally in-invariant in our 
generalised theory though it ig in Weyl’s theory. We can make it in-invariant 
by writing 'J—g in the form 

' g^g^R.JU^-g, . 


Ivhere the g** are td have the values for the natural, gauge, but in the in- 
tensdr R u , (he general valufts for any gauge may be used. The general theory 
becomes highly comjMicatt*!, ani>we shall content ourselves with the partially 
generalised expression in Weyl’s^theery, which .will sufficiently illustrate the . 
procedure. In this ease = but X - is a variable function of yosition. 
"Accordingly R^.R?" = 4\ 2 = so that* 

• . • ft = J(*(/ J -4/; r /'>“)\ / ^/ ...:.(100-6). 

• • 

Comparing with (90'1) we see that li is equivalent to the action adopted by 
Weyl. 

This appeai-s to throw light on the meaning of the combination of *(R 
with F“-“ which we hav% recognised in (90'1) as having an imj)ortant 
significance. It is th(^degenerate form in Weyl’s gauge of the natural com¬ 
bination *G The'alternation of the suffixes is primarily adopted as a 
trick to obtain the required sign, but is‘perhaps justifiable. 

If this ‘view of the origin of (90"1) is correct, the constant a must be 
equal to 4. Accordingly ft = 1/2X, and by (9©'5l) the wholy energy-censor 
and the electromagnetic energy-tensor arts reduced to the same units in the 
expressions • • # 

. . 8t tW ..*.(100-7). 

V • 

The numerical results obtainable from this conclusion will be discussed in 


§ 102 . . 

In the discussion of § 90 it wad*assumed that P*" (= llK/ll//^,) vunished. 

I do not think there is any good reason for introducing an arbitrary action- 
principle of this kind, and it seeins tqore likely that* P* ¥ will be a mm- 
vanisjhing paergy-tensor. . * 

This seems to leave a superfluity of energy-tensors,‘because owing to the 
non-vanishing coefficient Q* we have thy term (k^k" — Jy'**’*„*•) in (90*51? 
which has*to play, some rfjo. In § 90 this was supposed to be the material • 
energy-tensor, tplt I am inclined to think that it has another interpretation. 

In order to liberate material,energy we must relax the binding forces of the 
electrcjrs, allowing them to expand. Suppose that Ve make a small virtual 
change of this kind. In addition (o the material, energy liberatdti by the 
process there will bo another consequential change ii\,tbe energy of the 
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region. The electron furnishes the standard of length, so that all the gravi¬ 
tational energy will now have to be re-gauged. It seems likely that the 
function of the term (x* 1 K y -j^"x a /c a ) is to provide for this change. If so, 
nothing hinders us from 'identifying P** with the true material energy- 
tensor. 

101. The generalised volume. 

Admitting that *G>„ is the building-material with which we have to con¬ 
struct the physical world, let us examine'what are the simplest, invariants 
that can be formed from it. The meaning of “simple’ is ambiguous, an<^ 
depends to some extent on our outlook. I take the order of simplicity to be 
the order in which the quantities appear in building the physical' w^rld from 
the material Before introducing the process of gauging by which we 

obtain the </ M „, and later (by k rather intricate use of determinants) the g*’, 
we can form 111 -invariants belonging respectively to a one-dimensional, a two- 
dimensional and a four-dimensional domain. 


(1) For a line-element ( dxf- , t&e'simplest in-invariant is 

*G^ y (dxY (da-)’ ..< 10111 ), 

which appears physically as the square of the length/ 

(2) For a surface-element dS*”, the simplest «n-invariant is 

*G^d&’ ..( 10112 ), 

which appears physically as the flux of electromagnetic force. It may be 
remarked that this invariant, although formally pertaining to the surface- 
element, is actually a property of the bounding circuit only. 

(If) For a volumc-eltment dr, the simplest in-invariant is 

F = Y(- i *Gyy \)dr . ( 10113 ), 

which has been called the generalised volume, but fyis not yet received a 
physical interpretation. 

We shall first calculate j *G^ V \ for Galilean coordinates. Since 

G^y~ "h F m| , 

we have on inserting the Galilean values 


!*(?„„!= —7, $ - x ,. 

7 -a -Y 

-13 a - \ - Z 

' X Y Z X. | 

=» - (X* + X s (a a + /d 4 + f - X 2 - F- a - Z‘) - {aX +/ 3 F+ 7 Z) 1 ) . 

« • * . v _ .(iqi-2). 

The relation of the absblute unit of electromagnetic force (which is here being 
used) to the practical unit is not yet known, but it seems likely that the fields 










em r - 


THE GENERALISED VOLUME 


233 


'used in laboratory experiments correspond to small values of F^f. If this is 
so we may neglect the fourth powers of F h , and obtain approximately 
V - V( 1 1 * Q„ |) dr = {X* + i (a* + £* + 7 ’ - X 2 - Y* - Z *>j dr 
, =(X^+ t \F, ¥ F^)dr by(Y7-3). 

Since V is an invariant we can at once write down the result for any other 
coordinate-systeri*. viz. '•* 

• . . • • V^iW + lF^F^V^ffdr .(101-31), 

or in the natural gauge R^. = this can be written . • 

# ’ V= i(K>F**) V -ifdT 

• B l*G*,*G* ¥ '/~ z ffdr ..(101-32). 

Thus if tfie'generaliqed volume ^s the.fundamental in-invariant from which 
the.dynamical laws arise, \fe may expect that our approximate experimental 
laws will pertain to tjie invariant *(? M »•(?<*» V — g dr, which is a ck>se approxi¬ 
mation to it except in vety intense electromagnetic fields. * 

In (100-5) we took K = *(R, *0“*. The alternation of the suffixes seems to 
be essential if is to represent* tfje material energy (or to be* zero 

according to Weyl’s action-principle). If wo do not alternate the suffixes the 
Hanjiltonian derivative contains the whole energy-tensor plus the* electro¬ 
magnetic energy-tensor, whereas we must naturally attach more significance 
to the difference of these twd tensors. It may, however, be noted that 


4 * 0 ^. 0 ;^ = r, 11 .(10133) 

(variations of being ignored except in so far as they affect h\>). It would 
seem therelftre that the invariant K previously discussed arises from V by tho 
process of ignoration of the coordinates * M . Equation (101-33) i(‘presents 
exactly the usual procedure for obtaining die modified Lagrangian function in 
dynamics. « ’ 

If this view is correct that the invariants which give the ordinary equations 
ack>pted in physics are really ajiproximations to.more accurate expressions 
based on the generalised volume, it^becomes possible to .predict the second- 
order terms which are needed to complete the equations currently used. It 
will sufficiently illustrate this if. we consider the corrections to Maxwell’s 
equations suggested by this method. 

Whererw'in (7.9-32) we found that J* was the Hamjltonian derivative of 


\ F^F^,. V — g dr, we now suppose that it is more exactly the Hamiltonian, 
derivative of «/(— | *G h , j )Ut with respect to Ws 3 use Galilean (or natural) 
coordinates'; and .it*is convenient* to use the notation onj 82 in which («, b, c) 
takes the place »f (a, R, 7). . • 

Let* * » • • . 

1 A =-»j *(?„, I = V + \*(a 2 + 6* + c*- X ,;* - r* - Z-) - S', 

* # • 

t This is doubtful, since the calculations In the next section do not bear it out. . 

J We consider only the Variations of as affecting* K,,,,. • 
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where 


’the generalised volume 
S = aX + bY+cZ. 
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The- »{(• -f) *■+ j 


Take a permeability and specific indu«tive capacity given by 


1 VA 


,.(101'41), 


so that 

and let 
Then 


a = V«/VA, P = \tf/v/A, * ' 

S’ = .S'/VA = (a* + SY*+ yZ\j\ 3 ./10T42). 

/a# a<?> 


8( V i).(«-W)8(^-f) + ... 


/T1 cv*/ 9P 9<b\ 

-(P+a.S) 8 (- M-te)-- 

’ * * • 

; (/> + »■■>' ) -£</>- l-.V) + j" Sf + ... 

+ \L (r+ "S'^'h <« ++ s < s +' s '>! 8 "V 


rejecting a complete differential. Equating the coefficients to the charge-and- 
current vector (a x , a v , a z , p) we have 


„ + f-(/> + «S')-|(,-ZS',-,4</3 7 m 

# • 

p = (P + «<S') + + W?') + g, (P + CS'> 


These reduce to the classical /orin 


provided that 


9y _ 9P_ DP , 

<fy «z dt r 

ap ay dp , 

v—H - p 

bx by dz 


.(10T5), 


d(as<) a \zs’) d(YS)\ 

:<r * + bt f dy “ a* 

a («<§:> _ a (6&o _ a (c.s"> 

Daj, Dy dz 


.( 1010 ). 


.(101-7). 


P = »P 

These at once reduce’to 

<r* = <r x + «.—■ +. 

, a s' . a,s' ' as- j 

p ^ a dx b by C dz j 

The effect of the second-order terms is thus to make the aether appear to 
have a Specific ir.ductive capacity and permeability given by (101-41) and 
«alk> to introduce t^/purious eharge and current given by (101-7). 


M + e^-y^ 

ty dz 
, dS' 
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Thisirevision makes no difference whatever to the propagation of light. 
Since vVK) is always unity, the velocity of propagation is Unaltered; and no 
spuribus change or current is produced because S' vanishes when the magnetic 
and electric forces are at right angles. . 

It would be interesting if all electric charges could be produced in this 
■ way by the secwjd-ordcB terms of the pare field equations, so that there would 
be no need to ihtroduce the^ extraneous charge and current (cr x , <r v , a-., p). 

I think, hdwever, - that this is scarcely possible. The total spurious charge in 
a three-ditpensional regiop is equal to * 

* jfj(fi — p)<lxdydz’= -jjB n S'dS by .(101 f>), 

• % 

where B,t is *the normal magneticjnduction across the boundary. This requires 
that B„$' in.the field of afi electron falls off 1 only as the inverse square. It is 
scarcely likely that the electron ha^the distant magnetic effects that are implied. ' 
. It is readily verified that the spurious charge is conserved independently 
of the true charge. 

* it has seemed worth while to show in some detail the kind of amendment 
to Maxwells laws which may result from further progress of theory. Perhaps 
the chief interest lies in the Way in which the propagation of electromagnetic 
waves is preserved entirely unchanged. But the present proposals are not 

intended to be definitive. * 

• • 

102) Numerical values. 

Our electromagnetic’quantities have been expressed in terms of some 
absolute unit whose relation to the c.ci.'s. system has hitherto been unknown. 

It seems probable that we are now in a position to make* this unit more 
definite because we have found expressions believe^ to be jjiysic dly signi¬ 
ficant in which the whole energy-tensor*and electromagnetic energy-tensor 
occur in unforced combination. Tims accotding to (fOO(i) Weyl’s constant a t 
in § 90 is 4, so that*/? -? 1/2X. Accordingly in (90 51) we have the combination 

* . 8t r'/'e-- 1 /!>", * 

’ , X 

which can scarcely be significant, unless A represents the difference of the two 
tensors reduced to a common unit. It appears therefore that in an electro¬ 
magnetic field we must have 

* A>-= SirA'/'"" = - A {0>';(&-£A.)), 

whew E is expressed in terms of the natural unit Involved in E„,. The 
underlying hypothesis is that in *0*, the metrical and electrical variables 
occur in tfieir natural combination. '* * 

The constant X, which determines the radips of curvature of the world, is 
unknown; but since our knowledge of the,stellar universe extends nearly to 
10 “ cm., we shall adopt 


It may be much smaller. • 


X = y} -1 ? cm . -1 
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Consider an electrostatic field of 1600 volts per cm., or 6 electrostatic units. 
The density of th'e energy is 5 J /8-7r or practically 1 erg per cubic cm. The 
mass is obtained by dividing by the square of the velocity <5>f light* viz. 
1*1.10~" gm. We transform this into gravitational units by remembering 
that the sun’s mass, 199.10“ gm., is equivalent to T47. 10* cm. Hence we 
find— • 

The gravitational mass-density T\ of qn electric field of 1600-volts 
per cm. is 8 4. 10 ~ M cm. per c.c. ' 

According to the equation =■ 8ir\T*’ toe shall have 

E\ =» 21.10 '* 6 cm. -4 . « # , 

For an electrostatic field along the axis of x in Galilean coordinates we 
have < . 

• r,’4 i r»2 • _ * ' 

• so that • * F u = 2 *. lO. -4 * 

in teriss of the centimetre. The centimetre is not dirfectly concerned as a 
gauge since F, t is an in-tensor; but the coordinates have been taken as 
Galiloan, and accordingly the centimetre is also the width of tfiie unit meshi 
Hence an electric force of 1.300 vblts per cm. is expressed in natural 
measure by the number 2.10 ~ 40 referred to a Galilean coordinate-system with 
a centimetre mesh. • 

Let us take two rods of length l at a distance Sa;, cm. apart and maintain 
then) at a difference of potential S * 4 for a time Sx, (centimetres). Compare • 
their lengths at the beginning and end of the experipnfht. If they are all the 
time subject to parallel displacement in space and time there should be a 
discrepancy 81 between the two comparisons, given by (84 4) , 


81 

1 


= | F^dfr'’ 

r= F„ fix, 8x t 


9*4 

dx, 


Sx,Sx 4 = 8k 4 8x 4 . 


For example if our rods are of metre-length and maintained for a year 
(1 light-year = 10 18 . cm.) at a potential difference of 14 million volts, the 
discrepancy is # 

SI = 10 a . 2.10- 4 M0*. 10 19 cm. 

= 2 . 10 _a8 cm. 

* 

We have already concluded that the length of a rod is not determined by 
parallel displacement'; but it would clearly be. impossible to detect the dis¬ 
crepancy experimentally if it were ro determined. 

The value of F u depends on the unit mdsh of the coordinate-feystem. If 
we take a mesh of width 10 " qn. and therefore comparable wo.th the assumed 
radius of the world the value, mu^t be multiplied by 10 s0 in accordance with 
the law of transformati^iC of a covariaAt tensor. Hence referred to this fcatural 
mesh-system the natural .unit of electric-force is about 75 volts per cm. The 
Result rests on o\ir adopted rafiius of space, and the "unit may well be less than 
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75 volts Jper cm. but can scarcely be larger. It is puzzling to find that the 
natural unit is of the size encountered in laboratory experihaents; We should 
have expect4d it to be of the order of the intensity at the boundary of an 
electron. This difficulty raises some doubt as to whether we are quite on the 
right track. 

The result *may bq» put in another form which is less open to doubt. 
Imagine the whole spherical wyrld filled with an electric field of about 75 volts 
per cm. for' the time during which a ray of light travels round the world. The 
electromagnetic action is expressed by an invariant which is a pure number 
^dependent of gauge and (coordinate systems ; and the total amount of action 
for this case is of the order of magnitude of the number 1.. The natural unit 
of actionjis ■evidently considerably larger than the quantum. With the radius 

of the world here'uSad I fiftd that it is 10 I1S quanta. 

* • 

103. Conclusion., ' , 

* * 

We may now review the general physical results which have been estab¬ 
lished or rendered plausible in the coursc*of our work. The-numbers in brdckets 
refer So the sections in which the points are discussed. 

We offer nrf explanation <?f the occurrence of electrons or of qmfnta; but 
in other respects the theory appears to cover fairly adequately the phenomena 
of physics. The excluded domain forms a large part of modern physics, but it 
'is one ir, which all explanation has apparently been baffled hitherto. The 
domain here surveyed tjewers a system of natural laws fairly complete in itself 
and detachable from the excluded phenomena, although at one point difficulties 
arise since "ft comes into close contact with the problem of the nature of the 
electron. * , , 

We have been engaged in world-building —the construction of a world 
which shall operate under the saimj laws a* the natural world around us. 1 ho 
most fundamental parjfof the problem falls under tw5 heads, the building- 
njaterial and the process of building. t 

The building-muteriul. Thpre is little satisfaction to the builder in the 
mere assemblage of selected materiifl alrtady possessing the properties which 
will appear in the finished structure. Our desire is to achieve the purpose with 
unselected material. In the game of world-building wc Ibse a point whenever 
we have tp.ask for extraordinary material specialty prepared for the end in 
view. Considering the most general kind of relation-structure which we have 
been able to imagine—provided always that it is a structure —we have found 
that*there»will always exist, as building-material ah in-tensor consisting 

of symmetrical ^fnd antisymmetrica! parts and F„ y , the latter being the 
curl of a vector (97, 98). Tfjis is all that we "shall require for the domain of 
physic) not excluded above. * . , ^ 

The process of building. Here fijitu .the nature of She case it is ffnpossible 
to avoid trespassing for a ‘moment beyond the bounds o\physics. The world 
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which we have to build from the crude material is the world of perception, and ' 
the process of building must depend,on the nature of the percipient. Many 
things may be •built out of *(?„,, but they will only appear in ttfe perceptual 
world if the percipient iff interested jn them. We cannot exclude the con¬ 
sideration of what kind of things are likely to appeal to the percipient. The 
building process of the mathematical*theory must ke^p step.vfith that process' 
by which the mind of the percipient endows with vivid' qualities certain 
selected structural properties of the world. We have found reason to believe 
that this creative action of the mind follows elosely. the mathematical process 
of Hamiltonian differentiation of an invariant (64). I 

In one sense deductive theory is the enemy of experimental physics^ The 
latter is always striving to settle by crucial tests the nature of the fundamental 
things; the former strives to minimise the successes obtained by.showing how 
wide a nature of things is compatible with all experimental results. We have 
called on all the evidence available in an attempt ioaliscover what is the exact 
invariant whose Hamiltonian differentiation provides the principal quantities 
recognised in physics. It is of great importance to determine it, since pn'it 
depend the formulae for the law of gravitation, the mass, energy, and mo- 
mentum*and other important quantities. It seems impossible to decide this 
question without appeal to a perhaps dubious principle of simplicity; and it 
has seemed a flaw in the argument that we hivve not been able to exclude 
more definitely the c'omplex alternatives (62). But is it not rather an unhoped' 
for success for the deductive theory that all the observed consequences follow 
without requiring an arbitrary selection of a particular invariant ? 

We have shewn that the physical things created by Hamiltonian differen¬ 
tiation must in,virtue of mathematical identities have certain properties. When 
the antisymmetric part of the, in-tensor is not taken into account, they 
have the property of conservation,or peripanence; and it is thus that mass, 
energy and momentutn arise (61). When b\„ is included/ its modifying effect 
on these mechanical phenomena shows that it will manifest itself after the 
manner of electric and magnetic force acting respectively tfn the charge-com¬ 
ponent and current-components of a strearti-vector (100). Thus the part played 
by Fp, in the phenomena becomes assigned. 

All relations of space and time are, comprised in the in-invariant *G h ,dx IIL dx„ 
which expresses an absolute relation (the interval) between two,points,with 
coordinate differences dx H (97). To understand why this expresses space and 
time, we have to examine the principles of measurement of space and time by 
material or optical apparatus (95). It is shown.that,the conventions of measure¬ 
ment introduce an isotropy and homogeneity into measured hpace which need 
not originally have any counterpart in the relation-structpre which is being 
surveyed. This isotropy/bnd homogeneity is exactly expressed by Einstein’s 
law of gr?»vitation*((i6)/ 

«. The transition (ij»m the spatio-temporal relation of interval to space and 
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‘ time as a framework of location is made by choosing a coordinate-frame such 
that the quadratic form *G lk ,dx lk dx, breaks up into the sum of four squares (4). 
It is a property of the world, which we have had to leave unexplained, that 
the sign of one of these squares^ is opposite to that *f the other three (9); the 
coordinate so distinguished is called time. Since the resolution into four squares 
■can be made inwpany ways, the space-time frame is necessarily indeterminate, 
and the Lorentz transformation connecting the spaces and times of different 
observers iS immediately obtained (5). This gives rise to the special theory of 
relativity. .It is a further^consequence that there will exist a definite speed 
^hich is absolute (6); and. disturbances of the tensor h\ v (electromagnetic 
waves) are propagated in vacuum with this speed (74). The resolution into 
four squryre» is usually only possible in an infinitesimal region so that a world¬ 
wide frame ot space*.and time as strictly defined does not exist. Latitude is, 
however, given by the concession J,ha{ a space-thnc frame may be used which 
does not fulfil the strict definition, observed discrepancies being then attributed 
to afield of force (10). Owing to this latitude the space-time frame becomes 
erftiij>ly indetertniniite ; any system of coordinates may be .described as a frame 
of spase and time, and no one system - can be considered superior since all alike 
require a field .of force to justify them. Hence arises the general theory of 
relafivity. • 

The law of gravitation in % continuous matter is most directly obtained from 
•the identification of the energy-tensor of matter (54), and-this gives again the 
law for empty space at q particular case. This mode of approach is closely 
connected with the previous deduction .of the law in empty space from the 
isotropic p^perties introduced by the processes of measurejnent, since the 
components of the energy-tensor are identified jvith coefficients of the quadric 
of curvature (65). To deduce the field of a particle*(38) or the motioif of a 
particle in the field (56), we have to postulate «ymmytrical properties of the 
particle (or average q>aij,icle); but these arise not from the particle, itself but 
because it provides th^standard of synfmetry in measurement (66). It is then 
sflown that the He wtonian attraction is accounted for (39); as well as the 
refinements introduced by Einstein in calculating the perihelion of Mercury 
(40) and the deflection of light (41). 

It is possible to discuss mechanics without electrodynamics but scarcely 
possible to discuss electrodynamics without mechanics. Hence a.certain diffi¬ 
culty arises in our treatment of electricity* because the'patural linking of the 
two s'ubjects is through the excluded domain of electron-structure. In practice/ 
elecOric aryl magnetic forces arq defined through their.mechanical effects on 
charges and currents, and these mechanical effects have been investigated in 
general terms (100) and with particular reference to the electron (80). One 
half oftMaxwell’s equations iif satisfied ^ecatise is the curl of a vector (92), 
and the other half amounts to the identificatiorf of Ff wijh the clwge-and- 
current vector (73). The .electromagnetic enei^y-tensoiyas deduced is founrf 
,jto agree in Galilean coordinates with the classical formulae (77). • t 
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Since a field of force is relative to the frame of space-time which is used, * 
potential energy tan no longer be treated on the same footing witn kinetic 
energy. It is pot represented by a tensor (59) and becomes reduced \o an 
artificial expression appeasing in a mathematical mode of treatment which is 
no longer regarded as the simplest. Although the importance of “ action ” is 
enhanced on account of its invariance, the principle..of leap* action loses in¬ 
status since it is incapable of sufficiently wide generalisatioh (60, 63). • 

In order that material bodies may be on a definite scale of size there must' 
be a curvature of the world in empty space.- Whereas the differential equations 
governing the form of the world are plainly indicated, the integrated form ^ 
not definitely known since it depends on the unknown density of distribution 
of matter. Two forms have been given (67), Einstein’s involving a largg quantity 
of matter and de Sitter’s a smalLquantity (69); bst whejpeas in the latter the 
quantity of matter is regarded as accidental, in the former it is fixed in accord¬ 
ance vvith a definite law (71). This law’at present ^eetns mysterious, but it is 
perhaps not out of keeping with natural anticipations of future developments 
of the theory. On the other hand .the evidence of the spiral z.ebulae possiWy 
favours de Sitter’s form which dispenses with the mysterious law (70),, 

Can the theory of relativity ultimately be extended to account in the same 
manner for the phenomena of the excluded domain->of physics,-to which the 
laws of atomicity at present bar the entrance ? On the one hand it would 
seem an idle exaggeration to claim that the magnificent conception of Einstein- 
is necessarily the key to all the riddles of the univergei' on the other hand wo 
have no reason to think that all the; consequence^ of this conception have 
become apparent in a few short years. It may be that the laws qf atomicity 
arise only in the prescntation.of the world to us, according to some extension 
of the principles of identification and of measurement. But it is perhaps as 
likely that, after the relativity theory has cleared away to the utmost the 
superadded laws which arise solely in our’mode of apprehension of the world 
about us, there will be left an external world devolving under specialised 
laws of behaviour. « 

The physicist who explores naj.ure .conducts experiments. Ho handles 
material structures, sends rays of light from point to point, marks coincidences, 
and performs mathematical operations on tke numbers which he obtains. His 
result is a physical quantity, which, he believes, stands for something in the 
condition of the world’. In a sense this is.true, for whatever is actually occur¬ 
ring in the outside world is only accessible to our knowledge in so fai as it 
helps to determine the results of these experimental operations. But we must 
not suppose that a law obeyed by the physical quantity necessarily has its seat 
in the world-condition which that quantity "stands for”; its origin may be 
disclosed by unravelling (he series of operations of which the physical quantity 
is the result. Results cf measurement are the subject-mattei- of physics; and 
,t.he moral of the thqpry of relativity is that we can only comprehend what the 
physical quantities' stand for if we first comprehend what they are. 



BIBLIOGRAPHY* 


The following'ithe classical series of papere leading up to the present state of the theory. • 
B. Rieman.^ Cber.di»Hypotheseh, welche der Geometric zu Grunde liegen, Abhamilungen 
d. K. (resells. su QSttingen , 13, p. 133 (HabilitatioiiNSchrift, 1854). • 

H. A. Lorbntz. Verauch eirifer Thdbrie der elektrischen upd optischen Erscheinungen in 
» bewegteu Korpern. (Leiden, 1895.) 

J. Larmob. Aether and*Matter, Chap. xi. (Cambridge, 1900.) • 

H. AT Lorenjz. Electromagnet^ phenomena in a system moving with any velocity smaller 
than*that»of lightj Proc. ^ msterdmm. AtXul., 6, p. 809 (1904). • 

A. .Einshein. 45ur Eleclrodynamik l>owogt*r KUrpern, Ann. d. Physik, 17, p. 891 (1906). 

II. Minkowski. Ruunt utid ZeR. (LeAur^ at Cologne, 21 SeptcinW, 1904) 

A. Einstein. t)ber den Emfjuss der Schwerkraft auf die Ausbreitung des Lichte.u, Aim. d. 
Physik, 35, p.*898 (1911). 

•4- 1?instein. Die Urundlnge der allgemcinen JlqJativitiitstheorie,-/l»«. d. Physik, 49, p. 769 

V» 16 ). 

A. Einstein. Kosmologische Betraehtungen zur allgemeinen Rclativitiitstbeorie, Berlin. 

Sitzmigsberithte, 1917, p. 142* . 

H. Weyi,. Gravitation und Elcktrizitat, Berlin. .Sitzimgsberichte , 1918, p. 4(55. 


The pure differential geometA used in the theory is based on. 

M. M. G« Ricci and T, Levi-Civita. Methodes do calcul diftbrentiel absolu et leurs 
applications, Math.,Aim., 54, p. 125 (1901). 

T. Levi-Civita. Nozione di ^>arallelismo in mia varieth qualunque, Bend, del Cm'. Mat. di 
Palermo 42, p. 173 (1917). • 

A useful review of the subject is given by J. E. Waight, Invariants of Quadratic Differ¬ 
ential Forms (Camb. Math. Tracts, No. 9). Reference may afcio lie made to .1. Knoblauch, 
Differentialgeomctrie (Teubner, Leipzig). W. lila-scljic, Vorlesungen liber Difterontial- 
geometrie (Springer, Berlin), promises a comprehensive treatment with special-reference ■* 
to Einstein's applications Aut only the.first.volumc has yet ap[>oured. 


• From the very q^imcrous papers and hooks on the Theory of Relativity, I select the 
following as most likely to be helpfid on particular points, or as of importance in the historic 
development. Where possible the subject-matter is indicated by references to the sections 
in this book chiefly concerned. 

E. Cunningham. Relativity and the Electron .Theory (Longmans, 1921). (Particularly 
full treatment of experimental foundations of the theoi^.) 

T. dE DoNiTer. la Gravifique Einsteinienne, Ann. de I’Obs. Hatful de Belyi,/ne, 3rd Ser., 1, 
p. 75 (1921). . 


(Recommended as an example of treatment differing widely £rom that hero chosen, but m 
with equivalent conclusions. S?e especially his electromagnetic theory in Chap, v.) 

J. Dbostk. The Weld of n moving centres on Einstein’s Theory, Proc. Amsterdam Acad., 
19,'p. 447 (1916), § 44. , , . 

A. S. fJiDlNGTON. .A generalisation of Weyl’s^Theory o£ the electromagnetic and Gravita¬ 
tional Fields, Proc.- Hay. Hoc., A 99, ^ ICR (1921). SS 9J-^7. • * 

A. Einstein. t)ber Gravitatisnswellen, Berlin. Sitzvngtberichte, 1 #\ 8 , 41 . 154. § 57. 


16 



242- 


bibliography 


L. P. Eisenhart and O. Veblen. The Riemann Geometry and its Generalisation,. Proc. 

Nat. Acad. Sci., ft, p. 19 (1922). §§ 84, 91. ' 

A. D. Fokkkr. The Geodesic Precession; a consequence of Einstein’s Theory of Gravita¬ 
tion, Proc. Amiterdam Accyi., 23, p. 729 (1921). § 44. 

A. E. Harward. The Identical Relations in Einstein’s Theory, Phil. ■ Mag., 44„ p. 380 
(1922). §52. 

G. Hbhglotz. t)l>ej- dio Mechanik des doformierbaren Kbrgers vom *Standpunkte der 

Relativitiitstheorio, Ann. d. Physik, 36, p. 493 (1911). § 53. 

H. Hii.iiert. Die Grundlagen der Physik, Gottingen Nachrichten, 1915, p.° 395; 1917, 

p. 53. §61. . 

G. B. Jeffery. The Field of ran Electron on Einstein’s Theory of Gravitation, Proc. Roy. 
Soc., A 99, p. 123 (1921). § 78. ‘ I 

E. Kasnkr. Finite representation of the Solar Gravitational Field in Flat Space pf Six 

Dimensions, Amer. Jonm. Mathematics, 43, p. 130 (1921). § 65. <- , 

F. Klein, tjher die Integralforiu dor. Erhaltungssatze until die Theorie der raumlichge- 

sclduMsonen Welt, Gottingen Nachrichten, I918^.p. 394. §§67, 70. 

J. Larmor Questions in physical indetermiiiAtion, C. R.'du Cong-cs International, Stras¬ 

bourg (1920). . ' 

T. IjEVI-C'ivita. Statica Einsteiniana, /tend, dei Lined, 26 (1), p. 458 (1917). * 

-cNs z Einsteiniani in'Campi Newtonftun, Rend, dei Lined, 26(2), p."507 ; 27 (l),,p.%; 

27(2), p. 183. etc. (1917-19). 

H A. Lorj;nts 5. On Einstein’s Theory of Gravitation, Pjroc. Amsterdam Acad., 19, p. 1311, 
20, p. 2 (1916). „ 

G. Mib. Grundlagen einer Theorio der Matorie, Ann. d. Physik, 37, p. 511; 39, p. 1 ; 40, 

p. 1 (1912-13). f 

G. Nordstrom. On the Energy of the Gravitational Field in Einstein’s Thpory, Proc. 
Amsterdam Acad., 20, p. 1238 (1918). §§ 43, 59, 7 r > 

-Calculation of some sjHicial cases in Einstein’s Theory of.Grav'itation, Proc. Amsterdam 

Acad., 21, p. 68 (1918). §72. 

A. A. Hour. A Theory of Time and Space (Cambridge, 1914). § 98. * 

.1. A. tScHOOTKN.. Die direljto Analysis zur neueren llelativitiitstheorie, Verhandelingen 
Amsterdam Acad., 12 (1919). < 

-On the arising of a Precession-mqtion owing to the non-Euclidean linear element, 

Proc. Amsterdam Acad., 21, p. 533 (1918). § 44. r 

K. Schwarzsciiilp. DberdasGravitationsfeW eines Massonpunktes nach derEinsteinschcn 

Theorie, Rerlin. Sitzungsberichtc, 1916, p. 189. §38. • 

- t)ber das Gravipitionsfeld einer Kugel aus mcompressibler Fldssigkeit, Berlin. 

Sitzungsberichte, 1910, p. 424. § 72. * * 

W. PE SmKR. On Einstein’s Theory of Gravitation and its Astronomical Consequences, 
Monthly Notices, R/A.S., 76, p. 699; 77, p. 155', 78, p. 3 (1916-17). §§ 44, 67-70. 

II. Weyl. t)ber dio physikaliSichen Grundlagen der erwoiterten Relativitiitatkeorie, Phys. 

Zeits., 22, p. 473(1991). " 

, -Fold und Materio, Ann. d. Physik, 65, p. 541 (1921). 

-Die Eiuzigartigkoit der Pythagoreiychen Massbostimmung, Math. Zeits., 12, p. 114 

(1922). §97. • t ■ 

a 

On two of these papers roceivod whilst this book was in the press I may specially 
comment. Harward’s paper contains Redirect proof of “the four identities” more elegant 
than my proof in § 52. The^iaper of Eisenlmrt and Veblon suggests tlyvt, instead $f basing 
the geometry of a coirtinm&i on Lovi-Civita’p conception of parallel displacement, we should 
^ase it on a spccific^tioiyof continupus tracks in all direction* This leads to Weyl’s geometry 
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(not the generalisation of Chap, vn, Part n). This would seem to be the most logical mode 
of approach to Weyl’s theory, revealing clearly that it is essentially <*u analysis of physical 
phenemena ay related to a reference-frame consisting of the tracks of moving particles and 
light-pulses—two of the most universal methods of practicaj exploration. Einstein’s theory 
on the pther hand is an analysis of the phenemena as related to a metrical framo marked 
out by transport of material objects. In both theories the phenomena are studied in relation 

• to certain experimental avenues of exploration ; but the possible exis/ence of such moans 
of exploration, beihg (directly or indirectly) a fundamental postulate of these theories, * 

• cannot be farther elucidated by them. It is hero that tho generalised theory of § 91 atids 
its contribution, showing that the most, general tyi* of rclatioiivstrueturo yet f<#umilated 
will necessatily contain withih itself both Einstein’s metric and Weyl's track-framework. 



